
  UNIT – I  

PARTIAL DIFFERENTIAL EQUATION 

                  A partial Differential Equation is an equation involving a function of two 

or more variables and some of its partial derivatives. Therefore a PDE contains 

one dependent variable and more than one independent  variable. Hence the 

main difference between partial and ordinary differential equation is the number 

of independent variables involved in the equation. 

                 The order of a PDE is the order of the highest partial derivatives 

occurring in the equation. 

FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS: 

                  There are two methods to form a PDE. 

1. By Elimination of arbitrary constants. 

2. By Elimination of arbitrary functions.  

1. Formation of PDE by elimination of arbitrary constants: 

          Let  )1(0),,,,( −−−−−−−=bazyxf be an eqn which contains two 

arbitrary constants a and b. To eliminate this two constant we need atleast 

three eqn. Therefore partially differentiating eqn (1) w.r.to x and y, we get 

two more eqn. 

From these three eqn we can eliminate a and b. Similarly , for eliminating 

three constants we need four equations and so on. 

         We use the following notations  
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PROBLEMS: 

1. Form the PDE by eliminating the arbitrary constants from 

( )( )byaxz ++= 22
. 

Sol: 

       Given ( )( ) )1....(22
byaxz ++=  

Diff (1) partially w.r.to x and y 

From (2) and (3) we get,  
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                      Substituting (4) and (5) in (1) ,  we get, 
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2. From a PDE by eliminating the arbitrary constants a and b from 

( ) bayxaz ++=−1log . 

Sol: 

     Given ( ) bayxaz ++=−1log      ……(1) 

      Diff (1) partially w.r.to x and y 

     From (2)and (3),     
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      Substituting (4) and (5) 
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3. Form a PDE by eliminating arbitrary constants a,b,and c from 

.cxybyaxz ++=  

Sol: 

     Given )1(.....cxybyaxz ++=  

      Diff (1) partially w.r.to x and y, 
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                        From (1) , (2) ,(3)we cannot eliminate the arbitrary constants, 

So diff   (2) and (3) partially w.r.to x and y 
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         Sub (4) in (3) , we get 
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      Sub (4) in (2) , we get  
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     Sub (7), (8), and (4) in (1) , we get 

             
( ) ( ) .sxysxqxsypz +−+−=  

4. Form a PDE by eliminating the arbitrary constants a and b from 

( ) ( ) .cot2222
αzbyax =−+−  

Sol: 

     Given ( ) ( ) .cot2222
αzbyax =−+−       ……(1) 

      Diff (1) partially w.r.to x and y 
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      Sub (2) and (3) in (1) , we get 
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5. Find the PDE of all planes having equal intercepts on the x and y axis. 

Sol: 

      Equation of such plane is  )1(.....1=++
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       Diff (1) partially w.r.to x and y 
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       From (2) and (3) , we get 

               qp = . 

6. Form the PDE from 
33

byaxz +=  

                     Sol: 

             Given )1.....(33
byaxz +=

  

             Diff partially w.r.to x and y 
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                 sub (2) and (3) in (1) 
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7.  Form the PDE from 
nn

byaxz +=  

       Sol: 

       Diff partially w.r.to x and y 
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        sub (2) and (3) in (1) 

                   znqypx =+  

8. Form the PDE from )3)(2( 2 byaxz −+=  

             Sol:  

        Given )1(.....)3)(2( 2
byaxz −+=   

           Diff partially w.r.to x and y 
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              Sub (2) and (3) in (1) 

                     pqxz =12  

          9. Find the PDE of all planes having equal intercepts on the x and y  

             axis. 

             Sol: 

             The Plane is )1(.....1=++
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             Diff partially w.r.to x and y 
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   From (2) and (3) ,we get  
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Formation of PDE by elimination of arbitrary functions: 

                The elimination of one arbitrary function from a given relation 

gives a PDE of first order while elimination of two arbitrary function 

from a given relation gives a second or higher order PDE. 

10. Form the PDE by eliminating the arbitrary function from ( )22
yxfz −= . 

  Sol: 

        Given ( )22
yxfz −=                 …..(1) 

         Diff (1) partially w.r.to x and y 
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       From (2) and (3) , we get 
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11. Eliminate the arbitrary function f from 
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Sol:  
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   Sub (3) in (2) , we get 

              
xypzy

yqzpx

z

xyqzx

xypzy

pz
q

−

−
=

−

−
=

)(
.

2

2

 

             qypx

xypqpxzxypqqzy

=⇒

−=−

  

12.Form the PDE by eliminating the arbitrary functions f and g from 

)3()2( yxgyxfz −++=
 

Sol:Given )3()2( yxgyxfz −++=         ……(1) 
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Eliminating f” and g” from (4) , (5)and (6) , we get 
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13. Form the PDE by eliminating arbitrary function f from ).( byaxfez
ay +=  

Sol:  

      Given )1..(...)( byaxfez
ay +=  
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         Sub (4) and (5) in (3) , we get  
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              14. Form the PDE from 
)62( yxfz −=

 

             Sol:  

          Given 
)62( yxfz −=

 

          Diff partially w.r.to x and y 
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           From (2) and (3) , we get   
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                15.Form the PDE from )( 22 yxfz +=  

          Sol:  

           Given 
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           Diff partially w.r.to x and y 
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             From (2) and (3)  
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        16. Form the PDE from 
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               Sol:  

                 Given 
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                 Diff partially w.r.to x and y  
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          From (2) and (3) we get  
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                  17. Form the PDE from )( 222
zyxfzyx ++=++  

             Sol: 

                       Given )1(.....)( 222 zyxfzyx ++=++  

                       Diff partially w.r.to x and y 
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                18. Form the PDE from )( 222
zyxczbyax ++=++ φ  

              Sol:  

              Given )1(.....)( 222
zyxczbyax ++=++ φ  

              Diff partially w.r.to x and y 
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                  19. Form the PDE by eliminating the arbitrary functions from  

   )2()32( yxgyxfz +++=  

              Sol:  

              Given )1(......)2()32( yxgyxfz +++=   

               Diff partially w.r.to x and y 
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                         Eliminating f and g from (2) , (3),(4) 

             0483 =+− tsr
 

 20. Form the PDE from )()( 22
xgyyfxz +=

 

                  Sol:  

                   Given )1(....)()( 22
xgyyfxz +=  

                  Diff partially w.r.to x and y 
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        Eliminating f and g from (2), (3) and (4)  
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  21. Form the PDE from )()( zyxyfz +++= φ  

        Sol:  

       Given )1(.....)()( zyxyfz +++= φ   

        Diff partially w.r.to x and y 
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  22. Form the PDE from )()( txgtxfz −++=  

         Sol: 

         Given )1(....)()( txgtxfz −++=  

         Diff partially w.r.to x and y 
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              From (2),(3) and (4) 
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Formation of PDE by eliminating the function φ  from 0),( =vuφ where u 

and v are functions of x , y and z. 

             Let 0),( =vuφ    …..(1) be a given function of u and v. 

             Diff (1) partially w.r.to x and y we get, 
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To eliminate φ , it is enough to eliminate 
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Eliminating φ from (2) and (3) , we get 
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The above four partial derivatives can be derived from u and v. 

23. Form the PDE by eliminating f, from .0),( 2 =+++ zyxzxyf  

Sol: 

Given )1.....(0),(
2 =+++ zyxzxyf  

       ∴  (1) is of the form 0),( =vuφ  

       Let zyxvandzxyu ++=+= 2
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        Sub the above derivatives in 0=
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24. Form the PDE by eliminating f, from .0),( 2 =−
z

x
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Sol: 
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        Sub the above derivatives in 0=
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25. Form the PDE by eliminating f, from ( ) .0,222 =++ xyzzyxf  



Sol: 

      Given ( ) .0,222 =++ xyzzyxf  

       ∴  (1) is of the form 0),( =vuφ  

       Let xyzvandzyxu =++= 222
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        Sub the above derivatives in 0=
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26. Form the PDE from ( ) 0,222 =++++ nzmylxzyxφ  

         Sol:  

        Given eqn is of the form 0),( =vuφ  
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       The solution is RQqPp =+  



        )()()( ylxmqxnzlpmzny −=−+−   

       27. Form the PDE from ( ) 0, 222 =−+++ zyxzyxφ  

              Sol: 

              Given eqn is of the form 0),( =vuφ  
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                   The solution is RQqPp =+  

        )()()( xyqzxpzy −=+−+   

           28. Form the PDE from ),( 222
xyzzyxf ++  

        Sol:  

                 Given eqn is of the form 0),( =vuφ  
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       The solution is RQqPp =+  
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    29. Form the PDE from 0),( =++− zyxyxφ   

           Sol: 

Given eqn is of the form 0),( =vuφ  
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       The solution is RQqPp =+  
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TYPES OF SOLUTION 

COMPLETE INTEGRAL (OR) COMPLETE SOLUTION: 

            A solution in which the number of arbitrary constants is equal to 

the number of independent variables is called Complete Integral (or) 

Complete Solution. 

PARTICULAR SOLUTION: 

             In Complete  integral if we give particular values to the 

arbitrary constants we get Particular Solution. 

SINGULAR SOLUTION: 

            Let 0),,,,( =qpzyxf be a PDE whose complete integral is 

)1.....(0),,,,( =bazyxφ  

  Diff (1) partially w.r.to a and band then equate to zero, we get 
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Eliminate a and b from (1), (2)and (3). Eliminant of a and b is called 

Singular Solution. 

TYPE 1: 

EQUATION OF THE FORM 0),( =qpF : 

In this type we are having only p and q and there is no x, y, and z. To 

solve this type of problems , let us assume that cbyaxz ++= be the 

solution of the given differential equation. 

30. Solve pq = 1. 

Sol:  

Given pq = 1        …..(1) 

This is of the form 0),( =qpF  

Let )2.....(cbyaxz ++=  be the solution of (1) 

Diff (1) partially w.r.to x and y 

)3.....(, bqap ==⇒  

Sub (3) in (1) , we get  )4.....(1=⇒ab  

From (4), we get  )5.....(
1

b
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Eqn (2) cbyx
b
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 is the complete solution of (1). 

31 . Solve npqqp =+ 22
. 

Sol: 

 Given )1(.....22
npqqp =+  

This is of the form 0),( =qpF  

Let )2.....(cbyaxz ++=  be the solution of (1) 

Diff (1) partially w.r.to x and y 

)3.....(, bqap ==⇒  



Sub (3) in (1) , we get  
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From (4), we get  
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Sub  (5) in (4) , we get  

              [ ] cbyxnn
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2
 is the complete solution. 

32. Solve the equation 
.0=++ qppq
 

Sol: 

    Given )1.....(0=++ qppq  

 This is of the form 0),( =qpF  

Let )2.....(cbyaxz ++=  be the solution of (1) 

Diff (1) partially w.r.to x and y 

)3.....(, bqap ==⇒
 

Sub (3) in (1), we get   
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)5.....(
1

)1(

0)1(

0

+

−
=

−=+

=++

=++

a

a
b

aab

aab

abab

 

Sub (5) in (1), we get 

           cy
a

a
axz +

+
−=

1
is the complete solution. 

 



33. Solve 422 =+qp . 

     Sol: 

      Given )1.....(422 =+ qp      

      This is of the form 0),( =qpF  

      Let )2.....(cbyaxz ++=  be the solution of (1) 

      Diff (1) partially w.r.to x and y 

       
)3.....(, bqap ==⇒  

      Sub (3) in (1) , we get )4.....(422 =+⇒ ba  

       From (4) ,   )5.....(4 2ab −±=  

       Sub (5) in (1), we get  )6.....(4 2
cayaxz +−±=  

      To find Singular integral: 

      Diff (6) partially w.r.to a and c and equating to zero, we get 

                   

( )

01

02
42

1

2

==
∂

∂

=−
−

±=
∂

∂

c

z

a
a

x
a

z

 

       Here 1 = 0 is not possible. Hence there is no Singular solution. 

 34. Solve 

1=+ qp
 

        Sol:  

        Given 

1=+ qp
   

         Let )1.....(cbyaxz ++=  be the solution. 

           

( ) )2.....(1

1

01),(

2

ab

ab

babaf

−=

−=

=−+=

  

  Sub (2) in (1) 

   ( ) )3(.....1
2

cyaaxz +−+=  



  This is the complete solution 

  To get singular solution: 

   Diff w.r.to c, both sides  

   0=1 (impossible) 

  ∴No singular solution. 

  To get general solution: 

   Put ( ) )4(.....)(1,)(
2

ayaaxzac φφ +−+=⇒=  

   Diff w.r.to a , we get  

   )5(.....)('
2

1
)1(20 ay

a
ax φ+







 −
−+=  

   Eliminating a from (4) and (5) , we get the general solution 

  

35. Solve 0sin =+ pq  

       Sol: 

       Given )1......(0sin),( =+= pqqpf    

        Let )2.(....cbyaxz ++=  be the solution 

                 

)3.....()(sin

sin

0sin),(

cyaaxz

ab

abbaf

+−=

−=

=+=

   

        This is the complete solution. 

         Diff (3) w.r.to c  

         0=1 (impossible) 

          ∴  No singular solution.  

         Put )(ac φ=  in (3) 

           )4.....()()(sin ayaaxz φ+−=    

        Diff w.r.to a 

   )5.....()(')(cos0 ayax φ+−=   

        Eliminating a from (4) and (5), we get the general solution. 

TYPE 2: CLAIRAUT’S FORM 

EQUATION OF THE TYPE ),( qpfqypxz ++=  

         Assume that ),( bafbyaxz ++=  be the solution. This is solution is 

obtained by putting p=a and q=b. 

TO FIND SINGULAR INTEGRAL: 



The Complete integral is )1.....(),( bafbyaxz ++=  

Diff (1) partially w.r.to a and b, we get 

                                   
)3.....(

),(
0

)2.....(
),(

0

b

baf
y

a

baf
x

∂

∂
+=

∂

∂
+=

 

Eliminating a and b from (1) , (2) and (3) gives the Singular Solution. 

NOTE: 

The above complete solution gives a family of planes. The singular 

solution (if it exist) is a surface having the complete solution as its 

tangent planes. 

36. Find the singular integral of .pqqypxz ++=  

Given )1.....(pqqypxz ++=  

It is of the form ),( qpfqypxz ++=  

The complete solution is )2.....(abbyaxz ++=  [ ]bqapput == ,  

Diff (2) partially w.r.to a and b, we get 

                               
)4.....(0

)3.....(0

yaay

xbbx

−=⇒+=

−=⇒+=
 

Sub (3) and (4) in (2) , we get  

             
xyz

xyxyxyz

−=

+−−=
 

Is the singular solution of (1). 

            37. Solve 

.







−++= p

p

q
qypxz

 

Sol: 

Given .







−++= p

p

q
qypxz  

This is of Clairaut’s type. 

The complete solution is )1.....(.







−++= a

a

b
byaxz  



To find the singular solution: 

Diff (1) partially w.r.to a and b 

                               

)4.....(
1

)3(

)3.....(
1

0

)2.....(10
2

y
a

a
y

a

b
x

−
=⇒

+=

−−=

 

Sub (4) in (2), we get  

                              

)5.....(
1

1

10

1
1

0

2

2

2

2

y

x
b

xby

byx

y

b
x

−
=

−=

−−=

−−=

 

Sub (4) and (5) in (1), we get 

                            

xzy

y

xxx

yy

x

y

x

y

x
z

−=

++−−+−
=

+
−

−
−

+
−

=

1

111

111

  

38. Solve 
.2 pqqypxz ++=
 

Given .2 pqqypxz ++=  

This is of Clairaut’s form. 

The complete solution is )1.....(2 abbyaxz ++=  

To find the singular integral: 

 Diff (1) partially w.r.to a and b, and equating to zero ,we get  



                                 

)3.....(0

)2.....(0

b

a
y

b

a
y

a

b
x

a

b
x

−=⇒+=

−=⇒+=

 

Eliminating a and b from (2) and (3) 

1=











−










−=

xy

b

a

a

b
xy

 

39. Solve zqypx −=−+− 3)2()1( . 

Sol: 

Given zqypx −=−+− 3)2()1(  

                     
32

32

+−−+=

−=−+−

qpqypxz

zqyqpxp
 

The complete solution is )1(.....32 +−−+= babyaxz  

To find singular solution: 

Diff (1) partially w.r.to a and b, we get 

)3.....(202

)2.....(101

=⇒=−

=⇒=−

yy

xx
 

To find the singular solution we have to eliminate a and b from (1), (2) 

and (3).  

Sub (2) and (3) in (1) we get z = 3. 

TYPE 3: 

EQUATIONS OF THE FORM 0),,( =qpzF  

Given )1..(...0),,( =qpzF [In this type x and y do not appear explicitly] 

Let )( ayxfz +=  be the solution of (1). 

Put )2.(....uayx =+  

Then )3.....()(ufz=  

Diff (3) partially w.r.to x and y we get  



             








=

∂

∂
=

∂

∂
=

∂

∂
=









=

∂

∂
=

∂

∂
=

∂

∂
=

a
y

u
a

du

dz

y

u

du

dz

y

z
q

x

u

du

dz

x

u

du

dz

x

z
p

Q

Q

..

11..

 

              i.e., 
du

dz
aq

du

dz
p == ,  

If we substitute 
du

dz
aq

du

dz
p == ,  in (1), then we get an ordinary diff eqn 

of the form  

0,, =






du

dz
a

du

dz
zf , which can be solved by method of variable seperable. 

The solution of this diff eqn gives the complete integral of (1). General 

and singular solution can be obtained as usual. 

40. Solve 
.3

qzp =
 

      Sol: 

      Given )1.....(
3

qzp =  

      This is of the type 0),,( =qpzF  

      Let )( ayxfz +=  be the solution of (1). 

      Put uayx =+  

)2.....(,
du

dz
aq

du

dz
p ==  

      Sub (2) in (1) , we get 

                    

dua
z

dz

za
du

dz

az
du

dz

z
du

dz
a

du

dz

±=

±=

=








=








2

3

 

        Integrating , we get 



                   

a

c
bwherebuaz

sidesbothonSquaring

buaz

dua
z

dz

=+=

+±=

±=∫ ∫

2)(4

)(2
 

       The general solution is .)(4 2
bayxaz ++=

 

  41. Solve   
1222 ++= qpz

 

   Sol: 

   Given   )1.....(1
222 ++= qpz  

   This is of the type 0),,( =qpzF  

    Let )( ayxfz +=  be the solution of (1). 

    Put uayx =+  

)2.....(,
du

dz
aq

du

dz
p ==

 

    Sub (2) in (1), we get 

   

∫ ∫
+

=
−

−
+

=

+

−
=









−=+








+







+








=

22

2

2

2

22

22

2

2

2

2

2

11

1
1

1

1

1

1)1(

1

a

du

z

dz

z
adu

dz

a

z

du

dz

za
du

dz

du

dz
a

du

dz
z

 

          



bayx
a

z

bu
a

z

++
+

=

+
+

=

−

−

)(
1

1
cosh

.
1

1
cosh

2

1

2

1

 

TYPE 4: 

EQUATION OF THE FORM ),(),( 21 qyFpxF =  

Let )1.....()(),(),( 21 saykqyFpxF ==  

From (1) we get )2.....(),(,),( 21 kyfqkxfp ==  

We know that  

                        )3.....(qdypdxdz +=  

Sub (2) in (3) we get 

                        dykyfdxkxfdz ),(),( 21 +=  

Integrating we get ∫ ∫ ++= bdykyfdxkxfz ),(),( 21   is the complete 

integral. 

42. Solve 
.22

yxqp +=−
 

Sol:Given .22 yxqp +=−  

     
22

22

22

,

,

)(

ykqxkp

kyqkxp

saykyqxp

−=+=

=−=−

=−=−

 

  

a
y

kykx
x

dyykdxkx

dyqdxpz

+−++=

−++=

+=

∫ ∫

∫ ∫

33

)()(

33

22

 

           
ayxkyxz +++−= )()(

3

1 33

 



 

43. Solve yxqp +=+ . 

       Sol:    

       Given yxqp +=+  

               

22 )(,)(

,

,

)(

kyqxkp

kyqxkp

kqykxp

saykqyxp

−=+=

−=+=

=−=−

=−=−

 

         We know that 

              

b
kyxk

dykydxxk

dyqdxpz

+
−

+
+

=

−++=

+=

∫ ∫

∫ ∫

3

)(

3

)(

)()(

33

22

 

44. Solve 
xy

qepe = . 

   Sol: 

   Given 
xy

qepe =  

              
yx

yx

keqkep

sayk
e

q

e

p

==

==

,

)(
 

    We know that  

               

beek

dykedxke

dyqdxpz

yx

yx

++=

+=

+=

∫ ∫

∫ ∫

)(

 

45. Solve yxqp +=+ 22

. 

  Sol: 



  Given yxqp +=+ 22
 

       

kyqxkp

kyqxkp

kqyxp

−=+=

−=+=

=−=−

,

, 22

22

 

     We know that 

        

2

3

2

3

)(
3

2
)(

3

2
kyxk

dykydxxk

dyqdxpz

−++=

−++=

+=

∫ ∫

∫ ∫

 

 TYPE 5: 

EQUATION OF THE TYPE .0),,(0),( == qypxzFandqypxF
nmnm

 

CASE 1:  If 11 ≠≠ nandm , then put )1.....(, 11
YyXx

nm == −−
 

Now 
m

xmP
x

X

X

z

x

z −−=
∂

∂

∂

∂
=

∂

∂
).1(.          





=

∂

∂
−=

∂

∂ − P
X

z
andxm

x

X m)1(Q      

                         
)2.....()1(

)1(

Pmpx

xmPp

m

m

−=

−= −

 

 Similarly 
n

ynQ
y

Y

Y

z

y

z −−=
∂

∂

∂

∂
=

∂

∂
).1(.                  








=

∂

∂
−=

∂

∂ −
Q

Y

z
andyn

y

Y n)1(Q  

                         
)3.....()1(

)1(

Qnqy

ynQq

n

n

−=

−= −

            where 
Y

z
Q

X

z
P

∂

∂
=

∂

∂
= ,  

Sub (2) and (3) in the given eqn we get a diff eqn of the form 0),( =QPF (Type 1) 

and 0),,( =QPzF (Type 3) which can be easily solved. 

CASE 2:  If m=n=1 , then  

Put YyXx == log,log  



               

)5.....(

)4.....(

1
,

1
.

.








∂

∂
==

=







=

∂

∂

∂

∂
==

∂

∂

∂

∂
=

∂

∂
=

Y

z
qQyqsimilarly

Pxp

xx

X

X

z
P

x
Pp

x

X

X

z

x

z
p

Q

 

Sub (4) and (5) in the given eqn we get a diff eqn of the form 0),( =QPF  and  

0),,( =QPzF (Type 3) which can be easily solved. 

46. Solve z
q

y

p

x
=+

22

 

       Sol:  

       Given equation can be written as )1.....(
11
22

z
qypx

=+
−−  

                        This is of type .0),,( =qypxzF
nm

 

                         Here  m =-2 and n = -2 

                                               

)2.....(3

3

3

3

3)2(1

3)2(1

Qqy

Ppx

yYYy

xXXx

=

=

=⇒=

=⇒=
−−

−−

   

            Sub (2) in (1) , we get  

                                  

)3.....(3

3
11

zPQQP

z
QP

=+

=+
 

                     This is of 0),,( =QPzF (type 3) 

                        Let )( aYXfz += be the solution of (3) 



                           

)4.....(,

)(

du

dz
aQ

du

dz
P

ufz

uaYX

==

=

=+

 

                            Sub (4) in (3) we get 

∫ ∫
+

=

+
=

+
=









=+

















=+

du
a

a
zdz

du
a

a
zdz

az

a

du

dz

du

dz
aza

du

dz

du

dz
a

du

dz
z

du

dz
a

du

dz

3

1

3

1

3

1

3)1(

3

2

  

bayx
a

az

baYX
a

az

bu
a

az

++
+

=

++
+

=

+
+

=

)(
3

1

2

)(
3

1

2

.
3

1

2

33
2

2

2

 

           47. Solve  .
22

zyqxp =+  

Sol: 

Given )1.....(

2

2

1
2

2

1

zqypx =









+










 

This is of the type (5) , .0),,( =qypxzF
nm

    

Here 



 

)2.....(
2

1

2

1

,

,

2

1
,

2

1

2

1

2

1

2

1

2

1

2

1
1

2

1
1

Qpy

Ppx

YyXx

YyXxput

nm

=

=

==

==

==

−−

 

Sub (2) in (1), we get 

        
)3.....(4

2

1

2

1 22

22

zQPzQP =+⇒=







+









 

                     
Let )( aYXfz += be the solution of (3) 

         Put              

  

)4.....(,

)(

du

dz
aQ

du

dz
P

ufz

uaYX

==

=

=+

 

                       Sub (4) in (3) , we get  

           

2

2

2

2

2

2

22

1

2

1

2

1

4

4)1(

4

a

du

z

dz

a

z

du

dz

a

z

du

dz

za
du

dz

z
du

dz
a

du

dz

+
=

+
=

+
=









=+








=







+









  



bayx
a

z

baYX
a

z

bu
a

z

a

du

z

dz

+









+

+
=

++
+

=

+
+

=

+
=∫ ∫

2

1

2

1

2

2

2

2

1

2
2

)(
1

2
2

)(
1

2
2

1

2

 

              Take the transformation 

   

Zz
Yy

y

Xx

x

z

Z

yy

Y

xx

X

zZyYxX

∂=∂
∂

=
∂∂

=
∂

=
∂

∂
=

∂

∂
=

∂

∂

===

11

1
11

loglog

    

     
1

)1.....(1

=+

=
∂

∂
+

∂

∂

QP

Y

Z

X

Z

 

  Let )2.....(cbYaXz ++=  be the solution. 

   )3......(101),( abbabaf −=⇒=−+=  

    Sub (3) in (2) 

     
cyaxaz

cYaaXz

+−+=

+−+=

log)1(log

)1(
 

            TYPE 6: 

                 EQUATION OF THE FORM ( ) ( ) ( )qzyFpzxFandqzpzF mmmm ,,0, ==        

                 CASE 1: If 
1,1 +=−≠ mzZPutm  

                  

)2.....(
1

)1.....(
1

)1(.

qz
m

Q

pz
m

P

pm
x

z

z

Z

x

Z
P

m

m

=
+

=
+

+=
∂

∂

∂

∂
=

∂

∂
=

 



     Sub (1) and (2) in the given equation we get a PDE of the form            

    ),(),()(0),( 21 QyFPxForQPF == which can be easily solved . 

                CASE 2: If zZPutm log,1 =−=   

   

)1.....(,

.
1

.

.
1

.

11

1

1

qzQpzP

qzq
zy

z

z

Z

y

Z

pzp
zx

z

z

Z

x

Z

−−

−

−

==

==
∂

∂

∂

∂
=

∂

∂

==
∂

∂

∂

∂
=

∂

∂

 

      Sub (1) in the given equation we get a PDE of the form 

                    ),(),()(0),( 21 QyFPxForQPF ==  which can be solved easily by using type     

         (1) or tyoe (4).  

        40. Solve 
)( 2222

yxzqp +=+
. 

Sol:  

Given )1.....()( 2222
yxzqp +=+  

               

( ) ( ) )2.....(222121

22

2

2

2

2

yxqzpz

yx
z

q

z

p

+=+

+=+

−−

 

     This is of type (6). 

       
)3.....(..

log

z

q

y

z

z

Z
Qand

z

p

x

z

z

Z
P

zZput

=
∂

∂

∂

∂
==

∂

∂

∂

∂
=

=

 

     Sub (3) in (2) , we get  

              

)4.....(,

,

,

2222

222222

222222

22222

2222

ayQxaP

ayQxaP

aQyaxP

aQyxP

yxQP

−=+=

−=+=

=−=−

=−=−

+=+

  

      We know that 



       

b
a

ya
ay

y

a

xa
xa

x
z

dyaydxxaZ

egratingOn

dyaydxxadZ

QdyPdxdZ

+







−−+








++=

−++=

−++=

+=

−−

∫ ∫
1

2
221

2
22

2222

2222

cosh
22

sinh
22

log

int
          

41. Solve .)(
222

yxqpz +=+  

  Sol:  

   Given yxqzpz +=+ 2222
 

            )1.....()()( 22 yxzqzp +=+    

    This is of the type  (6) 

              
)2.....(2,2

2

zq
y

Z
Qzp

x

Z
P

zZ

=
∂

∂
==

∂

∂
=

=

 

Sub (2) in (1), we get  

              )3.....()(422
yxQP +=+  

This is of type (4). 

             

kQykxP

kQyxP

kyxQP

44,44

444

4)(4

22

22

22

=−=−

=−=−

=+=+

 

                   
)4.....(2,2

44,44 22

kyQkxP

kyQkxP

−=+=

−=+=
 

      We know that  

                     )5.....(QdyPdxdZ +=  

      Sub (4) In (5) ,and integrating  we get 

                         ∫ ∫∫ −++= dykydxkxdZ 22  



                         

bkykxz

bkykxZ

+−++=

+−++=

2

3

2

3

2

2

3

2

3

)(
3

4
)(

3

4

)(
3

4
)(

3

4

 

                 LAGRANGE’S LINEAR EQUATIONS : 

    The equation of the form )1.....(RQqPp =+ is known as Lagrange’s linear 

equation, where P,Q and R are the functions x,y and z. To solve this equation to 

solve the subsidiary equations 

                             )2.....(
R

dz

Q

dy

P

dx
==   

   If the solution of the subsidiary equation is of the form 

21 ),(),( cyxvandcyxu == then the solution of the lagrange’s equation is 0),( =vuφ . 

   To solve the subsidiary equation we have two methods  

1. Method of grouping ,  2. Method of multipliers 

1. Method of grouping: 

Consider the subsidiary eqn 
R

dz

Q

dy

P

dx
== . Take any two members say 

first two members or last two members or first and last members. 

Now consider 
Q

dy

P

dx
= . 

If P and Q contains z, try to eliminate it and on direct integrating we 

get 1),( cyxu = . 

Similarly take 
R

dz

Q

dy
= . If Q and R contains x, try to eliminate it and on 

direct integrating we get 2),( cyxv = . ∴The solution of Lagrange’s eqn is 

given by 0),( =vuφ . 

2. Method of multipliers : 

Choose any three multipliers nml ,, which may be constants or 

functions of x ,y , z. 

                 
nRmQlP

ndzmdyldx

R

dz

Q

dy

P

dx

++

++
===  



The expression 0=++ nRmQlP . Hence 0=++ ndzmdyldx . Now on 

direct integration we get 1),,( czyxu = . Similarly choose another set of 

multipliers ',',' nml such that in  

         
RnQmPl

dzndymdxl

R

dz

Q

dy

P

dx

'''

'''

++

++
===  

The expression 0''' =++ RnQmPl . 0''' =++∴ dzndymdxl  on direct 

integrating we get 2),( cyxv = . ∴The solution of Lagrange’s eqn is given 

by 0),( =vuφ . 

NOTE : 

           For the same problems we can apply both method of grouping 

and method of multipliers. 

42. Solve 
222

zqypx =+
 

Sol:  

The subsidiary equation are 222
z

dz

y

dy

x

dx
==  

 Taking 1
st

 two members , we get  

  22
y

dy

x

dx
=  

                    Integrating we get 

                                            

1

1

11

11

c
xy

u

c
yx

=







−=

+
−

=
−

  

            Taking last two members , we get  

   22
z

dz

y

dy
=  

            Integrating we get 



   

2

2

11

11

c
yz

v

c
zy

=







−=

+
−

=
−

 

           The complete solution is  

   

( )

0
11

,
11
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−−

=

yzxy

vu

φ

φ

 

 

                43. Solve 
zqypx =+

 

Sol:  

Given zqypx =+  

        The subsidiary equation are 
z

dz

y

dy

x

dx
==  

        Taking 1
st

 two members , we get  

  
y

dy

x

dx
=  

                         Integrating we get 

               









=

=








=








=−

+=

y

x
u

c
y

x

c
y

x

cyx

cyx

1

1

1

1

loglog

logloglog

logloglog

 

        Taking other two members , we get  

  
z

dz

y

dy
=  

                         Integrating we get 



               









=

=








=








=−

+=

z

y
v

c
z

y

c
z

y

czy

czy

2

2

2

2

loglog

logloglog

logloglog

 

                               The complete solution is  

   

( )

0,

0,

=








=

z

y

y

x

vu

φ

φ

 

                

44. Solve 
22

xyyqxp −=−

 Sol:  

Given 
22 xyyqxp −=−  

       The subsidiary equation are 22
xy

dz

y

dy

x

dx

−
=

−
=  

        Taking 1
st

 two members , we get  

  
y

dy

x

dx

−
=

 
 

Integrating we get 

        

1

1

1

1

1

log)log(

logloglog

logloglog

cxyu

cxy

cxy

cyx

cyx

==

=

=

=+

+−=

 

Taking x , y ,1 as multipliers, we get 



        

0

0

222222

=++

++
=

−+−

++
=

−
=

−
=

dzydyxdx

dzydyxdx

xyyx

dzydyxdx

xy

dz

y

dy

x

dx

 

Integrating we get, 

 

2

22

2

22

2

22

czyxv

cz
yx

=++=

=++
 

                              The complete solution is  

   
( )

( ) 02,

0,

22 =++

=

zyxxy

vu

φ

φ

 
                45. Solve 

)()()( yxzqxzypzyx −=−+−
 

Sol:  

Given )()()( yxzqxzypzyx −=−+−  

        The subsidiary equation are 
zyxz

dz

yxyz

dy

xzxy

dx

−
=

−
=

−
 

        Choosing 1 ,1, 1as multipliers, we get  

  

0)(

0

=++

++
=

−+−+−

++

zyxd

dzdydx

zyxzyxyzxzxy

dzdydx

 

 Integrating we get 

  1czyxu =++=  

        Choosing 
zyx

1
,

1
,

1
 as multipliers, we get 

            

0

0

111111

=++

++

=
−+−+−

++

z

dz

y

dy

x

dx

dz
z

dy
y

dx
x

yxxzzy

dz
z

dy
y

dx
x

 

    Integrating we get 



              

2

2

2

log)log(

loglogloglog

cxyz

cxyz

czyx

=

=

=++

 

                      The complete solution is  

   
( )
( ) 0,

0,

=++

=

xyzzyx

vu

φ

φ

 
              46. Solve 

yxqxzpzy +=+++ )()(
. 

Sol:  

Given yxqxzpzy +=+++ )()(  

        The subsidiary equation are 
yx

dz

xz

dy

zy

dx

+
=

+
=

+  

          

)(

)(

)(

)(

)(2

zy

zyd

yx

yxd

yz

dzdy

xy

dydx

zyx

dzdydx

yz

dzdy

xy

dydx

−−

−
=

−−

−

−

−
=

−

−

++

++
=

−

−
=

−

−

 

        Integrating we get 

  
)1.....()( 2222 yxzqp +=+
 

          )(2

)(

)(

)(

zyx

zyxd

yx

yxd

++

++
=

−−

−

 

         Integrating we get 

  
2log)log(

2

1
)log( czyxyx −++=−−

 

   

2

2

2

)(

log)log(

log)log()log(
2

1

czyxyxv

czyxyx

cyxzyx

=++−=

=++−

=−+++

    

                                  The complete solution is  



   

( )

0)(,
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yx
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vu

φ

φ

 

          47. Solve ptanx+qtany=tanz. 

                 Sol:  

                 Given p tanx +q tany = tanz. 

                  Auxillary equation is  

   
z

dz

y

dy

x

dx

tantantan
==   

                       Taking 1
st

 and 2
nd

 eqn 

   

1

1

1

1

sin

sin

log
sin

sin
log

logsinlogsinlog

logsinlogsinlog

cotcot

cotcot

tantan

c
y

x
u

c
y

x

cyx

cyx

dyydxx

dyydxx

y

dy

x

dx

==

=








=−

+=

=

=

=

∫ ∫

      

         Taking 2
nd

 and 3
rd

 eqns 

    

2

2

2

2

sin

sin

log
sin

sin
log

logsinlogsinlog

logsinlogsinlog

cotcot

cotcot

tantan

c
z

y
v

c
z

y

czy

czy

dzzdyy

dzzdyy

z

dz

y
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=−

+=

=

=

=

∫ ∫

 

               The solution is 



     0
sin

sin
,

sin

sin

0),(
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z

y

y

x

vu

φ

φ

 

       48. Solve ( ) 022
222 =+−−+ zxxyqpxzy  

               Sol: 

               The auxillary eqn is  

    
zx

dz

xy

dy

xzy

dx

22222 −
=

−
=

−+
 

               Consider first set of multipliers as (x,y,z) 

 

1

222

1

222

1

222

1

222

222

222

222222

loglog

loglog)log(

loglog)log(

int

)(2

)(2

)(22

c
y
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u

c
y

zyx

cyzyx

cyzyx
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zyx

zdzydyxdx

y

dy

zyxx

zdzydyxdx

xy

dy
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zdzydyxdx
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dz
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=
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=
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 ++
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+=++
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=

++−
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++−

++
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−
=

−
=
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              similarly take 



  

2
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2
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2
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loglog)log(

log)log(log

int

)(

222

)(2

c
z

zyx
v

c
z

zyx

czzyx

czyxz

egrating

zyx

zdzydyxdx

z

dz

zyxx

zdzydyxdx

zx

dz

=
++

=

=






 ++

=−++

+++=

++

++
=

++−

++
=

−

  

 The solution is  

   
0,

0),(

222222
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 ++++
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z
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y
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vu

φ

φ

 

 HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATION: 

 A homogeneous linear PDE is of the form  

  

)1.....(),(.....
222110 yxF

y

z
a

yx

z
a

yx

z
a

x

z
a

n

n

nn

n

n

n

n

n

=
∂

∂
++

∂∂

∂
+

∂∂

∂
+

∂

∂
−−

 

            

tsconsareaaaawhere n tan...,,, 210

              Eqn (1) can be written as  

 ( ) )2.....(),('.....'' 22

2

1

10 yxFzDaDDaDDaDa
n

n

nnn =++++ −−
 

Where .',
y

D
x

D
∂

∂
=

∂

∂
=  

The complete solution of homogeneous PDE consists of  

1. Complementary Function 

2. Particular integral 

1. To find the complementary function(C.F): 

The C.F is the solution of the eqn        

( ) )3.....(0'.....'' 22

2

1

10 =++++ −− zDaDDaDDaDa n

n

nnn
 

In this eqn , put 1'== DandmD , then we get the auxillary eqn. 



 0.....2

2

1

10 =++++ −−
n

nnn
amamama  

Let the roots of this eqn be nmmmm ....,,, 321  

Case 1 : If  the roots are real (imaginary) and different then 

 )(....)()( 2211 xmyfxmyfxmyfz nn ++++++=  

Case 2: If the roots are equal mmm == 21         

 )(....)()()( 3321 xmyfxmyfmxyfxmxyfz nn ++++++++=  

Case 3: If the roots are equal mmmm === 321         

 )(....)()()( 3

2

21 xmyfmxyfxmxyfxmxyfz nn ++++++++=  

NOTE : 

If in a homogeneous PDE the RHS is zero then the C.F. gives the 

complete solution, and we need not to find particular integral. 

             49. Solve 
( ) 0'2'52 22 =++ zDDDD

 

Sol:  

Auxiliary eqn is 

             ( )

2,
2

1

0)2(12

1',0252 2

−
−

=

=++

===++

m

mm

DmDputmm

 

The roots are different. 

The solutions is  

 ( ).2
2

1
21 xyfxyfz −+








−=  

                 50. Solve 
( ) 0'9'6 22 =+− zDDDD

 

   Sol:  

   Auxiliary eqn is  



  

3,3

0)3(

1',096

2

2

=

=−

===+−

m

m

DmDputmm

 

   The roots are equal. 

    The solutions is  

  ( ) ).3(3 21 xyfxxyfz +++=  

51. Solve 
( ) .0'44 =− zDD

 

Sol:  

Auxiliary eqn is  

 
( )( )

imm

mm

mm

m

±=±=

=+=−

=+−

=−

,1

01,01

011

01

22

22

4

 

The roots are different. 

The solutions is 

 ( ) ).()()( 4321 ixyfixyfxyfxyfz −+++−++=  

                52. Solve ( ) 0''2'2
4334 =−+− zDDDDDD . 

Sol:  

Auxillary eqn is  

  

1,1,1,1

0)1)(1(

0122

3

34

−=

=−+

=−+−

m

mm

mmm

 

   The solutions is  

 ( ) ).()()( 4

2

321 xyfxxyfxxyfxyfz ++++++−=  

To find the Particular Integral: 

Case 1 : If the RHS of a given PDE is 
byax

eyxF
+=),( , then 



               

( )

( )
( ) 0,.

,

1

.
',

1
..

≠=

=

+

+

baprovidede
ba

e
DD

IP

byax

byax

φ
φ

φ
  

If 0),( =baφ , then multiply the Nr by x and differentiate the Dr w.r.to 

D, then apply the  

Above procedure. 

               53. Solve ( ) .'6'5
22 yx

ezDDDD
+=+−  

Sol:  

The auxiliary eqn is  

 
3,2

0652

=

=+−

m

mm
 

( )

yx

yx

yx

e

DDe

e
DDD

IP

xyfxyfFC

+

+

+

=
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+−

=
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=

+++=

2

1
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651

1

6'5

1
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)3()2(..

2

21

 

The complete solution is 
yxexyfxyfz +++++=

2

1
)3()2( 21  

                54. Solve 
( ) .'4'3 2323 yxezDDDD +=+−

 

Sol:  

The auxiliary eqn is  



 ( )

yxyx

yx

ee

DDe
DDDD

IP

xyfxxyfxyfFC

mmm

22

2

323

321

23

27

1

3261

1
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1
..

)2()2()(..

2,2,1043
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+

=
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=
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=

++++−=
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The complete solution is z = C.F. +P.I 

  
yxexyfxxyfxyfz 2

321
27

1
)2()2()( ++++++−=

 

                   55. Solve 
( ) .''2 22 yxezDDDD −=++

 

   Sol:  

    The auxiliary eqn is  

   

( )
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yx

yx

yx

yx

yx

yx
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e
x

xyfxxyfz

e
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e
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2
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Case 2 : If given RHS is of the form )cos()sin(),( nymxornymxyxF ++=  

 )cos()sin(
)',(

1
.. nymxornymx

DD
IP ++=

φ
 

Replace )',('', 2222 DDinmnDDandnbyDmbyD φ−=−− provided the 

denominator is not equal to zero. If 0),( =baφ , then multiply the Nr by 

x and differentiate the Dr w.r.to D, then apply the above procedure. 

             56. Solve 
( ) ).3cos(''2 22

yxzDDDD −=+−
 

                   Sol:  

                    The auxiliary eqn is  

  

)()(..

1,1

012

21

2

xyfxxyfFC

m

mm

+++=

=

=+−

 

         

( )

)3cos(
16

1

)3cos(
961

1

3',9',1)3cos(
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1
.. 22
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yx
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DDDDyx
DDDD

IP

−
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−
−−−

=
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=

 

      The complete solution is  

 )3cos(
16

1
)()(

...

21 yxxyfxxyf

IPFCz

−
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+++=
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                57. Solve 

yx
y

z

x

z
cos2cos

2

2

2

2

=
∂

∂
+

∂

∂

 

Sol:  

The given eqn can be written as 

( ) [ ])2cos()2cos(
2

1
'2 yxyxzDDD −++=+  

Auxiliary eqn is 



                     

)()0(..
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0

21

2
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1
)2cos(

6

1
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Case 3: 

If the RHS of the form 
nm

yxyxF =),( then 

 

[ ] nm

nm

yxDD

yx
DD

IP

1
)',(

)',(

1
..

−
=

=

φ

φ
. 

Expand [ ] 1
)',(

−
DDφ  by using binomial theorem and then operate on 

nm
yx . 

Here 
D

1
 denotes the integration w.r.to x and 

'

1

D
 denotes the 

integration w.r.to y. 

58. Solve 
( ) .'30' 622 yx

exyzDDDD
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Sol:  

The auxiliary eqn is  
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               59. Solve ( ) yxezDDD
x 322 '2 +=− . 

Sol:  

The auxiliary eqn  is  
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    60. Solve ( ) )2sin(3'5'4
222

yxezDDDD
yx −+=−+ −

   

           Sol: 

            Auxillary eqn is  

   

)5()(.

5,1

054

21

2

yxfyxfFC

m

mm

−++=

−=

=−+

  

   

)3(
3

1

)3(
184

1

)3(
''4

1
.

2

2

2

22

yx

yx

yx

e

e

e
DDDD

IP

−

−

−

−
=

+−
=

++
=

 

      

)2sin(
27

1

)2sin(
2081

1

)2sin(
'5'4

1
.

22

yx

yx

yx
DDDD

IP

−=

−
++−

=

−
−+

=

 

 The complete solution is  

    )2sin(
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1
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1
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     61. Solve ( ) yx
ezDDDD

222 8''2 +=+−  

            Sol: 

             Auxillary eqn is  
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 The complete solution is  

  
yxeyxxfyxfz 2

21 8)()( +++++=  



 

  62.Solve 
( ) .)1('2' 22 x
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Sol: 

The auxiliary eqn is  
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UNIT-II 
FOURIER SERIES 

 
     Periodic Function: 
      A function f(x) is said to be periodic function if  f(x+T) = f(x) where 
T is the positive constant for all x which is also called period. 
     Example: 
 

                

      
02

4sin4
2sin2





TPeriod
Sinxxxf
Sinxxxf

 
                
     Drichlet’s  conditions : 
      A function f(x) can be expanded as a fourier series in an interval       
      lcxc 2 . If the following conditions are satisfied 

  (i) f(x) is periodic with period 2l in (c, c + 2l) and f(x) is bounded. 
       (ii)The function f(x) must have finite number of maxima and  
             minima. 
       (iii)The function f(x) must be piecewise continuous and has a finite   
              number of finite discontinuities. 
 
     Fourier Series: 
     A periodic function f(x) which satisfies Drichlet’s conditions can be   
     expanded , as cosine and sine series of the form  



                   








11
0 sincos2 n

n
n

n nxbnxaaxf   
  Fourier coefficients: 
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 Complex Form of Fourier series: 
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  Problems on Fourier Series of Functions With  
  Period 2  
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     Solution : 
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Hence the Fourier series expansion is given by, 
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Deduction 1: 
Put x = 0 ( is a point of discontinuity at end point ) in the above 
Fourier series 

              

2
21 1

2 2
2

22
2

( 0 ) ( 2 ) 4 4 4c o s 0 s i n 02 3
0 4 4 4

2 3 1
4 42 3 1

n n
f f n nn n

nn
nn

  
 



 

 
    

      

 



 

              
2

2

2
2

2 4
3 1

1
61

nn
nn




   




 

         Hence, 
2

2
1

61 nn
    

 i.e.,   ....4
1

3
1

2
1

1
1

6 2222
2   

Deduction 2: 
Put x=  (is a point of continuity) in the above Fourier series 
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Deduction 3: 
 x  value substitution (such as 0, 2

 , , 2) will not give the deduction. 
So, let us add the above two series ( given in the above two 
deductions),              
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2. If (࢞)ࢌ =  
 ࣊) −  in the ࣊find the fourier series of period 2 (࢞

interval (, ࣊).Hence deduce that  − 
 + 

 − 
ૠ + ⋯ = ࣊

 
Solution:  
(ݔ)݂ = ܽ
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ஶ
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3. Expand the Fourier series for (࢞)ࢌ =  ቀ࢞ି࣊
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 + 
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 The Fourier series is  
(ݔ)݂ = ܽ

2 +  ܽܿݔ݊ݏ
ஶ

ୀଵ
+  ܾݔ݊݊݅ݏ

ஶ

ୀଵ
 

          

3
4

3
4

3
812

3
841
3

1
)2(1

)(1

2
0

222

33

2

0

32

2

0
2

2

0
0






















 



 








a

xx

dxxx

dxxfa

 

            












2

0
32

2

2

0
2

2

0

sin)2(cos)22(sin)2(1
cos)2(1

cos)(1




 


 


 











n
nx

n
nxxn

nxxx

nxdxxx

nxdxxfan

 



    

2

22

22

2

0
32

2

4
4]11[2

22cos21

sin2cos)22(sin)2(1

na
nn

nnn

n
nx

n
nxxn

nxxx

n 





 



 
















 

     

0
0221

0cos22cos21

sin2sin)22(sin)2(1

cos)2(sin)22(cos)2(1
sin)2(1

sin)(1

33

33

2

0
32

2

2

0
32

2

2

0
2

2

0





 




 



 












 





 


 








n

n

a
nn

nnn

n
nx

n
nxxn

nxxx
n

nx
n

nxxn
nxxx

nxdxxx

nxdxxfb






















 

          
1 2

2 cos4
3

2)(
n

nxnxf    

       


  ...3
3cos

2
2cos

1
cos43

2)( 222
2 xxxxf   

    
5. Find the Fourier series expansion of  f(x)  =  x sin x in ( 0, 2). 
Solution: 



Since the interval is 0 to 2 we need to find all the three fourier 
constants. 
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Hence the Fourier series is 
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6. Find the Fourier series of 



 

2,2

0,1)( x
xxf .  Hence evaluate 

the value of the series ....23
1

22
1

21
1   

     Solution: 
      Here the interval given is 0 to 2π.  So, let us find all the three fourier 
constants. 



2 2 21 1 1( ) , ( ) cos , ( ) sin0 0 0 0
a f x dx a f x nx dx b f x nx dxn n

  
        

                               
 

3
21

220
1

2 2
0
11

2
0

)(1
0









 
















xx

dxdx

dxxfa

 

                             

0

2
0

sin20
sin1

0
2 cos2cos1

2
0

cos)(1






 











  






 





n
nx

n
nx

dxnxdxnx

dxnxxfna

 

                        

21 ( ) sin
0

21 sin 2 sin
0

b f x nx dxn

nx dx nx dx




 
 

 
        

                       
   











 



 





 


 


 

n
n

nnn
n

n
nx

n
nx

122111

2cos20
cos1







  



                      
 











 

evenisnif

oddisnifnb

nn
n

n
,0

,2
1

111




 

 

Hence the Fourier series is 
nxnxf

nxbnxaaxf

n

n n nn

sin2
2
3)(

sincos2)(

,....5,3,1

1 1
0


 














 

Deduction:   
When we put  x  =  0,  2

   , π, 2 π we don’t get the series ( As the 
denominator of the series is n2 and the denominator of the Fourier series 
is only n).  so, let us apply Parseval’s identity for full range series. 
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    7.Find the Fourier series expansion of 
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       Solution:  Here the interval given is 0 to 2π.  So, let us find all the three 
fourier constants. 
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Hence the Fourier series is  
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Fourier Series of f(x)  in the interval  

1. In the Fourier series expansion of 
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      in (-,), find the coefficient of sin nx. 
  Solution:   
       Since the interval is (-,), let us verify whether the function is      
  odd or even 
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Hence the function is even.  So, the coefficient of sin nx that is bn = 0. 



 
2. Find an in expanding e-ax as a Fourier series in (-,).  
Solution: 
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3. What is the constant term a0  and the coefficient an  in the 

Fourier series  expansion of  f(x)  =  x  -x3  in  (-,). 
Solution:   
Since the interval is (-,), let us verify whether the function is odd or 
even 
  f-(x)  = -  x - (-x3)  = -x  +  x3 = - (x  -x3  ) = - f(x). The given 
function is odd.      
      Hence, the coefficients a0 and  an are zero. 
4. Find the constant term in the Fourier series corresponding to  

f(x) = cos2 x expanded in the interval (-,). 
Solution:    
Since the interval is (-,), let us verify whether the function is odd or 

even.   
 f (- x) = cos2 (-x)=  cos2x  =  f(x).   



Hence the function is even.  
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5. If the Fourier series of the function  f(x)  = x  + x2, in the 

interval (-,) is  
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6. Find a0 if ,)( xxf  expanded as a Fourier series in (-,). 
Solution:  Since )()( xfxxxf  , the function is even. 
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7. Find the Fourier constant bn for f(x) = x sin x in (-,). 
Solution:  f (- x) = (- x) sin (- x) = x sin x = f(x) the function is even.  
Therefore, the coefficient bn = 0. 
8. Find the Fourier constant bn for f(x)  =  x2 in (-,). 
Solution: f( - x)  = (- x)2 = x2 = f(x) the function is even.  Therefore, 
the coefficient bn = 0. 
 
 
 
 



9. Find the Fourier series expansion of  f(x)  =  │sin x│ in  
 - π <  x <   π. 

Solution:  Here the interval given is   - π to π .  So, let us verify 
whether the given function is odd or even.   

f(-x)  =  │sin (-x) │  =  │-sin x│ =  sin x= │sin x│=  f(x).  Hence the 
function is even.  So, let us find the fourier constants a0, an . (bn = 0). 
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When n = 1, we have 

 

1
0

0

0

0

0

2 ( ) c o s 1
2 s in c o s 1

2 s in c o s 1
2 s in 2

2
1 c o s 2

2
1 1 12

0

a f x x d x

x x d x

x x d x
x d x

x


























    

  





  

Hence the Fourier series is 
│sin x│=  
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10. Find the Fourier series expansion for the function f(x) =  x + x2 
in    x  
Solution:   Here the interval is   x .  So, let us verify whether 
the function is odd or even.  
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which is neither odd nor even.  So, Let us find all the three constants. 
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Hence the Fourier series is of the form 
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   11.Obtain the fourier series for the function   xinxxf )(

also deduce that 8...5
1

3
1

1
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12.Find the Fourier series of   ,cos)(  inxxf  
Sol: 
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When n = 1 we have 
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13. Find the Fourier series expansion of (     -  x  )2,  
      in   - < x <  . .Hence deduce that  
(i)

2
2 2 2
1 1 1 ....1 2 3 12

    ,  
(ii)

2
2 2 2
1 1 1 ....1 2 3 6

     
Solution:   
Since the range is  - < x <  . 
So, let us first verify whether the function is odd or even.       22)( xxxf    which is entirely different function.  
 So, we have to find all the three fourier coefficients. 
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Hence the Fourier series is  
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Deduction (i): 
Put x = 0 ( which is a continuous point) 
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Deduction (ii): 
Put x =  ( which is a discontinuous point) 
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14. Find the Fourier series expansion of  
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 11. Obtain the fourier series for ݂(ݔ) = 1 + ݔ + ,ߨ−) ଶ inݔ  (ߨ
Deduce that ଵ

ଵమ + ଵ
ଶమ + ⋯ . = గమ

  
(ݔ)݂ = ܽ

2 +  ܽܿݔ݊ݏ
ஶ

ୀଵ
+  ܾݔ݊݊݅ݏ

ஶ

ୀଵ
 

 
ܽ = 1

ߨ න గݔ݀(ݔ)݂
ିగ

 
 
= 1

ߨ න (1 + ݔ + గݔ݀(ଶݔ
ିగ

 
 
= 1

ߨ ቈݔ + ଶݔ
2 + ଷݔ

3 
ିగ

గ
 

 



= 1
ߨ ቈߨ + ଶߨ

2 + ଷߨ
3 + ߨ − ଶߨ

2 + ଷߨ
3  

 
 
= 1

ߨ ቈ2ߨ + 2 ଷߨ
3  

 
= 2 ଶߨ

3 + 2 
 
 

ܽ = 1
ߨ න ଶగݔ݀ݔ݊ݏܿ(ݔ)݂


 

 
ܽ = 1

ߨ න (1 + ݔ + గݔ݀ݔ݊ݏܿ(ଶݔ
ିగ

 
 
 
 
= 1

ߨ ቊ(1 + ݔ + (ଶݔ ݔ݊݊݅ݏ
݊ + (1 + (ݔ2 ݔ݊ݏܿ

݊ଶ − 2 ݔ݊݊݅ݏ
݊ଷ ൨ିగ

గ ቋ 
 
= 1

ߨ ቊ4(1−)ߨ
݊ଶ ቋ 

 
= 4(−1)

݊ଶ  
 
ܾ = 1

ߨ න ଶగݔ݀ݔ݊݊݅ݏ(ݔ)݂


 
 



ܾ = 1
ߨ න (1 + ݔ + గݔ݀ݔ݊݊݅ݏ(ଶݔ

ିగ
 

 
= 1

ߨ ቊ−(1 + ݔ + (ଶݔ ݔ݊ݏܿ
݊ + (1 + (ݔ2 ݔ݊݊݅ݏ

݊ଶ − 2 ݔ݊ݏܿ
݊ଷ ൨ିగ

గ ቋ 
 

= 1
ߨ

ەۖ
۔
ۓۖ

൦−(1 + ߨ + (ଶߨ (−1)
݊ − 2 (−1)

݊ଷ +
(1 − ߨ + (ଶߨ (−1)

݊ + 2 (−1)
݊ଷ

൪
ିగ

గ

ۙۖ
ۘ
ۖۗ 

 
 
= 1

ߨ ቊ−2ߨ (−1)
݊ ቋ 

 
= ቊ−2(−1)

݊ ቋ 
 
 
 
= 4(−1)

݊ଶ  
 

(ݔ)݂ = ଶߨ
3 +  4(−1)

݊ଶ ݔ݊ݏܿ
ஶ

ୀଵ
+  −2(−1)

݊ ݔ݊݊݅ݏ
ஶ

ୀଵ
 

 
Put ݔ =  this point is a discontinuous point ߨ
 
(ݔ)݂ = ߨ + ଶߨ + ଶߨ − ߨ

2 =   ଶߨ
 
 



ଶߨ     = గమ
ଷ + ∑ ସ(ିଵ)మ

మஶୀଵ  
 
     
ଶߨ − ଶߨ

3 =  4(−1)ଶ
݊ଶ

ஶ

ୀଵ
 

 
ଶߨ2

3 × 4 =  (−1)ଶ
݊ଶ

ஶ

ୀଵ
 

 
గమ
 = ଵ

ଵమ + ଵ
ଶమ + ⋯. 

  
 

15. Find the Fourier series of ࢟ =  ࢞ − ࣊ < ࢞ <  ࣊
Hence show that ࣊

ૢ = 
 + 

 + 
 + ⋯ 

Solution: 
 
ݕ        =   ଶ is an even function        Then the fourier series isݔ
ݕ        = బ

ଶ + ∑ ܽܿݔ݊ݏஶୀଵ  
          Here ܾ = 0  
       ܽ = ଶ

గ  గݔ݀(ݔ)݂
  

 
           = ଶ

గ  గݔଶ݀ݔ
  

 
           = ଶ

గ ቂ௫య
ଷ ቃ

గ 



 
         =  ଶగమ

ଷ  
 
   ܽ = ଶ

గ  గݔ݀ݔ݊ݏܿ(ݔ)݂
  

 
       = ଶ

గ  గݔ݀ݔ݊ݏଶܿݔ
  

 
       = ଶ

గ ቂݔଶ ௦௫
 − ݔ2 ି௦

మ + 2 ௦௫
య ቃ

గ 
 
        = ସ

మ  
 
       =  ସ(ିଵ)

మ  
 
The fourier series of f(x) is given be 
 
ݕ      = గమ

ଷ + ∑ ସ(ିଵ)
మ ஶୀଵݔ݊ݏܿ  

 
By Parseval’s identity 
 
തଶݕ      = బమ

ସ + ଵ
ଶ ሾ∑ ܽଶ + ܾଶሿ 

 
 
      ܽ =  ଶగమ 

ଷ   , ܽ =  ସ(ିଵ)
మ  , ܾ = 0 

 
തଶݕ          = ଵ

గି  గݔଶ݀ݕ
ିగ  

 
തଶݕ         = ଵ

గାగ  గݔସ݀ݔ
గ  

 



16.Find bn for xsinx in (-1,1) 
    Solution: 

     f(x) = xsinx is even function 
 
Then bn=0 
 

17.If ࢞ = ࣊
 −  ቂ࢙࢞ࢉ

 − ࢙࢞ࢉ
 + ࢙࢞ࢉ

 + ⋯ . . ቃ   − ࣊ ≤ ࢞ ≤  ࣊
 

    Find 
 + 

 + 
 + ⋯ .. 

     Solution:  
ଶݔ = ଶߨ

3 − 4 ܿݔݏ
1ଶ − ݔ2ݏܿ

2ଶ + ݔ3ݏܿ
3ଶ + ⋯ . . ൨ 

 
Put ݔ =  ߨ
 
4  1

1ଶ + 1
2ଶ + 1

3ଶ + ⋯ . . ൨ = ଶߨ2
3   

 
1

1ଶ + 1
2ଶ + 1

3ଶ + ⋯ . . = ଶߨ
6  

 
18.Find ࢇ in expanding ࢞ିࢋ  − ࣊ < ࢞ <  as a fourier series ࣊
    Solution: 

(ݔ)݂  = ݁ି௫ 
 
ܽ = 1

ߨ න గݔ݀ݔ݊ݏܿ(ݔ)݂
ିగ

 
 
= 1

ߨ න ݁ି௫ܿݔ݀ݔ݊ݏగ
ିగ

 
 



= 1
ߨ  ݁ି௫

1 + ݊ଶ ݔ݊ݏܿ−) + ൨ିగ(ݔ݊݊݅ݏ݊
గ

 
 
= 1

1)ߨ + ݊ଶ) ሾ݁ିగ(−ܿߨ݊ݏ) + ݁గ(ܿߨ݊ݏ)ሿ 
 
= 1

1)ߨ + ݊ଶ) ሾܿߨ݊ݏ(݁గ − ݁ିగ)ሿ 
 
ܽ = (−1)

1)ߨ + ݊ଶ)  ߨℎ݊݅ݏ2
 
   
 
Fourier Series in the Interval (0,2l) 
   
  1.Find the mean square value of the function f(x)  =  x  in the   
     interval (0,l).  

Solution: 
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 2.Find the Fourier series expansion of 
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Hence the Fourier series is  
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Since the denominator of the series is of the form 4
1

n  and the 
denominator in the Fourier series is of the form 2

1
n let us use the 

Parseval’s identity. 
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3. Find the constant term in the Fourier expansion of f(x) = x2 – 2  
 in -2 < x < 2 
Solution:  f( - x)  = (- x) 2 - 2 = x2 – 2  = f(x) the function is even.  So,  
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Hence the constant term in the Fourier expansion is  3
2

2
0 a  

4. If  f(x) is an odd function in the interval ( - l, l ) , write the 
formula to find the Fourier coefficients. 
Solution:  a0  =  an  =  0 
   


 l

n dxl
xnxflb

0
sin)(2 

  
5. If  f(x) is an even function in the interval ( - l, l ) , write the 
formula to find the Fourier coefficients. 
Solution:  
  l dxxfla

0
0 )(2  
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n dxl

xnxfla
0

cos)(2   
  bn = 0 
 



6.Find the Fourier series expansion of the function 





 lxxl

xlxlxf 0,
0,)( .  Hence deduce that   812

1 2

1 2
n n  

Solution: 
Here the interval is – l to l let us first check whether the function is 
odd or even. 
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So, the function is even. 

(Note that when an inequality is multiplied by -1 the inequality is 
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Hence the Fourier series is  
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Deduction:   
 
To get the deduction put x = 0(which is a continuous point) 
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7.Obtain the sine series for the function 
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Solution: 
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Hence the half range sine series is l
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n
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8.Find the Fourier series expansion of   
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lxxlxf 2,0
0,)( .  

Hence deduce   the value of the series (i)  ....7
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3
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1
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Solution:  We need to find all the three fourier constants. 
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 1,..5,3,1 22 sin1cos12
4)(  

Deduction(i)  The denominator of cosine terms are in the form 2
1

n  and 
the denominator of sine terms are in the form n

1  .  So, to get deduction 
(i) , let us make all the cosine terms vanish.  This can be done by taking 

,...23,2
x .  Let us put 2

lx  (which is a continuous point) 
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Deduction(ii):   
 
To get the deduction all the sine terms must vanish and this can be 

done by taking ,...2,0 x .  So, let us put 0x (which is a 
discontinuous point). 
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9.Find the Fourier series expansion of 



 21,2

10,)( xx
xxxf   

    Also deduce  8.....5
1

3
1

1
1 2
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       Solution: 
     

1
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Half Range Fourier Series 
 

1.Obtain the half range cosine series for 10)1( 2  xinx          
Solution: 
      

The half range cosine series is    
                   1cos)(
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0   lwherel

xnaaxf
n

n
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2.Prove that  


  ....5sin5
13sin3

1sin41 l
x

l
x

l
x 

  in the interval    
 0< x< l 
Solution: 
As per the RHS we need to find the Fourier sine series expansion of 
the function  in 0 < x < l Heref(x) = 1 and the interval shall be taken 
as (0,l). 
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Hence the Fourie siner series is    
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3.Find the half range  cosine series for the function 

lxinxxf  0,)( .  Hence deduce the value of the series 

  1 412
1

n n . 



 
Solution: 
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Hence the half range series is 





,...5,3,1 22 cos4
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Deduction:   
Since the denominator of the series is n4 and that of the cosine series 
is only n2 let us apply Parseval’s identity 
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4.Find the half range sine series of ),0()( 2 linxlxxf  . 
   Solution: 
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   The required sine series is 
  

5,3,1 33
2 sin18)(

n l
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5.Find a sine series for f(x) = x, in (0,). 

Solution:    
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 is the half range sine series . 
6.Find the half range sine series for f(x)  =  2 in 0 < x < . 

Solution:  
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Hence the half range sine series is 
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7.The cosine series for f(x)  =  x sin x in  0 < x <  is given as 
 


2 2 cos1

)1(2cos2
11sin

n

n nxnxxx .   
Deduce that 2....7.5

1
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  . 
Solution:   
As n2 - 1 =  ( n – 1) ( n + 1)     
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          Put  x  =  / 2  in the above series we get 
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8. Find the half range cosine series of  

   xinxxf 0,)( 2 .  Hence deduce the value of   1 4
1

n n . 
Solution: 
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Hence the half range cosine series is 


1 2
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Deduction:   
Since the denominator of the series is n4 and that of the cosine series 
is only n2 let us apply Parseval’s identity for fourier cosine series is 
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 9. Obtain the half range cosine series for ),0()( inxxf   
       Solution: 
 The half range cosine series is 
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0 cos)(
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10. Find the half range sine series for 

(࢞)ࢌ  = ࣊)࢞ − )࢞ < ࢞ <  ࣊
 Solution:   

Let ݂(ݔ) = ∑ ܾݔ݊݊݅ݏஶୀଵ  be the half range sine series 
 



 ܾ = ଶ
గ  గݔ݀ ݔ݊݊݅ݏ(ݔ)݂

  
 
      =  

గ  ଶߨ)ݔ − గݔ݀ ݔ݊݊݅ݏ(ଶݔ
  

 
     = 

గ  ଶߨݔ) − గݔ݀ ݔ݊݊݅ݏ(ଷݔ
  

 
    =  

గ (ߨݔଶ − (ଷݔ ቀ− ௦௫
 ቁ − ଶߨ) − (ଶݔ3 ቀ− ௦௫

మ ቁ +
(ݔ6−) ቀ௦௫

య ቁ + 6(௦௫
ర ) 



గ
 

 
=  

గ ቂ−6ߨ ௦గ
య ቃ 

 
 
  ܾ = ଷ.(ିଵ)శభ

య  
 
The required half range series is given by  
 
(ݔ)݂   = ∑ ଷ.(ିଵ)శభ

య ஶୀଵݔ݊݊݅ݏ  
 
തଶݕ = 2

ߨ2 න గݔସ݀ݔ


 
 
തଶݕ = 1

ߨ ቆݔହ
5 ቇ



గ
 

 
തଶݕ = ସߨ

5  
 



ସߨ
5 = ସߨ

9 + 16
2  1

݊ସ
ஶ

ୀଵ
 

 
ସߨ
5 − ସߨ

9 = 8  1
݊ସ

ஶ

ୀଵ
 

ସ(9ߨ  − 5)
45 = ସߨ4

45  
 
 1

݊ସ = ସߨ
90

ஶ

ୀଵ
 

ସߨ  
90 = 1

1ସ + 1
2ସ + 1

2ସ + ⋯ 
  

11.Obtain cosine series (࢞)ࢌ = ࢞) − ) ,  ≤ ࢞ ≤  and deduce that 
∑ 

(ି)ஶୀ = ࣊
ૡ  

 Solution: 
 
(ݔ)݂ = ܽ

2 +  ܽܿݏ ቀ݊ݔߨ
݈ ቁ

ஶ

ୀଵ
 

  L=2  
ܽ = 2

݈ න ݔ݀(ݔ)݂


 
 



= 2
2 න ݔ) − 2)ଶ݀ݔଶ


 

ܽ = ቈ(ݔ − 2)ଷ
3 



ଶ
 

 ܽ
 = 8/3   

ܽ = 2
݈ න ݏܿ(ݔ)݂ ቀ݊ݔߨ

݈ ቁ ݔ݀


 
 
ܽ = 2

2 න ݔ) − 2)ଶܿݏ ቀ݊ݔߨ
݈ ቁ ଶݔ݀


 

 
ܽ = (ݔ − 2)ଶ ݊݅ݏ ቀ݊2ݔߨ ቁ

2ߨ݊
+ ݔ)2 − 2) ݏܿ ቀ݊2ݔߨ ቁ

ቀ݊2ߨ ቁଶ

− 2 ݊݅ݏ ቀ݊2ݔߨ ቁ
ቀ݊2ߨ ቁଷ 



ଶ
 

 
ܽ = 16

݊ଶߨଶ 
 
(ݔ)݂ = 4

3 + 16
ଶߨ  1

݊ଶ ݏܿ ቀ݊ݔߨ
2 ቁ

ஶ

ୀଵ
 

 Put x =0 is continuous point  f(0)=4  
4 = 4

3 + 16
ଶߨ  1

݊ଶ
ஶ

ୀଵ
 



 
4 − 4

3 = 16
ଶߨ  1

݊ଶ
ஶ

ୀଵ
 

 
8
3 ቆߨଶ

16ቇ =  1
݊ଶ

ஶ

ୀଵ
 

 
ଶߨ
6 =  1

݊ଶ
ஶ

ୀଵ
  

 
గమ
 = ଵ

ଵమ + ଵ
ଶమ + ଵ

ଷమ + ⋯.          ………..(1) 
 
Put x=2 is a continuous point f(2)=0 
 
0 = 4

3 + 16
ଶߨ  1

݊ଶ
ஶ

ୀଵ
 

 
−4
3 ቆߨଶ

16ቇ =  (−1)
݊ଶ

ஶ

ୀଵ
 

 
ଶߨ−
12 = −1

1ଶ + 1
2ଶ − 1

3ଶ + ⋯. 
 
గమ
ଵଶ = ଵ

ଵమ − ଵ
ଶమ + ଵ

ଷమ + ⋯ ……………………..(2) 
 
(1)+(2)  3 గమ

ଵଶ = 2( ଵ
ଵమ + ଵ

ଷమ + ⋯ ) 
 



 1
(2݊ − 1)ଶ

ஶ

ୀଵ
= ଶߨ

8  
 

 
 
12.Obtain xsinx as sine series in  < ࢞ <  ࣊
   Solution:  

Given f(x) = xsinx 
 
(ݔ)݂ =  ܾݔ݊݊݅ݏ

ஶ

ୀଵ
 

 
ܾ = 2

ߨ න గݔ݀ݔ݊݊݅ݏ(ݔ)݂


 
 
ܾ = 2

ߨ න గݔ݀ݔ݊݊݅ݏݔ݊݅ݏݔ


 
 
= − 2

ߨ
1
2 න ݊)ݏሾܿݔ − ݔ(1 − ݊)ݏܿ + గݔሿ݀ݔ(1


 

 
= −1

ߨ න ݊)ݏܿݔ − ݔ݀ݔ(1 − න ݊)ݏܿݔ + గݔ݀ݔ(1


గ


 
 
 
13.To which value the half range sine series corresponding to f(x) = 
x2 expressed in the interval (0,2) converges at x = 2? 

Solution:   



In order to expand in a sine series the function must be defined as an 
odd function in the interval (-2,2).  Hence in the interval (-2,0) 
it should be defined in the form of   - f (- x) = -(-x)2  =  - x2 .  

 
202

))((
22




 xx
 

 Since at x = 2 the function is discontinuous ( end point 
discontinuity) the Fourier (sine) series converges to  

 
2 2

(2 ) (2 ) (2) ( 2)
2 2

(2) ( ( 2) )
2

0

f f f f    
  


 

 
14.Find the value of an in the cosine series expansion of f(x) = 10  
in the interval (0,10). 
Solution:   

                         
 

0
10

0
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2 ( ) cos
2 10 cos10 10
2 1010 sin10 10

102 sin sin 0
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n xa f x dxL L
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Harmonic Analysis 
The process of finding the fourier series for a unction y=f(x) 
from the tabulated values of x and y at equal intervals of x is 
called harmonic analysis  

1.Find the Fourier series expansion upto third harmonic from the   
     following data: 

  x:  0  1  2  3  4  5 
  f(x):  9  18  24  28  26  20 
 Solution: 
 
 
 

 

x Y  
=x/3  

 Cos  y Cos Cos 
2 

yCos 2 Cos 
3 

yCos 3 
0 9 0 0 1 9 1 9 1 9 
1 18 /3 60 0.5 9 -0.5 -9 -1 -18 
2 24 2/3 120 -0.5 -12 -0.5 -12 1 24 
3 28 3/3 180 -1 -28 1 28 -1 -28 
4 26 4/3 240 -0.5 -13 -0.5 -13 1 26 
5 20 5/3 300 0.5 10 -0.5 -10 -1 -20 
  y

125     cosy                   
=  - 25 

  2cosy
     = - 7 

  3cosy
     =  - 7 

sin  ysin  sin 
2 

y sin 2 sin 
3 

y sin 3 
0 0 0 0 0 0 
0.866 15.588 0.866 15.588 0 0 



 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

3333.2)7(*6
23cos2

3333.2)7(*6
22cos2

3333.8)25(*6
2cos2

6667.41125*6
22

3

2

1

0























yqa

yqa

yqa

yqa

 

 

0.866 20.784 -
0.866 

-20.784 0 0 
0 0 0 0 0 0 
-
0.866 

-22.516 0.866 22.516 0 0 
-
0.866 

-17.32 -
0.866 

-17.32 0 0 
  siny

= - 
3.464 

  2siny
  
   = 0.0 

  3siny              
      = 0 



  

0)0(*6
23sin2

0)0(*6
22sin2

15.1)464.3(*6
2sin2

3

2

1
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Hence the Fourier series expansion 
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2. Find the Fourier series upto 2nd harmonic function 
X 0 ࣊/ 2࣊/ ࣊ ࣊/ ࣊/ ࣊ 
F(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0 
Solution: 
f(x)  = బ

ଶ + (ܽଵܿݔݏ + ܾଵݔ݊݅ݏ) + (ܽଶܿݔ2ݏ + ܾଶݔ2݊݅ݏ) 
       X Y=f(x) ycosx ysinx Ycos2x Ysin2x 
       0 1.0 1.0 0 1.0 0 

 1.21 0.7- 1.2 0.7 1.4 3/ߨ
 1.64- 0.95- 1.64 0.95- 1.9 3/ߨ2    

 0 1.7 0 1.7- 1.7 ߨ
 1.29 0.75 1.29- 0.75- 1.5 3/ߨ4
 1.03- 0.6- 1.03- 0.6 1.2 3/ߨ5



Total 8.7 -1.1 0.5 -0.3 -1.17 
 
ܽ = 2

ܰ  ݕ = 2.9 
ܽଵ = 2

ܰ  ݔݏܿݕ = −0.3 
ܽଶ = 2

ܰ  ݔ2ݏܿݕ = −0.1 
ܾଵ = 2

ܰ  ݊݅ݏݕ 0.16 
ܾଶ = 2

ܰ  ݔ2݊݅ݏݕ = −0.05 
(ݔ)݂ =  2.9

2 + ݔݏ0.3ܿ−) (ݔ݊݅ݏ0.16 + ݔ2ݏ0.1ܿ−) −  (ݔ2݊݅ݏ0.05
 
3. Find the Fourier series upto 2nd harmonic function 
X 0 ࣊/ 2࣊/ ࣊/ ࣊/ ࣊/ 
F(x) 0 9.2 14.4 17.8 17.3 11.7 
 
Solution: 
2݈ =  ߨ
݈ =  2/ߨ
(ݔ)݂ = ܽ

2 +  ܽcos ቌ݊2ߨݔߨ
ቍ

ஶ

ୀଵ
+  ܾ݊݅ݏ ቌ 2ߨݔߨ݊

ቍ
ஶ

ୀଵ
 

f(x)  = బ
ଶ + (ܽଵܿݔ2ݏ + ܾଵݔ2݊݅ݏ) + (ܽଶܿݔ4ݏ + ܾଶݔ4݊݅ݏ) 

 
       X Y=f(x) Ycos2x Ysin2x Ycos4x Ysin4x 
       0 0 0 0 0 0 

 7.967 7.967 4.6- 4.6 9.2 6/ߨ



 12.470- 12.470 7.2- 7.2- 14.4 6/ߨ2    
 0 0 17.8 17.8- 17.8 6/ߨ3
 14.982- 8.65- 14.982- 8.65- 17.3 6/ߨ4
 10132- 10.132- 5.85- 5.85 11.7 6/ߨ5

Total 70.4 -23.2 -8.5 -4.677 0.347 
 
ܽ = 2

6  ݕ = 23.47 
ܽଵ = 2

6  ݕ ݔ2 = −7.73 
ܽଶ = 2

6  ݔ4ݏܿݕ = −2.833 
ܾଵ = 2

6  ݅ݏݕ ݔ2 = −1.56 
ܾଶ = 2

6  ݔ4݊݅ݏݕ = 0.116 
(ݔ)݂ =  11.74 + ݔ2ݏ7.73ܿ−) − (ݔ2݊݅ݏ1.56

+ ݔ4ݏ2.83ܿ−) +  (ݔ4݊݅ݏ0.116
 
4. Find the Fourier series upto 2nd harmonic function 
X 0 T/6 T/3 T/2 2T/3 5T/6 T 
F(x) 1.98 1.30 1.060 1.30 -0.88 -0.5 1.98 
Solution: 
2l=T 
 L=T/2 
Put ߠ = ଶగ

்  
A  = బ

ଶ + (ܽଵܿߠݏ + ܾଵߠ݊݅ݏ) + (ܽଶܿߠ2ݏ + ܾଶߠ2݊݅ݏ) 
       T ߠ A Aߠݏܥ Aߠ2ݏܥ Aߠ݊݅ݏ Aߠ2݊݅ݏ 
       0 0 1.98 1.98 1.98 0 0 
T/6 60 1.30 0.65 -0.65 1.13 1.13 



    T/3 120 1.06 -0.53 -0.53 0.92 -0.92 
T/2 180 1.30 -1.30 1.30 0 0 
2T/3 240 -0.88 0.44 0.44 0.76 -0.76 
5T/6 300 -0,50 -0.25 0.25 0.43 0.43 
Total  4.26 0.99 2.79 3.24 -0.12 
 
ܽ = 2

6  ܣ = 1.42 
ܽଵ = 2

6  Aߠݏܥ = 0.33 
ܽଶ = 2

6  Aߠ2ݏܥ = 0.93 
ܾଵ = 2

6  Aߠ݊݅ݏ = 1.08 
ܾଶ = 2

6  Aߠ2݊݅ݏ = −0.04 
ܣ =  0.71 + ቆ0.33ܿݏ ൬2ݐߨ

ܶ ൰ + ݊݅ݏ1.08 ൬2ݐߨ
ܶ ൰ቇ

+ ቆ0.93ܿݏ ൬2ݐߨ
ܶ ൰ − ݊݅ݏ0.04 ൬2ݐߨ

ܶ ൰ቇ 
 

 
 

 
 
 
 
 
 
 
 

 



 Complex Fourier Series 
 
1.Express the function 11,)(   xinexf x  in the complex form of 
the Fourier series. 

Solution:   
The Complex form of the Fourier series is  
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Hence the Complex form of the Fourier series of the given function is 
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2.Find the complex form of the F.S  of the function   xinaxxf ,cos)(  
Solution: The Complex form of the Fourier series is  
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                                            UNIT – III 
                           APPLICATION OF  
     PARTIAL DIFFERENTIAL EQUATIONS 
                  
 Classification of a Partial Differential Equation 
                 The second order partial differential equation in the function 
u of the two independent variable is  

0,,,,),(),(),( 2
22

2
2 














y
u

x
uuyxfy

uyxcyx
uyxBx

uyxA  
It is classified as (i) Elliptic if 042  ACB  
                            (ii) Parabolic 042  ACB     
                           (iii) hyperbolic 042  ACB      
 

1. Classify the following partial differential equations 
(a) 2

2
2

2

y
u

x
u




  

(b) xyy
u

x
u

yx
u 











 2
 

      Solution: 
(a) A=1, B=0, C=-1  

044042  ACB  
Equation is hyperbolic 

(b) A=0, B=1, C=0 



 
 

2 
 

010142  ACB  
Equation is hyperbolic 
 

2. Classify the following partial differential equations 
(a) 

2 2 2
2 24 4 4 8 16 0u u u u u ux x y y x y

                

(b) 
22

2
2

2
2
















y
u

x
u

y
u

x
u  

  Solution: 
(a) A=4, B=4, C=1  

0161642  ACB  
Equation is parabolic 

(b) A=1, B=0, C=1 
0442  ACB  

Equation is Elliptic. 
 

3. Classify the following partial differential equations 
 xyforfyfx xxxx ,110)1( 22  

Solution: 
      22 1,0, yCBxA    

veisyyIn
xxinvealwaysisx

yx
yxACB







1,11
0,

)1(4
)1(44

2
2

22
222

 

Equation is Elliptic 
If x = 0, B2-4AC=0, the equation is Parabolic.  
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4. Classify the following partial differential equations: 
2 2

2 2 2
( ) 2 2 3 0
( ) 7 0

xx xy yy x

xx yy x y

a y u xyu x u u u
b y u u u u

    
      

Solution:  
(a) Here A = 2y ,B = 2xy , C = 2x  

B2 - 4AC = 4 2x 2y - 4 2x 2y = 0 
Equation is parabolic 

(b) Here A = 2y ,B =0, C = 1 
B2 - 4AC = 0 - 4 2y = - 4 2y < 0 
Here 2y is always positive 
Equation is elliptic. 

5. Classify  21 4xx xy yyx u xu u x     
      Solution:  
                    Here A =  21 x ,B = 4x , C = 1 
                    B2 - 4AC = 16 2x - 4  21 x  
                                    = 16 2x - 4 - 8 x  - 4 2x  
                                    =4(3 2x -2 x -1) 
                    If  x =1 ,then B2 - 4AC = 0 
                    Given PDE is Parabolic. 
         If x <0 (or) x >0 Then B2 – 4AC >0 

       Given PDE is Hyperbolic. 
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        One Dimensional Wave Equation  
              One dimensional wave equation is  

2
22

2
2

x
yat

y



  
 

Assumptions made in the derivation of one dimensional wave 
equation or equation of vibration of strings 

(i) The mass of the string per unit length is constant. 
(ii) The string is perfectly elastic and does not offer any 

resistance to bending. 
(iii) The tension caused by stretching the string before fixing it at 

end points is so large that the action of the gravitational force 
on the string can be neglected. 

(iv) The string performs a small transverse motion in a vertical 
plane that is every particle of the string moves strictly 
vertically and so that the deflection and the slope at every 
point of the string remain small in absolute value. 

 
     The possible solution of one dimensional wave equation 

  
      1211109

8765
4321

),(
sincossincos),(

),(

ctccxctxy
aptcaptcpxcpxctxy

ecececectxy aptaptpxpx




 

 
 

1. What is the constant 2a in wave equation xxtt uau 2 ? 
 Solution: 
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stringtheoflengthunitpermass

tensionawhere
x

yat
y






2

2
22

2
2

 

 
2. What is the correct solution of one dimensional equation? 

Solution:   aptcaptcpxcpxctxy sincossincos),( 8765   
 
 
              Boundary and Initial conditions 

      One dimensional wave equation is given by 
    2

22
2

2

x
yat

y



  

            
)()0,()(

)()0,()(
0),()(
0),0()(

xgxyiv
xft

xyiii
tlyii
tyi








 

 
3. A tightly stretched string of length 2l is fastened at both ends. 

The midpoint of the string is displaced to a distance b and 
released from rest in this position. Write the initial conditions. 
Solution: 
The one dimensional wave equation is 2

22
2

2

x
yat

y



  
The equation of OA is 
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b 

  lxlxll
b

l
lbbxlby

l
bxlbby

l
lx

b
by

lBisABofequationThe
lxl

bxy
l
x

b
y

2,2

)0,2(
0,
0
00












    

The initial boundary conditions are 














lxlxll

lxl
bx

xyiv

t
xyiii

tlyii
tyi

2),2(2
0,)0,()(

0)0,()(
0),()(
0),0()(

 

 
4. A string is stretched and fastened to two points x = 0 & x = l 

apart. Motion is started by displacing the string into the form 
)( 2xlxky  from which it is released at time t = 0. Write the 

most general solution to this problem. 
 
Solution: 
 
 

O(0,0) 

A(l,b) 

B(2l,0) b 
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The most general solution is  
          l

atn
l
xnctxy

n
n

 cossin),(
1
  

 
5. A string is stretched and fastened to two points x = 0 & x = l 

apart. Is initially at rest in its equilibrium position. If it is set 
Vibrating by giving each point velocity )( 2xlxky  from 
which it is released at time t = 0. Write the most general 
solution to this problem. 
Solution: 

              l
atn

l
xnctxy

n
n

 sinsin),(
1
  

 
6. Write  the boundary conditions for the following boundary 

value problem “If a string of length l  initially at rest in its 
equilibrium position and each of its point is given the  velocity 

3
0

0
sin ,0

t

y xv x lt l



        Determine the displacement 

function y(x,t)” 
         Solution: 

               The boundary conditions are 
                   (i) (0, ) 0, 0,y t t   
                  (ii) ( , ) 0, 0,y l t t   
                 (iii) ( , 0) 0, 0y x x l   , 

           (iv) 3
0( ,0) sin ,0y xx v x lt l
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7. Write the boundary conditions for solving the string equation 
if the string is subjected to initial displacement f(x) and initial 
velocity g(x). 

         Solution: 
 
(i) (0, ) 0y t   

   (ii) ( , ) 0y l t   
           (iii)  ( ,0) ( ) ,0y x g x x lt

     
   (iv) ( ,0) ( ) ,0y x f x x l      
 
Problems on vibrating on strings with initial velocity zero 
 
1. A string is stretched and fastened to two points x = 0 and x = l 

apart motion is started by displacing the string into the form 
)( 2xlxky  from which it is released at time t = 0. Find the 

displacement of any point on the string at a distance of x from 
one end at time t. 
Solution: 
The wave equation is 2

22
2

2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 
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)()()0,()(
0)0,()(

00),()(
00),0()(

2 xfxlxkxyiv
t
xyiii

ttlyii
ttyi








 

The correct solution which satisfies our boundary conditions is 
given by   )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get   )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

 

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

 l
np   

   )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

Before applying condition (iii) differentiate (3) partially with respect to t 
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)(sinsinsin),( Il
atnDl

atnCl
xnBt

txy 


 
   

Apply (iii) in (I) we get 

            









l
anDl

xnB
l
anDl

xnBt
xy




sin0

sin)0,(
 

 

  l
atn

l
xnBCtxy

D
l
an

l
xnBHere





cossin),(3
0

0,0sin,0





 

BCBwhereIIl
atn

l
xnBtxy nn  ),(cossin),(   

Since the partial differential equation is linear, any linear combination of 
solutions of the form (4) with n = 1, 2, 3, … is also a solution of the 
equation. 
The solution (II) can be written as  

)4(cossin),(
1

 l
atn

l
xnBtxy

n
n

  
Apply (iv) in (4) 


1

sin)0,(
n

n l
xnBxy   
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l
n

n
n

dxl
xnxflB

l
l
xnBxf

0

1

sin)(2
)(0,intervaltheinseriessinefourierrangehalfrepresents(5)

)5(sin)(





 

   
2

0
2 32

2 2 3 3
0

23 3 2
3 33 3 3 3 3 3

2 ( )sin
2 cos 2 sin . 2cos

8 ,2 2 42( 1) 1 ( 1)
0,

l

l

n n

n xk lx xl l
k l n x n x l n x llx x l xl n l l n l n

kl n is oddk l l kl nl n n n n is even



  
  

  

 
           

                


 

2
3 31,3,5,...

8(4) ( , ) sin cos
n

kl n x n aty x t n l l
 





    

 
2. A string is stretched and its ends are fastened at two points x=0 

and x=l the midpoint of the string is displaced transversely 
through a small distance b and string is released from the rest 
in that position. Find an expression for the transverse 
displacement of the string at anytime during the subsequent 
motion. 
Solution: 
 
To find the equation of the string in its initial position. 
The equation of the string AD is  
 

B(l,0) 

D(l/2,b) 

A(0,0) 
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2/0,2
2

0
0

02/
0

lxl
bxy
b
y

l
x

b
y

l
x









 

The equation of the string DB is  

  lxlxll
by

b
by

l
lx

b
by

ll
lx









2/,2
2

02/
2/

 

Hence initially the displacement of the string is in the form  

  )(
2/,2

2/0,2
)0,( xf

lxlxll
b

lxl
bx

xy 




  

The wave equation is 2
22

2
2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 
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  )(
2/,2

2/0,2
)0,()(

0)0,()(
00),()(
00),0()(

xf
lxlxll

b
lxl

bx
xyiv

t
xyiii

ttlyii
ttyi














 

The correct solution which satisfies our boundary conditions is 
given by   )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get   )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

 

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

 l
np   

   )3(sincossin),(2 
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atnDl

atnCl
xnBtxy   
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Before applying condition (iii) differentiate (3) partially with respect to t 
)(sinsinsin),( Il

atnDl
atnCl

xnBt
txy 


 

   
Apply (iii) in (I) we get 
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D
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cossin),(3
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BCBwhereIIl
atn

l
xnBtxy nn  ),(cossin),(   

Since the partial differential equation is linear, any linear combinationof 
solutions of the form (4) with n = 1, 2, 3, … is also a solution of the 
equation. 
The solution (II) can be written as  

)4(cossin),(
1

 l
atn

l
xnBtxy

n
n

  
Apply (iv) in (4) 


1

sin)0,(
n

n l
xnBxy   
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)5(sin)(





 

 
  






















 





 





 







 





 





 









 





 

l

l

l

l

l

l

n
l

l
xn

n
l

l
xnxl

n
l

l
xn

n
l

l
xnx

l
b

dxl
xnxldxl

xnxl
b

l

2/

2

2/

0

2

2

2/

2/

0

sin)1(cos

sin1cos
4

sin)(sin22















 

              







 
















 









 








2sin8
2sin24

2sin2cos200

002sin2cos24

22

22
2

2

22
2

22
2

2
















n
n

bB
n

ln
l
b

n
lnn

n
ll

n
lnn

n
ll

l
b

n

 

     l
atn

l
xnn

n
btxy

n


 cossin2sin8),()4(
1 22  

 



 
 

16 
 

 

 

3. The points of trisection of a tight stretched string of   length l        
with fixed ends are parallel aside through a distance d on       
opposite sides of a position of equilibrium, and the string is       
released from  rest. Obtain an expression for the displacement of        
the string at any  subsequent time and show that the midpoint of         
the string always  remains at rest. 
 Solution: 

                                                                                                                                                           
 
 
 
 
 
 
 
 
To find the equation of the string into initial position OABC 
The equation of the string OA is 

d
y

l
x 0

3/
0                         

d
y

l
x 3  

30,3 lxl
xdy   

The equation of the string AB is 

O(0,0) 

A(l/3,d) 
d C(l,0) 

B(2l/3,d) 
d 
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    3/23/,2332

3232
2

3
23/

3/

lxlxll
ddxll

dy
xll

dlxl
ddy
d
dy

l
lx

d
dy

l
lx









 

The equation of the string BC is 

 
  lxllxl

d
l

dlxd
l

dldlxdy
lxl

ddy
d

dy
l

lx
d

dy
ll
lx









3/2,3323
23

23
3/2
3/2

 

The wave equation is 2
22

2
2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 
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The correct solution which satisfies our boundary conditions is 
given by   )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get   )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

 

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

 l
np   

   )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

Before applying condition (iii) differentiate (3) partially with respect to t 
)(sinsinsin),( Il

atnDl
atnCl

xnBt
txy 


 

   
Apply (iii) in (I) we get 
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  l
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BCBwhereIIl
atn

l
xnBtxy nn  ),(cossin),(   

Since the partial differential equation is linear, any linear combinationof 
solutions of the form (4) with n = 1, 2, 3, … is also a solution of the 
equation. 
The solution (II) can be written as  

)4(cossin),(
1

 l
atn

l
xnBtxy

n
n

  
Apply (iv) in (4) 


1

sin)0,(
n

n l
xnBxy   

)5(sin)(
1

n
n l

xnBxf   
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d n nis evenB n
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2 22,4,6,..
36 1( , ) sin sin cos (7)3n

d n n x n aty x t n l l
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          The displacement at the midpoint is got by putting 2
lx  in (7) 

           i.e., , 02
ly t      

           There is no displacement at 2
lx   

           The midpoint of the string is rest.  
 

4. A string is stretched with fixed end points x = 0 and x = l is 
initially in a position given by l

xyxy 3
0 sin)0,(  . It is released 

from rest from this position. Find the displacement y at any 
distance x from one end at any time t. 
 
Solution: 
 The wave equation is 2

22
2

2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 

l
xyxyxyiv

t
xyiii

ttlyii
ttyi

3
0 sin)0,()0,()(

0)0,()(
00),()(
00),0()(








 

The correct solution which satisfies our boundary conditions is 
given by   )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
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Apply (i) in (1) we get, 

0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get   )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

 

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

 l
np   

   )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

Before applying condition (iii) differentiate (3) partially with respect to t 
)(sinsinsin),( Il

atnDl
atnCl

xnBt
txy 


 

   
Apply (iii) in (I) we get 

         









l
anDl

xnB
l
anDl

xnBt
xy




sin0

sin)0,(
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           l
atn

l
xnBCtxy

D
l
an

l
xnBHere





cossin),(3
0

0,0sin,0





 

        BCBwhereIIl
atn

l
xnBtxy nn  ),(cossin),(   

        Since the partial differential equation is linear, any linear        
        combination of solutions of the form (4) with n = 1, 2, 3, … is also   
        a solution of the equation. 
        The solution (II) can be written as  
                    )4(cossin),(

1
 l

atn
l
xnBtxy

n
n

  
         Apply (iv) in (4) 

                    





















1
3

0

1

1

sinsin

sin)(

sin)0,(

n
n

n
n

n
n

l
xnBl

xy
l
xnBxf
l
xnBxy





 

         ...3sin2sinsin3sinsin34 321
0 


  l

xBl
xBl

xBl
x

l
xy   

        By Equating like coefficients 
               0...,4,0,4

3
54

0
32

0
1  BByBByB  

        Substitute these values in (4) we get 
               l

at
l
xy

l
at

l
xytxy  3cos3sin4cossin4

3),( 00   



 
 

24 
 

5. A string is stretched  and fastened to two points at a distance l 
apart. Motion is started by displacing the string in the 
form l

xxy sin)0,(   from which it is released at time t=0. Show 
that the displacement of any point at a distance x from one end 
at time t is  given by l

x
l
xatxy  cossin),(  . 

 
Solution: 
 The wave equation is 2

22
2

2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 

)(sin)0,()(
0)0,()(

00),()(
00),0()(

xfl
xaxyiv

t
xyiii

ttlyii
ttyi









 

The correct solution which satisfies our boundary conditions is 
given by   )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get   )2()sincos(sin),(  aptDaptCpxBtxy  
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        Applying (ii) in (2) we get 

 

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

 l
np   

   )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

Before applying condition (iii) differentiate (3) partially with respect to t 
)(sinsinsin),( Il

atnDl
atnCl

xnBt
txy 


 

   
Apply (iii) in (I) we get 

         









l
anDl

xnB
l
anDl

xnBt
xy




sin0

sin)0,(
 

           l
atn

l
xnBCtxy

D
l
an

l
xnBHere





cossin),(3
0

0,0sin,0





 

BCBwhereIIl
atn

l
xnBtxy nn  ),(cossin),(   
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Since the partial differential equation is linear, any linear combination of 
solutions of the form (4) with n = 1, 2, 3, … is also a solution of the 
equation. 
The solution (II) can be written as  

)4(cossin),(
1

 l
atn

l
xnBtxy

n
n

  
Apply (iv) in (4) 

           





















1

1

1

sinsin

sin)(

sin)0,(

n
n

n
n

n
n

l
xnBl

xa
l
xnBxf
l
xnBxy





 

         ...3sin2sinsinsin 321  l
xBl

xBl
xBl

xa   
By Equating like coefficients 
      0...,0,0, 54321  BBBBaB  
Substitute these values in (4) we get 
      l

at
l
xtxy  cossin),(   
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Problems on vibrating on strings with non – zero initial 
velocity  

 
1. A tightly stretched string with fixed end points x = 0 and x = l 

is initially at rest in its equilibrium position. If it is set 
vibrating by giving each point a velocity kx(l-x). Find the 
displacement of the string at any time. 
Solution: 
     The wave equation is 2

22
2

2

x
yat

y



  
     From the given problem, we get the following boundary     
     conditions. 

              
)()()0,()(

0)0,()(
00),()(
00),0()(

xfxlkxt
xyiv

xyiii
ttlyii
ttyi








 

    The correct solution which satisfies our boundary conditions is   
     given by 
              )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
    Apply (i) in (1) we get, 

             0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

    Putting A= 0 in (1) we get 
               )2()sincos(sin),(  aptDaptCpxBtxy  

             Applying (ii) in (2) we get 
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npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

             l
np   

        )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

 Apply (iii) in (3) 

           

l
atn

l
xnBxy

l
atn

l
xnBDxy

C
l
xnBC

Cl
xnBxy

n







sinsin)0,(
sinsin)0,()3(

0
sin0

sin)0,(









 

Since the partial differential equation is lin ear, any linear 
combition of solutions of the form (4) with n = 1, 2, 3, … is also a 
solution of the equation.The general solution can be written as  
          )4(sinsin),(

1
 l

atn
l
xnBtxy

n
n

  
Differentiate Partially (4) with respect to t we get, 
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getweinivApply
l
an

l
atn

l
xnBt

txy
n

n

)5()(
5.cossin),(

1


  
 

          
l
anBbwherel

xnbxf
l
xn

l
anBt

xy

nn
n

n

n
n




















),6(sin)(

sin)0,(

1

1  

Equation (6) Represents Half rane sine series. 
          dxl

xnxflb
l

n 
0

sin)(2   
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l
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,8)1(142)1(22

cos2.sin2cos2
sin)(2

33
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33
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33
3
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3

0
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3
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  l
atn

l
xn

an
kltxy

n


 sinsin8),(4
,..5,3,1 44

4
  

 
2. If a string of length l is initially at rest in equilibrium position 

and each of its point is given velocity lxl
xV 


 0,sin3
0

 . 
Determine the displacement function ),( txy  
 
Solution: 
The wave equation is 2

22
2

2

x
yat

y



  
From the given problem, we get the following boundary 
conditions. 

     
)(sin)0,()(

0)0,()(
00),()(
00),0()(

3
0 xfl

xVt
xyiv

xyiii
ttlyii
ttyi











  

The correct solution which satisfies our boundary conditions is 
given by 
             )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

           0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get 



 
 

31 
 

           )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

        

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

            l
np   

        )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

 Apply (iii) in (3) 

        

l
atn

l
xnBxy

l
atn

l
xnBDxy

C
l
xnBC

Cl
xnBxy

n







sinsin)0,(
sinsin)0,()3(

0
sin0

sin)0,(









 

Since the partial differential equation is lin ear, any linear 
combination of solutions of the form (4) with n = 1, 2, 3, … is also 
a solution of the equation. The general solution can be written as  
        )4(sinsin),(

1
 l

atn
l
xnBtxy

n
n

  
Differentiate Partially (4) with respect to t we get, 
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getweinivApply
l
an

l
atn

l
xnBt

txy
n

n

)5()(
5.cossin),(

1


  
 

      
l
anBbwherel

xnbxf
l
xn

l
anBt

xy

nn
n

n

n
n




















),6(sin)(

sin)0,(

1

1  

                 
1

3
0 sinsin

n
n l

xnbl
xv   

                 ...3sin2sinsin3sinsin34 3210 


  l
xbl

xbl
xbl

x
l
xv   

    By Equating like coefficients 

               
.....0,0,12,0,4

3

0...,4,0,4
3

6503201

5403201






BBa
VlBBa

lVB
an

lbBBut
bbVbbVb

nn


  

    Substitute these values in (4) we get 
           l

at
l
xV

l
at

l
xVtxy  3cos3sin4cossin4

3),( 00   
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Problems on vibrating on strings when initial velocity and 
initial displacement are given  
 
1. Find the displacement of a tightly stretched string of a length 

7cms vibrating between fixed end points if initial displacement 
is 




7
3sin10 x  and initial velocity is 




l
x9sin15  

Solution : 
    The wave equation is 2

22
2

2

x
yat

y



  
   From the given problem, we get the following boundary    
conditions. 

         
7

9sin15)0,()(
7

3sin10)0,()(
00),()(
00),0()(

x
t
xyiv

xxyiii
ttlyii
ttyi











 

The correct solution which satisfies our boundary conditions is 
given by 
      )1()sincos(sincos),(  aptDaptCpxBpxAtxy  
Apply (i) in (1) we get, 

        0)sincos,0
)sincos(0

)sincos(),0(





aptDaptCA
aptDaptCA

aptDaptCAty
 

Putting A= 0 in (1) we get 
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          )2()sincos(sin),(  aptDaptCpxBtxy  
        Applying (ii) in (2) we get 

         

  

npl
pl

aptDaptCB
solutiontrivialgetwethenBIf

aptDaptCplB
aptDaptCplBtly

sinsin
0sin

0)sincos(,0
0

)sincos(sin0
)sincos(sin),(










 

           l
np   

     )3(sincossin),(2 


  l
atnDl

atnCl
xnBtxy   

        

getweiniiiApply
l
atnCl

atnBl
xntxy

issolutiongeneralThe
l
atnCl

atnBl
xntxy

l
atnBDl

atnBCl
xntxy

n
nn

nn

)4()(
)4(sincossin),(

sincossin),(

sincossin),(

1
 


 




 



 






 

 
  
Equating like 
coefficients, 

we get )(103 IB   
From (4) we get 







7
3sin10...7

3sin2sinsin
7

3sin10sin)0,(

321

1
xxBl

xBl
xB

x
l
xnBxy

n
n
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7
9sin7

9sin9
105

7
3sin7

3cos10),(7

9sin9sin9
153sin3cos10),(

)4()(&)(
'

)(9
15

159
7

9sin15sin)0,(
)5()(

)5(.sincossin),(

9

9

1

1

xat
a

xattxyl
l
x

l
at

a
l

l
x

l
attxy
inIIISubstitute

zeroaresCremainingThe
IIa

lC
l
aC

x
l
xn

l
anCt

xy
getweinivApply

l
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l
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l
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One Dimensional Heat Equation 
One dimensional heat equation is 

bartheofmaterialtheofydiffusivitiss
kwhere

x
u

t
u









2

2
22

 

   
1. State any two laws which are assumed to derive one 

dimensional heat equation? 
Solution: 
(i) Heat flows from higher to lower temperature 
(ii) The amount of Heat required to produce a given temperature 

change in a body is proportionality is known as the specific 
heat(s) of the conducting material. 

 
2.  State the Fourier law of heat conduction. 

Solution: 
 The rate at which heat flows across any area is proportional 
to the area and to the temperature gradient normal to the curve. 
This constant of proportionality is known as thermal 
conductivity(k) of material. It is known as fourier law of heat 
conduction. 

 
3. Define temperature gradient 
     Solution: 
       The rate of change of temperature with respect to the distance   
     is called as temperature gradient. 
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4. In one dimensional heat equation 2
22
x
u

t
u




  what does  2  
refer to? 
Solution: 

.

2

Density
capacityheatspecificS

tyconductivithermalkwhere
materialtheofydiffusivitiss

k










 

 
5. What are the possible solution of one dimensional heat 

equation? 
     Solution: 
     The possible solutions are  

             
  
 cBxAetxuiii

CeBeAetxuii
pxCpxBAetxui

tp

pxpxtp

tp










22

22

22

),()(
),()(

sincos),()(





 
 
6. What is the correct solution of one dimensional heat equation? 
     Solution: 
    The correct solution is  
           pxCpxBAetxu tp sincos),( 22    
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Boundary and Initial conditions 
  One dimensional heat equation is given by 
    2

22
x
u

t
u




   

   )()0,()(
0),()(
0),0()(

xfxuiii
tluii
tui





 
 
7. Derive the steady state solution of one dimensional heat 

equation 
Solution: 
The one dimensional heat equation is 2

22
x
u

t
u




   

                 

baxxu
dx

ud
x
u

x
u

t
u

xutxu















)(
0

0

0
0

)(),(

2
2

2
2

2
22

   

  
8. What is the steady state temperature of a rod of length l  whose 

ends are kept at 300  and 400 
    Solution: 
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              The heat flow equation is 
22

2
u u
t x    

When the steady state condition exist, 0u
t

   ( u is independent of t) 

Then the heat flow equation becomes 
2

2 0u
x
   

                   

(1)
0, 30 30
, 40 40 30

10
10(1) 30

u ax b
x u b
x l u al

a l
u xl

  
   
    


  

 

9. The bar of length 50 cm has its ends kept at 20 C and 100 C 
until steady state conditions prevails. Find the steady state 
temperature of the rod. 
Solution: 
The steady state equation of the one dimensional heat equation is 

100)()(&20)0()(
)1()(

02
2






lubuaareconditionsboundaryThe
baxxu

dx
yd
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la
al

allu
inbApplying

axxu
getweinvaluethissubstitute

bu
inaApplying

80
80

10020100)(
)2()(

)2(20)(
)1(

2020)0(
)1()(








 

Substitute this value in (2) we get 

              
205

8)(
2050

80)(50
2080)(






xxu

xxul
l
xxu

 

10. Write down the appropriate solution of one dimensional 
heat flow equation. How is it chosen? 

     Solution: 
             )()sincos(),( 22 iepxBpxAtxu tp    

Here as we are dealing with the heat equation u(x, t) representing 
the temperature at time t, u(x, t) must decreases as t increases. 
i.e., u(x,t) cannot be define as t  
solution (i) is correct solution. 

11. Define steady state. 
       Solution: 
 Steady state is the state in which the temperature does not vary 
with respect to the time. 



 
 

41 
 

Type I Zero Boundary Conditions 
  
1. A rod 1 cm long with insulated lateral surface is initially at 

temperature u0 at an inner point distance x cm from one end. If 
both ends are kept at zero temperature find the temperature at 
any point of the rod at any time t. 
Solution: 
  The temperature function u(x,t) satisfies the partial 
differential equation       

22
2

u u
t x    

The heat equation satisfying the boundary conditions are 

       
0)0,()(

0),()(
0),0()(

uxuiii
tluii
tui





 
The correct solution is  

      

 2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)
( ) (1)

(0, )
0

0 & 0, 0
(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px
Apply i in we get
u t ABe

ABe
B e A

u x t AC pxe

















  



  
  

  

Applying (ii) in (2) we get 
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2 2

2 2
( , ) sin .

0 sin .
sin 0

p t

p t
u l t AC px e

AC px e
pl

pl n
np l













 



 

2 2 2
2

2 2 2
2

(2) ( , ) sin

( , ) sin

n tl

n tl
n

n xu x t AC el
n xu x t B el

 

 




    

    

 


 

The general solution is  
        

2 2 2
2

1
( , ) sin (3)

n tl
n

n
n xu x t B el

       


   
Apply (iii) in (3) we get, 

         
1

1

( ,0) sin

( ) sin (4)
(4) Represents half rangesineseries

n
n

n
n

n xu x B l
n xf x B l
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oddisnifn

u
evenisnif

l
u

l
xn

n
l

l
u

dxl
xnulBwhere

n

l

l
n








0

0
0

0

0
0

4
0

1)1(2
cos2

sin2










 

 



















.1

)12(
0

...5,3,1
0

2
222

2
222

)12(sin)12(
14),(

sin14),()3(

n
l

tnn
n

l
tn

el
xn

n
utxu

el
xn

n
utxu











 

 
 
2. A uniform bar of length l through which heat flow is insulated at 

its sides. The ends are kept at zero temperature. If the initial 
temperature at the interior points of the bar is given by  2 , 0k lx x x l   . Find the temperature distribution in the 
bar after time t. 

Solution: 
The heat equation is 

22
2

u u
t x    

The heat equation satisfying the boundary conditions are 
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      2

( ) (0, ) 0
( ) ( , ) 0
( ) ( ,0) ( ) ( )

i u t
ii u l t
iii u x f x k lx x



    

The correct solution is  

        

 2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)
( ) (1)

(0, )
0

0 & 0, 0
(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px
Apply i in we get
u t ABe

ABe
B e A

u x t AC pxe

















  



  
  

  

Applying (ii) in (2) we get 

         

2 2

2 2
( , ) sin .

0 sin .
sin 0

p t

p t
u l t AC px e

AC px e
pl

pl n
np l













 



 

2 2 2
2

2 2 2
2

(2) ( , ) sin

( , ) sin

n tl

n tl
n

n xu x t AC el
n xu x t B el

 

 




    

    

 


 

The general solution is  
2 2 2

2

1
( , ) sin (3)

n tl
n

n
n xu x t B el
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Apply (iii) in (3) we get, 

1

1

( ,0) sin

( ) sin (4)
(4) Represents half rangesineseries

n
n

n
n

n xu x B l
n xf x B l












 

  

   

0

2
0

2 32
2 2 3 3

0
23 3 2

3 33 3 3 3 3 3

2 ( )sin
2 ( )sin
2 cos 2 sin . 2cos

8 ,2 2 42( 1) 1 ( 1)
0,

l
n

l

l

n n

n xB f x dxl l
n xk lx xl l

k l n x n x l n x llx x l xl n l l n l n
kl n is oddk l l kl nl n n n n is even




  
  

  



 
           

                




 
     

2 2 2
22

3 31,3,5,..
8(3) ( , ) sin

n tl
n

kl n xu x t en l
 


     


    

 
3. A uniform bar of length l through which heat flow is insulated at 

its sides. The ends are kept at zero temperature. If the initial 
temperature at the interior points of the bar is given by 

3sin , 0xk x ll
   . Find the temperature distribution in the 

bar after time t. 
        Solution: 
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The heat equation is 
22

2
u u
t x    

The heat equation satisfying the boundary conditions are 

       
3

( ) (0, ) 0
( ) ( , ) 0
( ) ( ,0) ( ) sin

i u t
ii u l t

xiii u x f x k l




 

 

The correct solution is  

       

 2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)
( ) (1)

(0, )
0

0 & 0, 0
(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px
Apply i in we get
u t ABe

ABe
B e A

u x t AC pxe

















  



  
  

  

Applying (ii) in (2) we get 

        

2 2

2 2
( , ) sin .

0 sin .
sin 0

p t

p t
u l t AC px e

AC px e
pl

pl n
np l













 



 

    

2 2 2
2

2 2 2
2

(2) ( , ) sin

( , ) sin

n tl

n tl
n

n xu x t AC el
n xu x t B el
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The general solution is  
2 2 2

2

1
( , ) sin (3)

n tl
n

n
n xu x t B el

       


   
Apply (iii) in (3) we get, 

1

1

( ,0) sin

( ) sin (4)
n

n

n
n

n xu x B l
n xf x B l












 

  

 
2

3
1 2 3

1 2 3

1 2 3

2 3sin sin sin sin ...
3 2 33sin sin sin sin sin ...4

Equating the like coefficients we get
3 , 0, ,The remaining B '  are zero4 4

33 ( , ) sin4

n

x x x xk B B Bl l l l
k x x x x xB B Bl l l l l

k kB B B s
k xu x t el



   
    

 

   
       

  

 
2 2 2

2 2
93sin4

t tl lk x el
              

 

 
4. Find the temperature distribution in a homogeneous bar of 

length  which is insulated laterally, if the ends are kept at zero 
temperature and if initially, the temperature is k at the centre of 
the bar and falls uniformly to zero at its ends. 

Solution: 
 
 
 
 
 

A(l/2, ) 

O(0,0) (l/2,0) B(l,0) 
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The Equation of OA is 
        2x y kxyk     
The Equation of AB is  

 
   

2
2

2
2 , 0 2, 0 2 ,

x y k
k

ky x
k x x

u x k x x








  

  
  

      

 

The heat equation is 
22

2
u u
t x    

The heat equation satisfying the boundary conditions are 

             

 

( ) (0, ) 0
( ) ( , ) 0

2 ,0 2( ) ( ,0) ( ) 2 ,

i u t
ii u l t

kx x
iii u x f x k x x



  




       

 

The correct solution is  
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 2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)
( ) (1)

(0, )
0

0 & 0, 0
(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px
Apply i in we get
u t ABe

ABe
B e A

u x t AC pxe

















  



  
  

  

Applying (ii) in (2) we get 

       

2 2

2 2
( , ) sin .

0 sin .
sin 0

p t

p t
u l t AC px e

AC px e
pl

pl n
np l













 



 

2 2 2
2

2 2 2
2

(2) ( , ) sin

( , ) sin

n tl

n tl
n

n xu x t AC el
n xu x t B el

 

 




    

    

 

  

The general solution is  

 

2 2 2
2

2 2
1

1

( , ) sin (3)

( , ) sin (4)
( ) (4)

n tl
n

n
n t

n
n

n xu x t B el
l u x t B nxe
Apply iii in we get

 







     


 


 
   


  



 
 

50 
 

       
 

 
1

0

sin

sin
n

n

n

f x B nx

B f x nxdx










  

           
2

2
0

2

4 sin ( )sink x nxdx x nxdx
 




       
   

            
 

  2 2

2
2 2 2

0 2

2 2 2

2 2

2 21

4 1 1 1 1cos . sin cos . sin .

4 1 1cos sin cos sin2 2 2 2 2 2
8 1 sin 2

8 14 ( , ) sin n t
n

k x nx nx x nx nxn n n n
k n n n n

n n n n
k n

n
ku x t nxen

 





     







 


                   
       
    

  
 

 
Type II Steady  State   Conditions  and Zero Boundary 
Conditions 

1. An insulated rod of length 30 cm has its ends A and B kept at 
200C and 800C respectively until steady state conditions 
prevail. The temperature at each end is then suddenly reduced 
to 00C and kept so. Find the resulting temperature distribution 
u(x,t) taking origin at A. 
Solution: 
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 The temperature function u(x,t) satisfies the partial differential 
equation       

22
2

u u
t x        --------(1) 

In steady state 
     First let us find the temperature distribution at any distance x, 
before the ends A and B are reduced to zero. Prior to the temperature 
change at the ends A and B, when t =0, the heat flow was 
independent of time (steady state conditions). When the temperature 
u depends only on x and not on t, (1) reduces to 

    
)3(

int
,..

)2(02
2






BAxu
egratingAgain

Adx
duxtorwgIntegratin

dx
ud

 

       Where A and B are arbitrary constants. 
        Given that u=20 when x=0  ie, u(0)=20 
             From (3), we get B=20 
       u=80 when x=30  ie, u(30)=80 
             From (3), 30A+B=80  we get A=2 
         202)3(  xubecomes  
When the temperature at A and B are reduced to 00C, the state is no 
more steady state. For this transient state the boundary conditions 
are 

202)0,()(
30,0),()(

0),0()(





xxuiii

ltluii
tui

 
The correct solution is  
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 2 2

2 2

2 2

2 2

2 2

( , ) cos sin (1)
( ) (1)

(0, )
0

0 & 0, 0
(1) ( , ) sin (2)

p t

p t

p t

p t

p t

u x t Ae B px C px
Apply i in we get
u t ABe

ABe
B e A

u x t AC pxe

















  



  
  

  

Applying (ii) in (2) we get 
2 2

2 2
( , ) sin .

0 sin .
sin 0

p t

p t
u l t AC px e

AC px e
pl

pl n
np l













 



 

2 2 2
2

2 2 2
2

(2) ( , ) sin

( , ) sin

n tl

n tl
n

n xu x t AC el
n xu x t B el

 

 




    

    

 


 

The general solution is  
2 2 2

2

1
( , ) sin (3)

n tl
n

n
n xu x t B el

       


   
Apply (iii) in (3) we get, 
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1

1

( ,0) sin

( ) sin (4)
(4) Represents half rangesineseries

n
n

n
n

n xu x B l
n xf x B l












 

  

 n

n

n

n

l

l
n

n

nn

nnl
n
l

n
lll

u
l
xn

n
l

l
xn

n
lxl

u
dxl

xnxlBwhere

)1(4140

20)1(802

20)1()202(2

0200)1()202(2
sin2cos)202(2

sin)202(2

0

0
22

2
0

0





 



 








 



 




 







 















 

Substituting in (3) 
 


.1

900
)12(

0
222

30sin)1(4114),()3(
n

tnn
n exn

n
utxu 
  

 
  

Type III Steady State conditions and Non-zero Boundary 
1. A rod of 30 cm has its ends A and B are kept at 020 c and 

040 c respectively until steady state conditions prevails. The 
temperature at A is then suddenly raised to 090 c and the same 
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time that B is lowered to 030 c . Find the temperature 
distribution in the rod at time t. also show that the temperature 
at the midpoint of the rod remains unaltered for all time, 
regardless of the material of the rod. 
Solution: 
The heat equation is  
        

22
2 (1)u u

t x     

        
  22

2
2

2

when the steady state conditions prevails 0
1 0

0
( ) (2)

u
t

u
x

d u
dx
u x ax b



 
 

 
   

 

Now the boundary conditions are 

          

 
( ) (0) 20
( ) 10 40
Applying (i) in (2) we get
b = 20
(2) ( )   20 (3)
Applying (ii) in (3) we get

2
(3) ( ) 2 20

i u
ii u

u x ax

a
u x x




   

  

 

Hence the steady state, the temperature function is given by                 
             ( ) 2 20u x x    
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Now the temperature at A is raised to 050 c and the temperature at 
B is lowered to 10o c . That is , the steady state is changed to 
unsteady state. For this unsteady state the temperature distribution 
is given by 
             ( ) 2 20u x x   
Now the new boundary conditions are 

         
( ) (0, ) 50 0
( ) (10, ) 10 0
( ) ( ,0) 2 20

i u t t
ii u t t
iii u x x

  
  
   

The correct solution is  

        

   

   

2 2

2 2

2 2

, cos sin (4)
Apply (i) and (ii) in (4) we get

( , ) 50
, cos sin 10

p t

p t

p t

u x t A px B px e

u x t Ae
u l t A pl B pl e











  

 
  

 

It is not possible to find the constants A & B. since we have 
infinite number of values for A & B. Therefore in this case we split 
the solution u(x,t) into two parts 
              ( , ) , (5)s tu x t u x u x t    
Where  su x is a solution of the equation 22

2
u u
t x    and is a 

function of x alone and satisfying the conditions    0 50 & 10 10 & ( , )s s tu u u x t   is a transient solution satisfying (5) 
which decreases at t increases. 
To find  su x : 
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1 1

1

1
1

1

(6)
Applying the condition u 0 50
6 50 (7)

Applying the condition u (10) 10 50 10
4

(7) ( ) 4 50

s

s

s

s

u x a x b
b

a x
a

a
u x x

  
 

  
  

  
   

 

To find  , :tu x t  
          

   
, ,

, ( , ) (9)
s t

t s

u x t u x u x t
u x t u x t u x

 
     

Now we have to find the boundary conditions for ( , )tu x t  
Putting x = 0 in (9) we get 

       

     
 

 
     
 

0, 0, 0
50 50

0, 0
10 9

10, 10, 0
10 10

10, 0

t s

t

t s

t

u t u t u

u t
Putting x in we get
u t u t u

u t

 
 


 
 


 

Putting t = 0 in (9) we get 

      
     
 

,0 ,0
2 20 4 50

,0 6 30

t s

t

u x u x u x
x x

u x x

 
   
   

Now the function ( , )tu x t  we have the following boundary 
conditions 
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0, 0
10, 0

,0 6 30

t

t

t

i u t
ii u t
iii u x x



   

Applying the first two conditions we get the general solution as 
   

2 2 2
100

1
, sin 1010

n t
t n

n
n xu x t b e

       


   
Applying the (iii) in equation (10) we get 
 

1
,0 sin 6 3010t n

n
n xu x b x


    
 

 
 

 
 

10

0
10

0
10

2 2
0

2 6 30 sin10 10
6 5 sin5 10
6 10 1005 cos . sin .5 10 10
6 50 5015

60 1 1
0 :n is odd
120 : n is even

n

n

n

n xb x dx
n xx dx

n x n xx n n

n n

n

n



 

 
 





 

 
      
     
    

 




 

     

 

2 2 2

2 2 2

100
2,4,6,..

100
2,4,6,..

12010 , sin 1110
Substitute (8) and (11) in (5) we get

120u , 4 50 sin 10

n t
t

n

n t

n

n xu x t en

n xx t x en
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2. Find the solution of the one dimensional diffusion equation 
satisfying the boundary conditions  
 
 
     

0

u is bounded as 
0

0
,0

x

x a

i t
uii tx
uiii tx

iv u x x a x






     
     

 
 

Solution: 
The correct solution is  
     
   
 

 

2 2

2 2

2 2

2 2

2, co s s in
D iff p artia lly w .r.t  x  w e  g e t

, s in co s (1)
( ) (1)

0 , 0
0 , 0 & 0

sin 0

& 0

p t

p t

p t

p t

u x t A p x B p x e A

u x t A p p x B p p x ex
A p p ly ii in w e g e t

u t B p ex
B p e

a p
np a

nsu b s titu te th is va lu e o f p B in A w e g e ta






















  

    
  
   
 


 

 

 

2 2 2
2

2 2 2
2

2 2 2
2

0

0
1

, co s
T h e g en e ra l so lu tio n  is  

, co s

co s

n ta

n tan
n

n tan
n

n xu x t A ea

n xu x t A ea
n xA A ea
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Applying (iv) in this equation we get 

      
   

 
0

1
0

1

,0 cos

cos2

n
n

n
n

n xu x A A x a xa
a n xa x a xa











   
   


  

           

 
 

0
0

2
0

2 3

0
3 3 3 2

2

2

2
2 3

2 2
2 3 6 3

a

a

a

a x a x dxa
ax x dxa

ax x
a

a a a a
a a

 

 
    
      




 

           

 
 
   

 
 

 

0

2
0

2 32
2 2 3 3

0
3 3

2 2 2 2

2
2 2

2
2 2

2 2
2 2

2 cos
2 cos
2 sin . 2 cos . 2sin .
2 1

2 1 1
4 :

0 :
4, cos6

a
n

a

a

n

n

n xa f x dxa a
n xax x dxa a

n x a n x a n x aax x a xa a n a n a n
a a

a n n
a

n
a nis evenn

nis odd
a a n xu x t en a




  
  

 








 
       
     

     
 

  




2 2 2
2

2,4,6,...

n ta
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3. Solve  the  equation 22
2

u u
t x   subject to the following 

conditions: 

0

( )
( ) 0, 0 0
( ) 0 0
( ) 0 0&

i u is finite when t
uii when x tx

iii u when x l t
iv u u whent for all values of xbetween l


       
   
 

 

Solution: 
 The correct solution is  
          2 2, cos sin 1p tu x t A px B px e     
Diff partially w.r.t. to x we get 

       

   
   

 

     
   

 

 
 

2 2

2 2

2 2

2 2

2 2

( , ) sin cos 2
2

0, 0
0, 0 & 0

2 , cos 3
3

, cos 0
cos 0

2
2 1 2
2 1

2

p t

p t

p t

p t

p t

u x t Ap px Bp px ex
Apply ii in we get
u t Bpex

B p e
u x t A pxe

Apply iii in we get
u x t A ple

pl
pl an odd multipleof

pl n
np l























    
  
   

  

 
 


 

    



 
 

61 
 

Substitute this value in (3) we get 

          

       
   

   
   

2 22
2

2 1
4

1

0
1

0 1 2

2 1, cos 42
4 ,

2 1,0 cos 2
2 13cos cos ... cos ... 52 2 2

n tl
n

n
n

n

n xu x t A el
Apply iv in we get

n xu x A ul
n xx xu A A Al l l




 

 






 

 
     


  

Multiplying both sides of (5) by  2 1cos 2
n x

l
  and then integrating 

from 0 to l we get 
     

   
0 1 2

0 0 0

2
0

2 1 2 1 2 13cos cos cos cos cos2 2 2 2 2
2 1.... cos 62

l l l

l
n

n x n x n xx xu dx A dx A dxl l l l l
n xA dxl

   


   
  

  
  

W.K.T 
0

cos cos 0 .
l

mx nx if m n  Applying this in equation (6) we get all 
terms in R.H.S. of (6) becomes zero except the 
term  2

0

2 1cos 2
l

n
n xA dxl

  
Hence the equation (6) reduces to     2

0
0 0

2 1 2 1cos cos2 2
l l

n
n x n xu dx A dxl l
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0
0

0

0

0

0

10

2 1sin2 1 2. . . cos 2 12
2

2 12 sin2 1 2
2 sin2 1 2

2 sin cos cos sin2 1 2 2
2 12 1

l
l

n

n x
n x lL H S u dx n xl

l
nlu

n
lu nn

lu n nn
lu

n








  




        
 

     
     

 



 

             

 
 

 
 

   
  

          2 22
2

2
0

0

0

10

1
0

1 2 1
0 4

1

2 1. . cos 2
cos 2 11 12

2 1sin
2 12

2
2 12 1 2
4 1

2 1
4 1 2 14 , cos2 1 2

l
n

l
n

l

n

n

n n

n
n

n n tl
n

n xR H S A dxl
n xA dxl

n x
A lx n

l
A l
lu A l

n
uA n

u n xu x t en l
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Two dimensional heat flow equation  
The two dimensional heat equation is 










2
2

2
22

y
u

x
u

t
u   

But in steady state 

         
00

0

0
)(),(

2
2

2
2

2

2
2

2
22






















y
u

x
u

y
u

x
u

t
u

xutxu

 

Which is the Laplace equation in two dimensions. 
 

1. What are the possible solutions of two dimensional heat 
equation or laplace equation? 

Solution: 

           
      1211109

8765

4321

),()(
sincos),()(

sincos),()(

cyccxcyxuiii
ececpxcpxcyxuii
pycpycececyxui

pypy

pxpx









 
 
2. Write any two solutions of the laplace equation 0 yyxx uu  

involving exponential term x or y 
Solution :     pypy

pxpx

ececpxcpxcyxuii
pycpycececyxui







8765

4321
sincos),()(

sincos),()(  
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Type-I: Temperature Distribution in Infinite Plates 
Type – A:Temperature distribution along x-axis or parallel 
to x- axis. 

1. An infinitely long plane is bounded by two parallel edges x=0 
and x=l and an end at right angles to them. The breadth of this 
edge y=0 is l and is maintained at temperature f(x). All the 
other three edges are at temperature  zero. Find the steady 
state temperature at any interior point of the plate. 
Solution: 
   Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  

(i) (0, ) 0 ,u y y   
(ii) yylu  0),(  
(iii) ( , ) 0 ,0 10u x x      
(iv) lxxfxu  0)()0,(   

The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
   (0, ) ( ) 0py pyu y A Ce De    
    0A   
Substitute A = 0 in eqn(1)      , sin 2py pyu x y B px Ce De         
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Applying (i) in (2), we get 

......3,2,1

sinsin
0sin

0,0)(),(sin0
)(sin),(













nl
np

np
npl

pl
BDeCehereDeCelpB

DeCeplBylu
pypypypy

pypy






 
                 )3(sin),(  nyny DeCenxByxu  

Applying (iii) in eqn (3) 

 
 
  00sin

0sin),(







eCel
xnB

DeCel
xnBxu





 

  Here,  0,0sin,0  el
xnB   

 0C  
Substitute C=0 in eqn (3) 

 )4(sin

sin),(








l
yn

l
yn

el
xnBD

Del
xnByxu








 

The most general solution is  
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 )5(sin),(
1




n
l

yn
n el

xnByxu
  

Applying condition (iv) in eqn (5) 
 )6()(sin)0,(

1
 xfl

xnBxu
n

n
  

To find nB  then we expand )(xf  as a Fourier half range sine 
series in (0, 10) 
   )7(sin)(

1
n

n l
xnbxf   

    Where dxl
xnxflb

l
n 

0
sin)(2   

     Substituting this value in (5) , we get the required solution as  

  dxel
xn

l
xnxflyxu l

yn

n

l  

  sinsin)(2),(
1 0  

 
2. A rectangular plate with insulated surfaces is 10cm width and 

so long compared to its width that it may be considered infinite 
in length without introducing an appreciable error. If the 
temperature along are short edge 0y  is 

2( , ) 4(10 ) 0 10u x y x x for x     while the two long edges as 
well as the short edge are kept at 00 C , find the steady state 
temperature function ( , )u x y . 
Solution: 
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 Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  

(i) (0, ) 0 ,u y y   
(ii) (10, ) 0 ,u y y   
(iii) ( , ) 0 ,0 10u x x      
(iv)  2( ,0) 4 10 ,0 10u x x x x     

The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
   (0, ) ( ) 0py pyu y A Ce De    
         0A   
Substitute A = 0 in eqn(1) 
     , sin 2py pyu x y B px Ce De    

Applying (ii) in (2) , we get  

 

      
10, sin10

0 sin10 , 0, 0
sin10 0

sin10 sin
10

10

py py

py py py py
u y B p Ce De

B p Ce De Here Ce De B
p

p n
p n

np
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   10 10, sin 310
n y n yn xu x y B Ce De          

Applying (iii) in eqn (3) 

 
 
  0010sin

010sin),(







eCexnB
DeCexnBxu





 

  Here,  0,010sin,0  exnB   
 0C  
Substitute C=0 in eqn (3) 

 )4(10sin
10sin),(

10

10








yn

yn

exnBD

DexnByxu







 

The most general solution is  
 )5(10sin),(

1
10 


n

yn
n exnByxu

  
Applying condition (iv) in eqn (5) 
 )6()10(410sin)0,( 2

1
 xxxnBxu

n
n

  
To find nB  then we expand )(xf  as a Fourier half range sine series 
in (0, 10) 
   )7(sin)(

1
n

n l
xnbxf   

    Where dxl
xnxflb

l
n 

0
sin)(2   



 
 

69 
 

From (6)&(7) , we get   nn bB   
 
 
 
                   

      
10

0

3322
2

1000
10cos

)2(
100

10sin
)210(

10
10cos

)10(5
4




































 












  








n
xn

n
xn

xn
xn

xx  

                 n

n

n

nn
)1(11600

2000)1(2000
5
4

33

3333






 


  

 
 
 
 

Substituting the value of  nB   in equation (5) 
  

,..3,1
10

33 10sin13200),(
n

yn
exn

nyxu


  
 

3. A rectangular plate with insulated surfaces is 10 cm wide and 
so long compared to its width that it may be considered infinite 
in length without introducing an appreciable error. If the 
temperature along the short edge y=0 is given by 

,50,20)0,(  xxxu ,105),10(20)0,(  xxxu  while 
the two long edges x=0 and x=10  as  well as the other short 

dxxnxxBn   10

0
2

10sin)10(410
2 






evenisnfor
oddisnfornBn ,0

,3200
33
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edge are kept at 00 C. Find the temperature function ),( yxu  
in the steady state at any point of the plate. 
Solution: 
 Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  

(i) (0, ) 0 ,u y y   
(ii) yyu  0),10(  
(iii) ( , ) 0 ,0 10u x x      
(iv) )(105)10(20

5020)0,( xfxx
xxxu 



   

The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
   (0, ) ( ) 0py pyu y A Ce De    
    0A   
Substitute A = 0 in eqn(1)      , sin 2py pyu x y B px Ce De    
Applying (ii) in (2) , we get  
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10, sin10

0 sin10 , 0, 0
sin10 0

sin10 sin
10

10

py py

py py py py
u y B p Ce De

B p Ce De Here Ce De B
p

p n
p n

np








 
 

    
 





 

   10 10, sin 310
n y n yn xu x y B Ce De          

Applying (iii) in eqn (3) 

 
 
  0010sin

010sin),(







eCexnB
DeCexnBxu





 

  Here,  0,010sin,0  exnB   
 0C  
Substitute C=0 in eqn (3) 

 )4(10sin
10sin),(

10

10








yn

yn

exnBD

DexnByxu







 

The most general solution is  
 )5(10sin),(

1
10 


n

yn
n exnByxu

  
Applying condition (iv) in eqn (5) 



 
 

72 
 

 )6()(10sin)0,(
1

 xfxnBxu
n

n
  

To find nB  then we expand )(xf  as a Fourier half range sine 
series in (0, 10) 
   )7(sin)(

1
n

n l
xnbxf   

    Where dxl
xnxflb

l
n 

0
sin)(2   
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2sin800
2sin100

2cos50)00()00(2sin100
2cos504

10sin100)1(10cos10).10(
10sin100)1(10cos10.

4

10sin)10(2010sin205
1

10sin)(5
1

22

2222

10

5
22

5

0
22

10

5

10

0

10

0
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n
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n
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10
)12(

1 22

10
...5,3,1 22

22

10
)12(sin2

)12(sin)12(
1800),(

10sin2sin1800),()5(
2

)12(sin)12(
800

.....6,4,20

yn

n

yn

n

n

n

exnn
nyxu

exnn
nyxu

n
nA

nifA

































  

 
4. An infinitely long uniform plate is bounded by two parallel 

edges and an end at right angles to them. The breadth is  . 
This end is maintained at a temperature at a temperature u0 at 
all points and other edges are kept at zero temperature. 
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Determine the temperature at any point of the plate in the 
steady state. 
Solution: 
 Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  
        (i) (0, ) 0 ,u y y   
       (ii) yyu  0),(  
       (iii)  xxu 0,0),(   
      (iv)  xuxu 0,)0,( 0   
The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
       (0, ) ( ) 0py pyu y A Ce De    
         0A   
Substitute A = 0 in eqn(1) 
            , sin 2py pyu x y B px Ce De    
Applying (ii) in (2) , we get  
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......3,2,1

sinsin
0sin

0,0)(),(sin0
)(sin),(













nnp
np

np
p

BDeCehereDeCepB
DeCepByu

pypypypy
pypy









 

                 )3(sin),(  nyny DeCenxByxu  
Applying (iii) in eqn (3) 
    00sin

0sin),(







eCenxB
DeCenxBxu


 

  Here,  0,010sin,0  exnB   
 0C  
Substitute C=0 in eqn (3) 
 )4(sin

sin),(






ny
ny

nxeBD
nxDeByxu  

The most general solution is  
 )5(sin),(

1
 

n
ny

n nxeByxu  
Applying condition (iv) in eqn (5) 

 )6(sin)0,( 0
1

 unxBxu
n

n  
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To find nB  then we expand )(xf  as a Fourier half range sine 
series in (0,  ) 
   )7(sin)(

1
n

n nxbxf  

    Where dxnxxflb
l

n 
0

sin)(2  

  
)6(4

0

cos2
sin2

0

0
0

0
0












 

oddisnwhenn
u

evenisnwhen
n

nxu
dxnxu










 

Substituting (6)  in  (5),  we get 

  

















1
)12(0

...5,3,1
0

)12(
)12sin(4),(

sin4),(

n
yn

n
ny

en
xnuyxu

onlyoddisnwhen
en

nxuyxu




 

 
5. A rectangular plate with insulated surfaces is 8 cm wide and so 

long compared to its width that it may be considered infinite in 
length without introducing an appreciable error. If the 
temperature along the short edge y=0 is given by 
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,80,8sin100)0,(  xxxu   while the two long edges x=0 
and x=l  as  well as the other short edge are kept at 00 C. Find 
the temperature function ),( yxu  in the steady state at any 
point of the plate. 
Solution: 
 Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  
(i) (0, ) 0 ,u y y   
(ii) yyu  0),8(  
(iii) 80,0),(  xxu   
(iv) 808sin100)0,(  xxxu    
The correct solution should be 
       ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
       (0, ) ( ) 0py pyu y A Ce De    
           0A   
Substitute A = 0 in eqn(1) 
           , sin 2py pyu x y B px Ce De    
Applying (ii) in (2) , we get  
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......3,2,18

8
sin8sin

08sin
0,0)(),(8sin0

)(8sin),8(













nnp
np

np
p

BDeCehereDeCepB
DeCepByu

pypypypy
pypy





 

       )3(8sin),( 88 


   ynyn
DeCexnByxu


 

Applying (iii) in eqn (3) 

                
 
  008sin

08sin),(







eCexnB
DeCexnBxu





 

  Here,  0,08sin,0  exnB   
 0C  

Substitute C=0 in eqn (3) 

 )4(8sin
8sin),(

8

8








yn

yn

exnBD

DexnByxu







 

The most general solution is  
 )5(8sin),(

1
8 



n

yn
n exnByxu
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Applying condition (iv) in eqn (5) 

 
8

321
1

1

8sin100),(
0....,100

8sin8sin100
8sin)0,(

y

n
n

n
n

exyxu
AAA

xnBnx

xnBxu

























 

 
Type – B Temperature distribution along y- axis or parallel 
to y – axis 

1. A infinitely long rectangular plate with insulated surfaces is 10 
cm wide. The two long edges and short edge are kept at  zero 
temperature, while the other short edge x=0 kept at 
temperature by  ,50,20)0,(  yyyu and 

),10(20)0,( yyu  105  y   Find the function ),( yxu  in the 
steady state at any point of the plate. 
Solution: 
 Let ( , )u x y be the temperature at any point (x , y) in the 
steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  

(i) yxu  0)0,(   
(ii) yxu  0)10,(  
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(iii) 0),(  yu   
(iv) sayyfyy

yyyu )(105)10(20
5020),0( 



   

The correct solution should be 
         )1(sincos),(   pyDpyCBeAeyxu pxpx  
Applying (i) in (1), we get 
         

0
0)0,(


 

C
CBeAexu pxpx

 
        Substitute C = 0 in eqn(1) 

        )2(sin),(   pyDBeAeyxu pxpx  
Applying (ii) in (2) , we get                 

10

10
010sin

0,010sin0
10sin)10,(




np
np

P
DBeAeHerepDBeAe

pDBeAexu
pxpxpxpx

pxpx











 

)3(10sin),( 1010 


   xnDBeAeyxu
xnxn 

 
 Applying (iii) in eqn (3) 

 
 
  00

010sin),(







eAe
xnDBeAeyu




 

  Here,  0,010sin,0  eynD   
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 0A  
Substitute A=0 in eqn (3) 

 )4(10sin
10sin),(

10

10








xn

xn

eynBD

BeynDyxu







 

The most general solution is  
 )5(10sin),(

1
10 


n

xn
n eynByxu

  
Applying condition (iv) in eqn (5) 
 )6()(10sin)0,(

1
 yfynBxu

n
n

  
To find nB  then we expand )(yf  as a Fourier half range sine 
series in (0, 10) 
   )7(sin)(

1
n

n l
ynbyf   

    Where dyl
ynyflb

l
n 

0
sin)(2   
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2sin800
2sin100

2cos50)00()00(2sin100
2cos504
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Type II Temperature Distribution in Finite Plates 
Type-A Temperature distribution along x-axis or parallel to 
x-axis 

1. A square plate is bounded by the lines x=0, y=0, x=l,y=l. Its 
faces are insulated. The temperature along the upper 
horizontal edge is given by )(),( xflxu   while the other three 
edges are kept at 00 C. Find the steady state temperature in the 
plate. 
Solution: 
              Let us take the sides of the plate be l. Let ( , )u x y  satisfies 
the Laplace’s equation 

2 2
2 2 0 (1)u u

x y
     . 

The boundary conditions are  
(i)  (0, ) 0 ,0u y x l    
(ii) ( , ) 0 ,0u l y x l    
(iii) ( , 0) 0,0u x x l     
(iv) lxxflxu  0),(),(   

The correct solution should be 
      ( , ) ( cos sin )( ) (2)py pyu x y A px B px Ce De     
Applying (i) in (2), we get 
   (0, ) ( ) 0py pyu y A Ce De    
    0A   
    Applying (ii) in (2), we get  

)(),( xflxu   

00c 
00c 

00c 
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, sin 2
( ) 2 ,

, sin
0 sin , 0, 0

sin 0
sin sin

py py

py py

py py py py

u x y B px Ce De
Apply ii in we get
u l y B pl Ce De

B pl Ce De Here Ce De B
pl

pl n
pl n

np l









 

  

 
    

 





 

   , sin 3n y n y
l ln xu x y B Ce Del
          

   Apply (iii) in (3) we get 
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,0 sin
0 sin

0. sin sin 0, 0

3 , sin
1, 2 sin . 2

12 , sinh2
, sin sinh

n y n y
l l

n y n y
l l

n y n y
l ln

n

n xu x B C Dl
n xB C Dl

n xC D ce Bl
D C

n xu x y B C e el
n xu x y BC e el

n yConsider B BC and e e l
n x n yu x y B l l

Mo

 

 

 










 







 
 
   

  
     

    
     

 

   
   

 
   

1

1

1

, sin sinh 4
4

, sinh .sin

sin 5 sinh

n
n

n
n

n n n
n

st general solution is
n x n yu x y B l l

Aplly iv in we get
n xu x l B n l

n xf x b where b B nl

 


 












 


  





 

(5) represents Half range Fourier Sine series 
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dxl
xnxfnlB

dxl
xnxflnB

dxl
xnxflb

l
n

l
n

l
n












0

0

0

sin)(sinh
2

sin)(2sinh

sin)(2








 

Substituting this value of Bn in (4), we get the required temperature  
distribution. 
 

2. A square plate is bounded by the lines 0, 0x y  , 
20& 20x y  .Its faces are insulated. The temperature along 

the upper horizontal edge is given by ( , 20) (20 )u x x x  when  
0 < x < 20 while the other three edges are kept at 00 C. Find the 
steady state temperature in the plate. 
Solution: 
              Let us take the sides of the plate be 20l  .Let ( , )u x y  
satisfies the Laplace’s equation 

2 2
2 2 0 (1)u u

x y
     . 

The boundary conditions are  
       (i) (0, ) 0 ,0u y x l    

(ii) ( , ) 0 ,0u l y x l    
(iii) ( , 0) 0 ,0u x x l     
(iv) ( , ) ( ) , 0u x l x l x x l     

The correct solution should be 
      ( , ) ( cos sin )( ) (2)py pyu x y A px B px Ce De     

   , 20 20u x x x   

00c 
00c 

00c 
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Applying (i) in (2), we get 
   (0, ) ( ) 0py pyu y A Ce De    
    0A   
    Applying (ii) in (2), we get  
     

 
      

, sin 2
( ) 2 ,

, sin
0 sin , 0, 0

sin 0
sin sin

py py

py py

py py py py

u x y B px Ce De
Apply ii in we get
u l y B pl Ce De

B pl Ce De Here Ce De B
pl

pl n
pl n

np l









 

  

 
    

 





 

   , sin 3n y n y
l ln xu x y B Ce Del
          

   Apply (iii) in (3) we get 
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,0 sin
0 sin

0. sin sin 0, 0

3 , sin
1, 2 sin . 2

12 , sinh2
, sin sinh

n y n y
l l

n y n y
l l

n y n y
l ln

n

n xu x B C Dl
n xB C Dl

n xC D ce Bl
D C

n xu x y B C e el
n xu x y BC e el

n yConsider B BC and e e l
n x n yu x y B l l

Mo

 

 

 










 







 
 
   

  
     

    
     

 

   
   

 
   

1

1

1

, sin sinh 4
4

, sinh .sin

sin 5 sinh

n
n

n
n

n n n
n

st general solution is
n x n yu x y B l l

Aplly iv in we get
n xu x l B n l

n xf x b where b B nl

 


 












 


  





 

(5) represents Half range Fourier Sine series 
dxl

xnxflb
l

n 
0

sin)(2 
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2

0
2 32

2 2 3 3
0

23 3 2
3 33 3 3 3 3 3

2 ( ) sin
2 cos 2 sin . 2cos

8 ,2 2 42( 1) 1 ( 1)
0,

l

l

n n

n xlx xl l
l n x n x l n x llx x l xl n l l n l n

l n is oddl l l nl n n n n is even



  
  

  

 
           

                



 
 

2
3 3

2
3 31,3,5,..

3 31,3,5,..

8 cos :
0 :

8, cos sin sinh
3200 120 , cos sin sinh20 20

n

n

n

l echn nis oddB n
nis even

l n x n yu x y echnn l l
n x n yl u x y echnn


 

 








  
 
  




 

 
3. A square plate is bounded by the lines 0, 0x y  , 

&x a y a  .Its faces are insulated. The temperature along the 
upper horizontal edge is given by 3( , ) 4sin xu x a a

    when 
 0 < x < a while the other three edges are kept at 00 C. Find the 
steady state temperature in the plate. 
Solution: 
Let us take the sides of the plate be l a .Let ( , )u x y  satisfies the 
Laplace equation

2 2
2 2 0u u

x y
    .                   3, 4sin xu x a a

                   
The boundary conditions are                                                   00c 

 

00c 
00c 
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(i) (0, ) 0 ,0u y y a    
(ii) ( , ) 0 ,0u a y y a    
(iii) ( ,0) 0,0u x x a     
(iv) 3( , ) 4sin ,0xu x a x aa

    
The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
       (0, ) ( ) 0py pyu y A Ce De    
         0A   
Applying (ii) in (2), we get  

      

     
 

      

, sin 2
( ) 2 ,

, sin
0 sin , 0, 0

sin 0
sin sin

py py

py py

py py py py

u x y B px Ce De
Apply ii in we get
u a y B pl Ce De

B pl Ce De Here Ce De B
pa

pa n
pa n

np a









 

  

 
    

 





 

   , sin 3n y n y
a an xu x y B Ce Dea
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   Apply (iii) in (3) we get 

        

   
 

   
 

 

,0 sin
0 sin

0. sin sin 0, 0

3 , sin
1, 2 sin . 2

12 , sinh2
, sin sinh

n y n y
a a

n y n y
a a

n y n y
a an

n

n xu x B C Da
n xB C Da

n xC D ce Ba
D C

n xu x y B C e ea
n xu x y BC e ea

n yConsider B BC and e e a
n x n yu x y B a a

 

 

 










 







 
 
   

  
     

    
     

   

   
   

 
1

1

, sin sinh 4
4

, sinh .sin

n
n

n
n

Most general solution is
n x n yu x y B a a

Aplly iv in we get
n xu x a B n a

 











 






 

 



 
 

92 
 

   
  1 2 3

3
1 2 3

1 2 3

4
2 3, sinh sin sinh2 sin sinh3 sin ...

2 34sin sinh sin sinh2 sin sinh3 sin ...
1 3 2 34. 3sin sin sinh sin sinh 2 sin sinh3 sin4

Apply iv in we get
n x x xu x a B B Ba a a

x n x x xB B Ba a a a
x x n x x xB B Ba a a a

    
     

      

   
   

      

   
1 2 3 4 5

...
3cos , 0, cos 3 , ... 0

3 34 , 3cos sin sinh cos 3 sin sinh

a
B ech B B ech B B

x y x yu x y ech echa a a a

 
    


       

  
 

4. Find the steady state state temperature distribution in a 
rectangular plate of sides a and b insulated at the lateral 
surface and satisfying the boundary conditions          0, 0 , 0 , , 0, ,0 0u y u a y for y b and u x b u x x a x for x a        
 
Solution: 
              Let us take the sides of the plate be l a .Let ( , )u x y  
satisfies the Laplace equation 

2 2
2 2 0u u

x y
                                                          

The boundary conditions are  
(i) (0, ) 0,0u y y b    
(ii) ( , ) 0 ,0u a y y b    
(iii) ( , ) 0 ,0u x b x a     
(iv)  ( ,0) ,0u x x a x x a     

The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
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 Applying (i) in (1), we get 
      (0, ) ( ) 0py pyu y A Ce De    
          0A   

 Applying (ii) in (2), we get  

         

     
 

      

, sin 2
( ) 2 ,

, sin
0 sin , 0, 0

sin 0
sin sin

py py

py py

py py py py

u x y B px Ce De
Apply ii in we get
u a y B pl Ce De

B pl Ce De Here Ce De B
pa

pa n
pa n

np a









 

  

 
    

 





 

   , sin 3n y n y
a an xu x y B Ce Dea
          

   Apply (iii) in (3) we get 
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2

2

( ) ( )

, sin

0 sin

0. sin sin 0, 0

3 , sin
1, 2 sin . 2

n b n b
a a

n b n b
a a

n b n b
a a

n b
a

n y n b n y
a a a

n b n y b n y b
a a a

n xu x b B Ce Dea
n xB Ce Dea

n xCe De ce Ba
D Ce

n xu x y B Ce Ce ea
n xu x y BC e e ea

C

 

 

 



  

  

















 

    
    

   
  

     
    

 

( ) ( )1 ( )2 , sinh2
( ), sin sinh

n b n y b n y b
a a an

n

n y bonsider B BCe and e e a
n x n y bu x y B a a

   
 

       
   

Most general solution is  
   

 
1

1

1

( ), sin sinh 4
( ) (4)

,0 sin sinh

( ) sin , sinh

n
n

n
n

n n n
n

n x n y bu x y B a a
Apply iv in we get

n x n bu x B a a
n x n bf x b where b Ba a

 

 
 












 

 
  





 

0

2 ( )sin
a

n
n xb f x dxa a
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2

0
2 32

2 2 3 3
0

23 3 2
3 33 3 3 3 3 3

2 ( )sin
2 cos 2 sin . 2cos

8 ,2 2 42( 1) 1 ( 1)
0,

a

l

n n

n xlx x dxa a
a n x n x a n x aax x a xa n a l n a n

a n is odda l a na n n n n is even



  
  

  

 
           

                



 
5. A rectangular plate is bounded by the lines 

0, , 0&x x a y y b    and the edge temperatures are 
(0, ) 0u y  , ( , ) 0u a y  , ( , ) 0u x b   & 4 3( ,0) 5sin 3sinx xu x a a

   . 
Find the temperature distribution. 
Solution: 
                 W.K.T the Laplace equation satisfies the equation  

2 2
2 2 0u u

x y
    .        
The boundary conditions are  

(i) (0, ) 0 ,0u y y b    
(ii) ( , ) 0 ,0u a y y b    
(iii) ( , ) 0 ,0u x b x a     
(iv) 4 3( ,0) 5sin 3sin ,0x xu x x aa a

      
The correct solution should be 
      ( , ) ( cos sin )( ) (1)py pyu x y A px B px Ce De     
Applying (i) in (1), we get 
   (0, ) ( ) 0py pyu y A Ce De    
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    0A   
Substitute A = 0 in eqn(1) 

    

     
 

      

, sin 2
( ) 2 ,

10, sin10
0 sin10 , 0, 0

sin10 0
sin10 sin
10

10

py py

py py

py py py py

u x y B px Ce De
Apply ii in we get
u y B p Ce De

B p Ce De Here Ce De B
p

p n
p n

np










 

  

 
    

 





 

   , sin 3n y n y
a an xu x y B Ce Dea
          

   Apply (iii) in (3) we get 
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2

2

( ) ( )

, sin

0 sin

0. sin sin 0, 0

3 , sin
1, 2 sin . 2

n b n b
a a

n b n b
a a

n b n b
a a

n b
a

n y n b n y
a a a

n b n y b n y b
a a a

n xu x b B Ce Dea
n xB Ce Dea

n xCe De ce Ba
D Ce

n xu x y B Ce Ce ea
n xu x y BC e e ea

C

 

 

 



  

  

















 

    
    

   
  

     
    

 

( ) ( )1 ( )2 , sinh2
( ), sin sinh

n b n y b n y b
a a an

n

n y bonsider B BCe and e e a
n x n y bu x y B a a

   
 

       
   

Most general solution is  
    

1
( ), sin sinh 4n

n
n x n y bu x y B a a
 


   

   Apply (iv) in (4) we get 
1

1 2 3 4

4 3( ,0) sin sinh 5sin 3sin
2 2 3 3 4 4 4 3sin sinh sin sinh sin sinh sin sinh .... 5sin 3sin

n
n

n x n b x xu x B a a a a
x b x b x b x b x xB B B Ba a a a a a a a a a

   
         




   

      


 
Equating the like coefficients  

1 2 3 4
3 40, 0, 3cos , 5cosb bB B B ech B echa a
      



 
 

98 
 

& the remaining nB ’s are zero. 
3 3 3 4 4 4( , ) 3cos sin sinh ( ) 5 cos sin sinh ( )b x b xu x y ech y b ech y ba a a a a a
         

 
6. A square plate is bounded by the lines x=0, x=a, y=0 and y=b. 

Its faces are insulated and the temperature along y=b is kept at 
1000C, while the other three edges are kept at 00 C. Find the 
steady state temperature in the plate. 
Solution: 

 Let ( , )u x y  satisfies the Laplace’s equation 
2 2

2 2 0 (1)u u
x y
      

The boundary conditions are  
                (i) byyu  0,0),0( 0  
               (ii) byyau  0,0),( 0  
(iii) axxu  0,0)0,( 0   
(iv) axbxu  0,100),( 0   
The correct solution should be 
      ( , ) ( cos sin )( ) (2)py pyu x y A px B px Ce De     
Applying (i) in (2), we get 
   (0, ) ( ) 0py pyu y A Ce De    
    0A   
    Applying (ii) in (2), we get  
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a
np
npa

pa
BDeCeHereDeCepaB

DeCepaByau
pypypypy

pypy














0sin
0,0sin0

sin),(

 

)3(sin),( 


   a
yn

a
yn

BeCea
xnByxu

  
   Apply (iii) in (3) we get 

  

CD
Bl

xnceDC
DCl

xnB
DCl

xnBxu







0,0sinsin,0
)(sin0

)(sin)0,(






 

a
yn

a
xnByxu

BCBConsider
a

ynCa
xnByxu

eeCa
xnByxu

n

n

a
yn

a
yn




 

sinhsin),(
2

sin2.sin),(

sin),()3(









  

 

The most general solution is  
 )4(sinhsin),(

1
n

n a
yn

a
xnByxu   

Applying condition (iv)  in (4) 



 
 

100 
 

 

)5(sinh100
sinh

sinh

sinhsin100

sinhsin),(

1

1

1


























n
n

n
n

nn

n
n

n
n

a
bnb

a
bn

bB
a

bnBbwhere
a

bn
a

xnB
a

bn
a

xnBbxu









 

(5) represents Half range Fourier Sine series 

 
 1)1(

sinh
200

1)1(
sinh

200

cos
sinh

200

sin1002sinh

sin)(2

0

0

0






















n
n

n

a

n

a
n

a
n

a
bnn

B

n
a

a
bna

a
n a

xn

a
bna

B

dxa
xn

aa
bnB

dxa
xnxfab
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a

bnn
BevenisnWhen
BoddisnWhen

n

n

 sinh
400

0,



 

Substituting this value of Bn in (4), we get the required temperature 
distribution. 
 


..5,3,1

sinhsin
sinh
400),(

n a
yn

a
xn

a
bnn

yxu   

 
Type-B Temperature distribution along y-axis or 
parallel to y-axis. 
1. Solve 

2 2
2 2 0u u

x y
    which satisfies the conditions 

,0),0( yu Cyauandbxuxu 0100),(0),(,0)0,(  . 
Solution: 

  Let ( , )u x y be the temperature at any point (x , y) in 
the steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .      
The boundary conditions are  

(i) yxu  0)0,(   
(ii) ybxu  0),(  
(iii) 0),0( yu   
(iv) byyau  0,100),(   

The correct solution should be 
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         )1(sincos),(   pyDpyCBeAeyxu pxpx  
Applying (i) in (1), we get 
     

0
0)0,(


 

C
CBeAexu pxpx

 
   Substitute C = 0 in eqn(1)   )2(sin),(   pyDBeAeyxu pxpx  
Applying (ii) in (2) , we get 
           

b
np
nbp

bP
DBeAeHerepDBeAe

bpDBeAebxu
pxpxpxpx

pxpx














0sin
0,010sin0

sin),(

 

 )3(sin),( 


  
b

xnDBeAeyxu b
xn

b
xn 

 
 Applying (iii) in eqn (3) 

  
AB

BAb
ynDBAyu


 00sin),0( 

 
  (4) reduces to  

.....3,2,1sinhsinh),(  nb
yn

b
xnByxu n

  
Hence the most general form of the solution is  
 )4(sinsinh),(

1
n

n b
yn

b
xnByxu   
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Applying condition (iv) in eqn (4) 
 )6(sinsinh100

1
n

n b
yn

b
anB   

    
     

      

 
































1

...5,3,1

0

0

)12(sin)12(sinh)12(sinh).12(
1400),(

sinsinh
sinh.

1400),()5(

,
sinh
400

0
,400
,0

)1(1200cos200
sinh1002sinh

n

n

n

n
b

b
n

b
yn

b
xn

b
ann

yxu

b
yn

b
xn

b
ann

yxu

oddisn
b

ann

evenisnifB
evenisnn

oddisn
n
b

bb
yn

n
b

b

dyb
yn

bb
anB
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Type-C Temperature distribution given on x and y aixs 
 

1. A rectangular plate is bounded by the lines x=0, y=0, x=a,y=b. 
Its surfaces are insulated and the temperature along two 
adjacent edges are kept at 1000C, while the temperature along 
other two edges are at 00C. Find the steady state temperature 
at any point in the plate. Also find the steady state temperature 
at any point of side ‘a’ if two adjacent edges are kept at 1000C 
and the others at 00C. 
Solution: 
  Let ( , )u x y be the temperature at any point (x , y) in 
the steady state. Then u satisfies the differential equation  

2 2
2 2 0u u

x y
    .     --------(1)     
The boundary conditions are  

(i) byyu  00),0(   
(ii) axxu  00)0,(  
(iii) byyau  0100),(   
(iv) axbxu  0,100),(   

Where u1(x,y)  and u2(x,y)  are solutions of (1)  and further u1(x,y) is 
the temperature at P with edge BC kept at 1000 C and the other 
three sides at 00C while u2(x,y) is the temperature at P with the 
edge AB maintained at 1000C  and  the other three edges at 00C. 
    Boundary conditions for the functions u1(x,y) and u2(x,y)  are 
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)3(100),()2(100),(
0),0(0)0,(
0),(0),(
0)0,(0),0(

0
2

0
1

21
21
21






CyauCbxu
yuxu
bxuyau

xuyu

 
The most general solution for ),(1 yxu  satisfying the equation (1) 
and 1st three boundary conditions in (2) is given by  
 )4(sinsinh),(

1
n

n a
yn

a
xnByxu   


1

1 sinsinh),(
n

n a
bn

a
xnByxuNow   

By applying the last boundary condition in (2) 
  

1
sinsinh100

n
n a

xn
a

bnB    
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1
2

1
1

...5,3,1
1

0

0

)12(sin)12(sinh)12(sinh).12(
1400),(

)12(sin)12(sinh)12(sinh).12(
1400),(

sinsinh
sinh.

1400),()5(

,
sinh
400

0
,400
,0

)1(1200cos200
sinh1002sinh

n

n

n

n

n
a

a
n

b
yn

b
xn

b
ann

yxu
getweSimilarly

a
yn

a
xn

a
bnn

yxu

a
xn

a
yn

a
bnn

yxu

oddisn
b

ann

evenisnifB
evenisnn

oddisn
na

xn
n

dxa
yxn

aa
bnB


















),(),(),( 21 yxuyxuyxu   
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                         MA 6351  TRANSFORMS & PARTIAL DIFFERENTIAL EQUATIONS 
 

       UNIT  IV – FOURIER TRANSFORM  
 

Fourier integral theorem. 

     If f(x) is a given function defined in (– l, l) and satisfies Dirichlet’s conditions then  

           ∫∫∫∫
∞

∞−

∞∞

∞−

−

∞

∞−

−== λλ
π

λ
π

λ
ddttxtfxforddtetfxf

txi )](cos[)(
1

)()()(
2

1
)(

0

)(
 

 

Definition: 

Fourier transform pair. 

    Fourier transform of  f(x) is defined as  ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

    Its Inverse Fourier transform is  )]([)]([
2

1
)( 1

sFFdsexfFxf
xsi −

∞

∞−

− == ∫
π

 

 

Fourier cosine transform pair. 

    Fourier cosine transform of  f(x) is  ∫
∞

==
0

cos)(
2

)]([)( dxsxxfxfFsF cc
π

 

    Its Inverse Fourier cosine transform is  ∫
∞

=
0

cos)]([
2

)( dssxxfFxf c
π

 

 

Fourier sine transform pair. 

    Fourier sine transform of  f(x) is  ∫
∞

==
0

sin)(
2

)]([)( dxsxxfxfFsF ss
π

 

    Its Inverse Fourier sine transform is  ∫
∞

=
0

sin)]([
2

)( dssxxfFxf s
π

 

 

Parseval’s identity for Fourier transform. 

    If F(s) is the Fourier transform of  f(x) then  ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

 

Parseval’s identity for Fourier sine and cosine transform. 

i) If Fs(s) and Fc(s) are the Fourier sine and Fourier cosine transform of  f(x) respectively then 

                ∫∫∫∫
∞∞∞∞

==
0

2

0

2

0

2

0

2 )]([)]([)]([)]([ dxxfdssFanddxxfdssF cs  

ii) If Fs(s) and Fc(s) are the Fourier sine and Fourier cosine transform of  f(x) and g(x)   

     respectively then 

                ∫∫∫∫
∞∞∞∞

==
0000

)()()()()()()()( dxxgxfdssGsFanddxxgxfdssGsF ccss  

 

Note: 

i)     )]([])([ xfF
ds

d
xfxF cs −=          ii)     )]([])([ xfF

ds

d
xfxF sc =  

iii)  )]([)(])([ xfF
ds

d
ixfxF

n

n
nn −=  
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Problems 

1.   Find the Fourier transform of 




≥

<−
=

ax

axxa
xf

||,0

||,
)(

22

 

           Hence deduce that ∫
∞

=
−

0

3 4

cossin
)(

π
ds

s

sss
i       ∫

∞

=
−

0

3 16

3

2
cos

cossin
)(

π
ds

s

s

sss
ii  

                            ∫
∞

=






 −

0

2

3 15

cossin
)(

π
ds

s

sss
iii  

 Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− a

xsi

a

a

xsi

a

xsi dxedxexadxe .0)(.0
2

1 22

π
 

                                      









+−−









+−=
















 −
−+







 −
−−








−=

+−=

−+−=

+−=

∫

∫∫

∫

−−

−

}000{
sin2cos2

0
2

sin
)2(

cos
)2(

sin
)(

2

0cos)(
2

2

sin)(
2

1
cos)(

2

1

)sin(cos)(
2

1

32

0

32

22

0

22

2222

22

s

as

s

asa

s

sx

s

sx
x

s

sx
xa

dxsxxa

dxsxxaidxsxxa

dxsxisxxa

a

a

a

a

a

a

a

a

π

π

π

ππ

π

 

             




 −
=

3

cossin2
2)]([.).(

s

asasas
xfFei

π
 

             When a = 1, we have  




 −
=

3

cossin2
2)]([

s

sss
xfF

π
 

           Using inverse Fourier transform, we have 

                  

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

sss

dsexfFxf
xsi

)sin(cos
cossin2

2
2

1

)]([
2

1
)(

3ππ

π
 

                               

0cos
cossin4

sin
cossin2

cos
cossin2

0

3

33

−






 −
=








 −
−







 −
=

∫

∫∫
∞

∞

∞−

∞

∞−

dssx
s

sss

dssx
s

sss
idssx

s

sss

π

ππ
 

                 

)(
4

)1(
4

)0(
4

cossin

)1(0

)1()(
4

cos
cossin

0

3

0

3

iprovesThis

fds
s

sss

getweequationinxPut

xfdssx
s

sss

ππ

π

π

==

=






 −

=

−−−−−−−=






 −

∫

∫

∞

∞

 
f (x) = a

2
 – x

2
 

f (x) = 1 – x
2
 

f (0) = 1 – 0 = 1 
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)(
16

3

4

3

44

1
1

4

2

1

42
cos

cossin

)1(
2

1

0

3

iiprovesThis

fds
s

s

sss

getweequationinxPut

πππ

π

=







=








−=









=







 −

=

∫
∞

 

               Using Parseval’s identity, we have 

                          

)(
15

cossin

15

16cossin16

15

8
2

}000{
3

2

5

1
12

3

2

5
2

)21(2

)1(2
cossin16

)1(
cossin8

.0)1(.0
cossin2

2

|)(||)(|

0

2

3

0

2

3

1

0

35

1

0

24

1

0

22

0

2

3

1

1

22

2

3

1

1

1

22

12

3

22

iiiprovesThisds
s

sss

ds
s

sss

xx
x

dxxx

dxxds
s

sss

dxxds
s

sss

dxdxxdxds
s

sss

dxxfdssF

π

π

π

π

π

=






 −

=






 −







=









−+−









−+=









−+=

−+=

−=






 −

−=






 −

+−+=














 −

=

∫

∫

∫

∫∫

∫∫

∫∫∫∫

∫∫

∞

∞

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

 

 

2.   Find the Fourier transform of 




≥

<−
=

1||,0

1||,||1
)(

x

xx
xf  

      Hence deduce that ∫
∞

=








0

4

3

sin π
dt

t

t
 

Sol.        ∫
∞

∞−

= dxexfxfF xsi)(
2

1
)]([

π
 

                            











+−+= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)||1(.0
2

1
dxedxexdxe

xsixsixsi

π
 

                                       

∫∫

∫

−−

−

−+−=

+−=

1

1

1

1

1

1

sin)||1(
2

1
cos)||1(

2

1

)sin(cos)||1(
2

1

dxsxxidxsxx

dxsxisxx

ππ

π
 

f (x) = a
2
 – x

2
 

f (x) = 1 – x
2
 

f (
2

1
) = 1 – 

4

1
 = 

4

3
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−−








−=
















 −
−−








−=

−=

+−=

∫

∫

22

1

0

2

1

0

1

0

1
0

cos
0

2

cos
)1(

sin
)1(

2

cos)1(
2

0cos)||1(
2

2

ss

s

s

sx

s

sx
x

dxsxx

dxsxx

π

π

π

π

 

             




 −
=

2

cos12
)]([.).(

s

s
xfFei

π
 

                Using Parseval’s identity, we have 

                          

∫∫

∫∫∫∫

∫∫

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

−=






 −

+−+=














 −

=

1

1

2

2

2

1

1

1

2

12

2

22

)||1(
cos12

.0)||1(.0
cos12

|)(||)(|

dxxds
s

s

dxdxxdxds
s

s

dxxfdssF

π

π  

                    

3

sin
.).(

3

2sin

2

4

3

2sin2

2

1

3

1
}0{2

2cos1

16

8

3

)1(
22

4

2cos14

)1(2
cos14

0

4

0

2

2

2

0

2

2

2

0

2

2

1

0

3

0

2

2

1

0

2

0

2

2

π

π

π

π

π

π

=








=








=
























−−=







 −










−

−
=







 −

−=






 −

∫

∫

∫

∫

∫

∫∫

∞

∞

∞

∞

∞

∞

dt
t

t
ei

dt
t

t

dt
t

t

dt
t

t

x
dt

t

t

dxxds
s

s

 

3.   Find the Fourier transform of 




>

<
=

1||,0

1||,1
)(

x

x
xf  

      Hence deduce that ∫
∞

=
0

2

sin
)(

π
dt

t

t
i          ∫

∞

=








0

2

2

sin
)(

π
dt

t

t
ii  

Sol.              ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                  











++= ∫∫∫

∞

−

−

∞− 1

1

1

1

.0)1(.0
2

1
dxedxedxe xsixsixsi

π
 

                                               ∫
−

+=

1

1

)sin(cos
2

1
dxsxisx

π
 

Put  s = 2t 

     ds = 2dt 
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−=







=

+=

+=

∫

∫∫
−−

0
sin2

sin2

0cos
2

2

sin
2

1
cos

2

1

1

0

1

0

1

1

1

1

s

s

s

sx

dxsx

dxsxidxsx

π

π

π

ππ

 

             
s

s
xfFei

sin2
)]([.).(

π
=  

           Using inverse Fourier transform, we have 

                             

∫

∫
∞

∞−

∞

∞−

−

−







=

=

dssxisx
s

s

dsexfFxf
xsi

)sin(cos
sin2

2

1

)]([
2

1
)(

ππ

π
 

                                                    ∫∫
∞

∞−

∞

∞−









−








= dssx

s

s
idssx

s

s
sin

sin1
cos

sin1

ππ
 

                                     f (x) 0cos
sin2

0

−







= ∫

∞

dssx
s

s

π
 

                   

2

sin
.).(

)1(
2

)0(
2

sin

0

)(
2

cos
sin

0

0

0

π

π

π

π

=

=

=

=

=








∫

∫

∫

∞

∞

∞

dt
t

t
ei

fds
s

s

getwexPut

xfdssx
s

s

 

             Using Parseval’s identity, we have 

                          

[ ]

2

sin
2

sin4

)1(1

sin4

sin2

.0)1(.0
sin2

|)(||)(|

0

2

0

2

1

1

0

2

1

1

2

1

1

1

2

12

22

π

π

π

π

π

=







⇒=









−−=

=








=








++=










=

∫∫

∫

∫∫

∫∫∫∫

∫∫

∞∞

−

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

dt
t

t
ds

s

s

xds
s

s

dxds
s

s

dxdxdxds
s

s

dxxfdssF

 

 

f (x) = 1 

f (0) = 1  
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4.  Find the sine transform of  
x

1
 

Sol.     ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

2

2

2

sin2

sin
2

sin
121

0

0

0

π

π

π

π

π

π

=

=

=

=

=






∫

∫

∫

∞

∞

∞

dt
t

t

s

dt
t

t

s

dxsx
xx

Fs

 

5.  Find f(x) if its sine transform is 
sae−
 

Sol.   The inverse Fourier sine transform is given by 

                         

∫

∫
∞

−

∞

=

=

0

0

sin
2

sin)]([
2

)(

dssxe

dssxxfFxf

sa

s

π

π
 

                      

22

22

0

22

2

)0(
1

}0{
2

)cossin(
2

ax

x

x
xa

sxxsxa
xa

e
sa

+
=


















−
+

−=









−−

+
=

∞
−

π

π

π

 

6.  Find f(x) if its cosine transform is 








≥

<







−

=

as

as
s

a
pf c

2,0

2,
22

1

)( π  

Sol.  The inverse Fourier cosine transform is given by 

                         

2

2

2

22

2

0

2

2

0 2

0

sin

2

2cos11

2

1
0

2

2cos
0

1

cos

2

1sin

2

1

0cos
22

12

cos)]([
2

)(

x

ax

ax

x

xx

ax

x

sx

x

sxs
a

dssxds
s

a

dssxxfFxf

a

a

a

c

π

π

π

π

ππ

π

=

−
=


















−−








−=
















 −








−−
















−=









+








−=

=

∫ ∫

∫
∞

∞

 

Put  sx = t 

    s dx = dt 

∫
∞

=
0

2

sin π
dt

t

t
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7.   Find the Fourier sine and cosine transform of 
xa

e
−

  

Sol.        ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

               

22

22

0

22

0

2

)0(
1

}0{
2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

 

                 ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

22

22

0

22

0

2

)0(
1

}0{
2

)sincos(
2

cos
2

][

as

a

a
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

c

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

8.   Find the Fourier sine transform of  
x

e
xa−

 

Sol.            ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                

∫

∫

∫

∫

∞ −

∞ −

∞ −−

∞ −−

=










∂

∂
=

=








=








0

0

0

0

.cos
2

sin
2

sin
2

''....

sin
2

dxxsx
x

e

dxsx
x

e

s

dxsx
x

e

ds

d

x

e
F

ds

d

getwesidesbothonstrwDiff

dxsx
x

e

x

e
F

xa

xa

xaxa

s

xaxa

s

π

π

π

π

 

                                                    ∫
∞

−=
0

cos
2

dxsxe
xa

π
 

                                     

∞
−









+−

+
=

0

22
)sincos(

2
sxssxa

sa

e xa

π
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getwestrwgIntegratin

as

a

x

e
F

ds

d

a
sa

xa

s

''...

2

)0(
1

}0{
2

22

22

+
=


























+−
+

−=

−

π

π

 

                               ∫ +
=






 −

ds
as

a

x

e
F

xa

s 22

2

π
 

                     









=

















=

−

−

a

s

a

s

a
a

1

1

tan
2

tan
12

π

π
 

9.   Find the Fourier cosine transform of  
x

e
xa−

 

Sol.            ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                

∫

∫

∫

∫

∞ −

∞ −

∞ −−

∞ −−

−=










∂

∂
=

=








=








0

0

0

0

).sin(
2

cos
2

cos
2

''....

cos
2

dxxsx
x

e

dxsx
x

e

s

dxsx
x

e

ds

d

x

e
F

ds

d

getwesidesbothonstrwDiff

dxsx
x

e

x

e
F

xa

xa

xaxa

c

xaxa

c

π

π

π

π

 

                                       ∞
−

∞

−









−−

+
−=

−= ∫

0

22

0

)cossin(
2

sin
2

sxssxa
sa

e

dxsxe

xa

xa

π

π

 

                          

)(log
2

12

2

''...

2

)0(
1

}0{
2

22

22

22

22

as

ds
as

s

x

e
F

getwestrwgIntegratin

as

s

x

e
F

ds

d

s
sa

xa

c

xa

c

+−=

+
−=









+
−=


























−
+

−−=

∫
−

−

π

π

π

π

 

                                                  )(log
2

1 22
as +−=

π
 

 

∫ 







=

+

−

a

x

aax

dx 1

22
tan

1

 

∫ +=
+

)(log
2

1 22

22
ax

ax

dxx
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10.   Find the Fourier sine and cosine transform of 
ax

ex
−

 

Sol.            ][][ xa

c

xa

s eF
ds

d
exF

−− −=  

                        

22

22

0

22

0

2

)0(
1

}0{
2

)sincos(
2

cos
2

][

as

a

a
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

c

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

                       

222

222

22

)(

22

)2(
)(

2

2
][

as

as

s
as

a

as

a

ds

d
exF

xa

s

+
=










+

−
−=










+
−=−

π

π

π

 

             ][][ xa

s

xa

c eF
ds

d
exF

−− =  

             

22

22

0

22

0

2

)0(
1

}0{
2

)cossin(
2

sin
2

][

as

s

s
sa

sxssxa
sa

e

dxsxeeF

xa

xaxa

s

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

π

π

π

π

 

          

222

22

222

22

22

)(

2

)(

)2()1)((2

2
][

as

sa

as

ssas

as

s

ds

d
exF

xa

c

+

−
=

+

−+
=










+
=−

π

π

π

 

 

11.   Solve the integral equation ∫
∞

−=
0

cos)( λλ edxxxf  

Sol.           Given  ∫
∞

−=
0

cos)( λλ edxxxf  
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λλ
πππ

π

π
λ

π

λλ

λ

λ

dxeeFxf

exfF

edxxxf

c

c

cos
222

)(

2
)]([

2
cos)(

2

0

1

0

−

∞

−−

−

∞

−

∫

∫

=







=

=

=

 

                                                                                                        


















+−
+

−=









+−

+
=

=

∞
−

∞

−

∫

)01(
1

1
}0{

2

)sincos(
1

2

cos
2

2

0

2

0

x

xx
x

e

dxe

π

λλλ
π

λλ
π

λ

λ

 

                                                                                   21

12
)(.).(

x
xfei

+
=

π
 

 

12.   Find the Fourier transform of  2

2x

e
−

 

Sol.      ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                 

[ ]

[ ]
∫

∫∫
∞

∞−

−−−

∞

∞−

−−
∞

∞−

−−

=

==












dxe

dxedxeeeF

sisix

xsix
xsi

xx

222

2
22

)(
2

1

2
2

1

22

2

1

2

1

2

1

π

ππ

 

                                                                                              

[ ]

∫

∫

∫

∫

∞

∞−

−

−

∞

∞−








 −
−

−

∞

∞−

−−
−

∞

∞−

−−−

=

=

=

=

dte
e

dxe
e

dxe
e

dxee

t

s

six
s

six

s

s
six

2
2

2

2

2

1

2
2

2

2
2

)(
2

12

2
)(

2

1

2

2

2

2

2
2

π

π

π

π

 

                                                                   

2
2

2
2

2

2

2

s
s

t

s

e
e

dte
e

−
−

∞

∞−

−

−

==

= ∫

π
π

π

 

                                            (i.e.)  22

22

][

sx

eeF
−−

=  

∫
∞

∞−

− = πdte
t 2

dt
dx

t
six

Put

=

=
−

2

2
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Note:  If the transform of f(x) is equal to f(s), then the function f(x) is called self-reciprocal. In 

the above problem, 2

2
x

e
−

 is self-reciprocal under Fourier transform. 
 

13.   Find the Fourier cosine transform of  
22

xa
e

−
 and hence find ][

22 xa

s exF
−

 

Sol.               ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                          

[ ]

[ ]

∫

∫

∫

∫

∫

∫

∞

∞−

−







−−

∞

∞−














−








−−

∞

∞−

−−

∞

∞−

−

∞

∞−

−

∞

−−

=

=

=

=

=

=

dxeePR

dxePR

dxePR

dxeePR

dxsxe

dxsxeeF

a

s

a

si
ax

a

si

a

si
ax

xsixa

xsixa

xa

xaxa

c

2

22

2

222

22

22

22

2222

42

42

0

..
2

1

..
2

1

..
2

1

..
2

1

cos
2

12

cos
2

π

π

π

π

π

π

 

                                                  ∫
∞

∞−









−−

−

= dxePR
e a

si
axa

s
2

2

2

2
4

..
2π

 

                                  

π
π

π

..
2

..
2

2

2

2

2

4

2
4

PR
a

e

a

td
ePR

e

a

s

t
a

s

−

∞

∞−

−

−

=

= ∫

 

             

2

2

22 4

2

1
][.).( a

s

xa

c e
a

eFei
−

− =
 

               

2

2

2

2

2

2

2222

4

32

4

4

224

2

2

1

2

1

][][

a

s

a

s

a

s

xa

c

xa

s

e
a

s

a

s
e

a

e
ads

d

eF
ds

d
exF

−−

−

−−

=






 −
−=














−=

−=

 

 

 

dtdxa

t
a

si
axPut

=

=−
2
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14.   Find the Fourier cosine transform of 
x

e
4−

. Hence deduce that 
8

0

2 816

2cos −

∞

=
+∫ edx

x

x π
  and     

       
8

0

2 216

2sin −

∞

=
+∫ edx

x

xx π
 

Sol.   ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                 

16

42

)04(
16

1
}0{

2

)sincos4(
16

2

cos
2

][

2

2

0

2

4

0

44

+
=


















+−
+

−=









+−

+
=

=

∞
−

∞

−−

∫

s

s

sxssx
s

e

dxsxeeF

x

xx

c

π

π

π

π

 

           Using inverse Fourier cosine transform, we have 

                  
8

0

2

8

0

2

4

0

2

0

2

0

2

0

2

0

816

2cos

816

2cos

,2

)1(
816

cos

)(
816

cos

16

cos8
)(

cos
16

422

cos)]([
2

)(

−

∞

−

∞

−

∞

∞

∞

∞

∞

=
+

=
+

=

−−−−−−−−=
+

=
+

+
=










+
=

=

∫

∫

∫

∫

∫

∫

∫

edx
x

x

eds
s

s

getwexPut

eds
s

sx

xfds
s

sx

ds
s

sx
xf

dssx
s

dssxxfFxf

x

c

π

π

π

π

π

ππ

π

 

           Differentiate (1) w.r.t. x, we get 

                         

x

x

x

x

eds
s

sxs

eds
s

ssx

e
dx

d
ds

s

sx

x

e
dx

d
ds

s

sx

dx

d

4

0

2

4

0

2

0

4

2

4

0

2

216

sin

)4)((
816

.sin

)(
816

cos

)(
816

cos

−

∞

−

∞

∞

−

−

∞

∫

∫

∫

∫

=
+

−=








+

−

=








+∂

∂

=
+

π

π

π

π
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8

0

2

8

0

2

216

2sin

216

2sin

,2

−

∞

−

∞

=
+

=
+

=

∫

∫

edx
x

xx

eds
s

ss

getwexPut

π

π

 

 

15.   Find the Fourier sine and cosine transform of 
x

e
−

and hence find the Fourier sine  

      transform of 
21 x

x

+
 and Fourier cosine transform of 

21

1

x+
      

Sol.          ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                          ∞
−

∞

−−









+−

+
=

= ∫

0

2

0

)sincos(
1

2

cos
2

][

sxssx
s

e

dxsxeeF

x

xx

c

π

π

 

              

1

12

)01(
1

1
}0{

2

2

2

+
=


















+−
+

−=

s

s

π

π
 

              

1

2

)0(
1

1
}0{

2

)cossin(
1

2

sin
2

][

2

2

0

2

0

+
=


















−
+

−=









−−

+
=

=

∞
−

∞

−−

∫

s

s

s
s

sxssx
s

e

dxsxeeF

x

xx

s

π

π

π

π

 

      Now, )1(cos
1

12

1

1

0

22
−−−−−

+
=






+ ∫
∞

dxsx
xx

Fc
π

 

           Using inverse Fourier cosine transform, we have 

                  

s

x

x

x

c

edx
x

sx

eds
s

sx

ds
s

sx
e

dssx
s

e

dssxxfFxf

−

∞

−

∞

∞

−

∞

−

∞

∫

∫

∫

∫

∫

=
+

=
+

+
=










+
=

=

21

cos

21

cos

1

cos2

cos
1

122

cos)]([
2

)(

0

2

0

2

0

2

0

2

0

π

π

π

ππ

π

 

           

 

Put   x = s 

and  s = x 
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            Equation (1) becomes 

              
s

s

c

e

e
x

F

−

−

=

=






+

2

2

2

1

1
2

π

π

π
 

                

s

s

s

cs

e

e

e
ds

d

x
F

ds

d

x

x
F

−

−

−

=

−−=









−=








+
−=






+

2

)1(
2

2

1

1

1 22

π

π

π

 

16.   Find the Fourier transform of 0,)( || >= − aexf xa
. Hence deduce that 

        ∫
∞

−=
+

0

||

22 2

cos
)( xa

e
a

dt
ta

tx
i

π
  ∫

∞

=
+

0

2 21
)(

π

x

xd
ii    ∫

∞

=
+

0

22 4)1(
)(

π

x

xd
iii  and also prove   

        that   [ ]
222

||

)(

22
)(

as

as
iexFiv

xa

+
=−

π
  

Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                     

0cos
2

2

sin
2

1
cos

2

1

)sin(cos
2

1

0

||||

||

+=

+=

+=

∫

∫∫

∫

∞

−

∞

∞−

−

∞

∞−

−

∞

∞−

−

dxsxe

dxsxeidxsxe

dxsxisxe

xa

xaxa

xa

π

ππ

π

 

                    

22

22

0

22

2
)]([.).(

)0(
1

}0{
2

)sincos(
2

as

a
xfFei

a
sa

sxssxa
sa

e xa

+
=


















+−
+

−=









+−

+
=

∞
−

π

π

π

 

               Using inverse Fourier transform, we have 

                                 

∫

∫
∞

∞−

−

∞

∞−

−

−








+
=

=

dssxisx
as

a
e

dsexfFxf

xa

xsi

)sin(cos
2

2

1

)]([
2

1
)(

22

||

ππ

π
 

                                            

0
cos2

sin
1

cos
1

0

22

2222

−
+

=










+
−









+
=

∫

∫∫
∞

∞

∞−

∞

∞−

ds
as

sxa

dssx
as

a
idssx

as

a

π

ππ
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)(
21

.).(

2

1

,10

)(
2

cos
.).(

2

cos

0

2

0

22

||

0

22

||

0

22

iiprovesThis
x

dx
ei

dt
at

getweaandxPut

iprovesThise
a

dt
at

xt
ei

e
a

ds
as

sx

xa

xa

π

π

π

π

=
+

=
+

==

=
+

=
+

∫

∫

∫

∫

∞

∞

−

∞

−

∞

 

                      Using Parseval’s identity, we have 

                          

[ ]

[ ]

)(
4)1(

.).(

4)1(

,1

4)(

2

1

)(

2

]10[
2

1

2)(

2

2
)(

4

)(

12

2

|)(||)(|

0

22

0

22

3

0

222

0

222

2

0

2

0

222

2

0

2

0

222

2

2||

222

2

2||

2

22

22

iiiprovesThis
x

dx
ei

s

ds

getweaput

aas

ds

aas

dsa

a

a

e

as

dsa

dxe
as

dsa

dxeds
as

a

dxeds
as

a

dxxfdssF

xa

xa

xa

xa

π

π

π

π

π

π

π

π

∫

∫

∫

∫

∫

∫∫

∫∫

∫∫

∫∫

∞

∞

∞

∞

∞
−∞

∞

−

∞

∞−

∞−

−

∞

∞−

∞−

∞−

−

∞

∞−

∞

∞−

∞

∞−

=
+

=
+

=

=
+

=
+

−
−

=










−
=

+

=
+

=
+

=










+

=

 

            By the property, )]([)()]([ xfF
ds

d
ixfxF −=  

                                                        

)(
)(

22

)2(
)(

2
)(

2
)(

][)(][

222

222

22

||||

ivprovesThis
as

sa
i

s
as

a
i

as

a

ds

d
i

eF
ds

d
iexF

xaxa

+
=










+

−
−=










+
−=

−= −−

π

π

π
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17.   Find the Fourier sine and cosine transform of  0,10,1 ><<− xnx n
 and hence prove  

        that 
x

1
 is self reciprocal under both Fourier sine and cosine transforms. Also find   

       












||

1

x
F .  

Sol.    Consider ∫∫
∞∞

−=−
00

sin)(
2

cos)(
2

)]([)]([ dxsxxfidxsxxfxfFixfF sc
ππ

 

                     

n

n

n

n

xsinn

s

n

c

xsi

sc

s

nn
i

n

s

n
i

is

n

dxexxFixF

dxexf

dxsxisxxfxfFixfF

)(2

2
sin

2
cos

)(2
)(

)(

)(2

2
][][

)(
2

)sin(cos)(
2

)]([)]([

0

111

0

0

Γ








−=

Γ
−=

Γ
=

=−

=

−=−

∫

∫

∫

∞

−−−−

∞

−

∞

π

ππ

π

π

π

π

π

 

                Equating R.P and I.P, we get 

                       

)2(
2

sin
)(2

][

)1(
2

cos
)(2

][

1

1

−−−−−−−
Γ

=

−−−−−−−
Γ

=

−

−

π

π

π

π

n

s

n
xF

n

s

n
xF

n

n

s

n

n

c

 

                       

s

sx
F

s
xF

haveweequationinnPut

c

c

1

2

121

4
cos

)2/1(2
][

),1(
2

1

2/1

1
2

1

=

=








Γ
=

=

−

π

π

π

π

 

                          

s

sx
F

s
xF

haveweequationinnPut

s

s

1

2

121

4
sin

)2/1(2
][

),1(
2

1

2/1

1
2

1

=

=








Γ
=

=

−

π

π

π

π

 

           Hence 
x

1
 is self reciprocal under Fourier sine and cosine transforms. 

n

xan

a

n
dxex

)(

0

1 Γ
=∫

∞

−−
 

2
sin

2
cos

2
sin

2
cos)(

2
sin

2
cos

ππ

ππ

ππ

n
i

n

ii

ii

n

n

−=









−=−

−=−
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                 Now,  ∫
∞

∞−

= dxexfxfF xsi)(
2

1
)]([

π
 

                           

s

x
F

dxsx
x

dxsx
x

dxsx
x

idxsx
x

dxsxisx
xx

F

c

1

1

cos
12

0cos
1

2

2

sin
||

1

2

1
cos

||

1

2

1

)sin(cos
||

1

2

1

||

1

0

0

=









=

=

+=

+=

+=












∫

∫

∫∫

∫

∞

∞

∞

∞−

∞

∞−

∞

∞−

π

π

ππ

π

 

18.   Verify Parseval’s theorem of Fourier transform for the function 




>

<
=

− 0,

0,0
)(

xe

x
xf

x  

Sol.    ∫
∞

∞−

== dxexfxfFsF
xsi)(

2

1
)]([)(

π
 

                                  











+= ∫∫

∞

−

∞− 0

0

..0
2

1
dxeedxe xsixxsi

π
 

                 

is
sFei

is

is

e

dxe

xsi

xsi

−
=










−−
−=










−−
=

=

∞
−−

∞

−−

∫

1

1

2

1
)(.).(

)1(

1
0

2

1

)1(2

1

2

1

0

)1(

0

)1(

π

π

π

π

 

               

2

1

0
2

1

1
tan

1

11

12

2

1

1

2

1

1

1

2

1

1

1

2

1
)()(|)(|

0

1

0

2

2

2

=







−=

















=

+
=

+
=

+−
==

∞

−

∞

∞

∞−

∞

∞−

∞

∞−

∞

∞−

∫

∫

∫∫∫

π

π

π

π

π

ππ

s

s

ds

ds
s

ds
isis

dssFsFdssF
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                ∫
∞

∞−

dxxf
2|)(| ∫∫

∞

−

∞−

+=
0

2

0

)(.0 dxedx
x

 

                                       

2

1

2

1
0

2
0

2

0

2

=








−
−=










−
=

=

∞
−

∞

−

∫

x

x

e

dxe

 

                     ∫∫
∞

∞−

∞

∞−

=∴ dxxfdssF
22 |)(||)(|  

                  Hence Parseval’s theorem is verified. 

19.   Using Parseval’s identity, calculate ∫
∞

+
0

222 )(
)

ax

dx
i    ∫

∞

+
0

22

2

)4(
)

x

dxx
ii  

Sol.   (i)  Let 
xa

exf
−=)(  then 22

2
)]([)(

as

a
xfFsF cc

+
==

π
   

               Using Parseval’s identity for Fourier cosine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFc  

                             

3

0

222

0

222

2

0

2

0

2

0

222

2

0 0

2

2

22

4)(
.).(

2

1

)(

2

2

1
0

2

)(

2

)(
2

aax

dx
ei

aas

dsa

a

a

e

dxe
as

dsa

dxeds
as

a

xa

xa

xa

π

π

π

π

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−

=
+

=
+








−
−=










−
=

=
+

=










+

 

         (ii)  Let 
x

exf
2)( −=  then 

4

2
)]([)(

2 +
==

s

s
xfFsF ss

π
   

               Using Parseval’s identity for Fourier sine transform, we have 

                              ∫ ∫
∞ ∞

=
0 0

22 )]([)]([ dxxfdssFs  

                                        

∫∫

∫ ∫
∞

−

∞

∞ ∞

−

=
+

=










+

0

4

0

22

2

0 0

22

2

2

)4(

2

)(
4

2

dxe
s

dss

dxeds
s

s

x

x

π

π
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8)4(
.).(

4

1

)4(

2

4

1
0

4

0

22

2

0

22

2

0

4

π

π

∫

∫
∞

∞

∞
−

=
+

=
+








−
−=










−
=

x

dxx
ei

s

dss

e
x

 

20.   Use transform methods to evaluate  ∫
∞

++
0

22 )4)(1(
)

xx

dx
i    ∫

∞

++
0

22

2

)25)(9(
)

xx

dxx
ii  

Sol.  (i)  Let 
x

exf
−=)(  and  

x
exg

2)( −=   

              Then 
1

12
)]([)(

2 +
==

s
xfFsF cc

π
  and  

4

22
)]([)(

2 +
==

s
xgGsG cc

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

12)4)(1(
.).(

3

1

)4)(1(

4

3

1
0

3

)4)(1(

4

4

22

1

12

0

22

0

22

0

3

0

3

0

22

0 0

2

22

π

π

π

ππ

∫

∫

∫∫

∫ ∫

∞

∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

=
++








−
−=










−
=

=
++

=
++

xx

dx
ei

ss

ds

e

dxe
ss

ds

dxeeds
ss

x

x

xx

 

        (ii)  Let 
x

exf
3)( −=  and  

x
exg

5)( −=   

               Then 
9

2
)]([)(

2 +
==

s

s
xfFsF ss

π
  and  

25

2
)]([)(

2 +
==

s

s
xgGsG ss

π
 

            We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF ss  

                             

16)25)(9(8

1

)25)(9(

2

8

1
0

8

)25)(9(

2

25

2

9

2

0

22

2

0

22

2

0

8

0

8

0

22

2

0 0

53

22

π

π

π

ππ

∫∫

∫∫

∫ ∫

∞∞

∞
−

∞

−

∞

∞ ∞

−−

=
++

⇒=
++








−
−=









−
=

=
++

=
++

xx

dxx

ss

dss

e

dxe
ss

dss

dxeeds
s

s

s

s

x

x

xx
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21.   Evaluate ∫
∞

++
0

2222 ))(( bxax

dx
 using transforms. 

Sol.   Let 
xa

exf
−=)(  and  

xb
exg

−=)(   

         Then 22

2
)]([)(

as

a
xfFsF cc

+
==

π
  and  22

2
)]([)(

bs

b
xgGsG cc

+
==

π
 

               We have   ∫ ∫
∞ ∞

=
0 0

)()()()( dxxgxfdssGsF cc  

                             

)(2))((
.).(

1

))((

2

)(

1
0

)(

))((

2

22

0

2222

0

2222

0

)(

0

)(

0

2222

0 0

2222

baabbxax

dx
ei

babsas

dsab

baba

e

dxe
bsas

dsab

dxeeds
bs

b

as

a

xba

xba

xbxa

+
=

++

+
=

++










+−
−=









+−
=

=
++

=
++

∫

∫

∫∫

∫ ∫

∞

∞

∞
+−

∞

+−

∞

∞ ∞

−−

π

π

π

ππ

 

 

22.  Find the Fourier sine transform of 








>

<<−

<<

=

2,0

21,2

10,

)(

x

xx

xx

xf  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        






 −
=






 −
=







−=


















−
−

−








−+







+−









+
−

=
















 −
−−







 −
−+















 −
−






 −
=









+−+= ∫∫∫

∞

2

2

22

222

2

1

2

1

0

2

2

2

1

1

0

)cos1(sin2
2

cossin2sin22

2sinsin22

sincos2sin
0

2
}00{

sincos2

sin
)1(

cos
)2(

2sin
)1(

cos2

sin.0sin)2(sin
2

s

ss

s

sss

s

s

s

s

s

s

s

s

s

s

s

s

s

s

s

sx

s

sx
x

s

sx

s

sx
x

dxsxdxsxxdxsxx

π

π

π

ππ

ππ

π
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Properties of Fourier Transform 
 

1.  Prove that  F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform] 

Proof.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

               

)()(

)(
2

1
)(

2

1

)]()([
2

1
)]()([

sGbsFa

dxexgbdxexfa

dxexgbxfaxgbxfaF

xsixsi

xsi

+=

+=

+=+

∫∫

∫
∞

∞−

∞

∞−

∞

∞−

ππ

π

 

 

2. Prove (i)Fc[af(x) + bg(x)] = aFc(s) + bGc(s)[Linear property on Fourier cosine transform]  

 
 

                           (ii)Fs[af(x) + bg(x)] = aFs(s) + bGs(s)[Linear property on Fourier sine transform]  

Proof.  (i)              )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

               

)()(

cos)(
2

cos)(
2

cos)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

cc

c

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

         (ii)                )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

               

)()(

sin)(
2

sin)(
2

sin)]()([
2

)]()([

00

0

sGbsFa

dxsxxgbdxsxxfa

dxsxxgbxfaxgbxfaF

ss

s

+=

+=

+=+

∫∫

∫
∞∞

∞

ππ

π

 

 

3.  Prove  that )()]([ sFeaxfF
sai=−  [ Time shifting property] 

Proof.    We have )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                        

)(

)(
2

1

)(
2

1

)(
2

1

)(
2

1
)]([

)(

sFe

dxexfe

dtetfe

dtetf

dxeaxfaxfF

sai

xsisai

tsisai

atsi

xsi

=

=

=

=

−=−

∫

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

+

∞

∞−

π

π

π

π

 

 

 

 

 

Put  x – a = t 

          dx = dt 
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4.  Prove that  )()]([ asFxfeF
xai +=  [ Frequency shifting property] 

Proof.    We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                       

)(

)(
2

1

)(
2

1
)]([

)(

asF

dxexf

dxexfexfeF

xasi

xsixaixai

+=

=

=

∫

∫
∞

∞−

+

∞

∞−

π

π

 

5.  Prove that  0,
1

)]([)( >







= a

a

s
F

a
xafFi    [ Change of scale property] 

                         







=

a

s
F

a
xafFii ss

1
)]([)(  

                        







=

a

s
F

a
xafFiii cc

1
)]([)(  

Proof.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                                 









=

=

=

=

∫

∫

∫

∞

∞−

∞

∞−

∞

∞−

a

s
F

a

dtetf
a

a

dt
etf

dxexafxafF

t
a

s
i

a

t
si

xsi

1

)(
2

11

)(
2

1

)(
2

1
)]([

π

π

π

 

         (ii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                               









=









=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a

dtt
a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

s

s

1

sin)(
21

sin)(
2

sin)(
2

)]([

0

0

0

π

π

π

 

          (iii)  We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                                









=








=









=

=

∫

∫

∫

∞

∞

∞

a

s
F

a
dtt

a

s
tf

a

a

dt

a

ts
tf

dxsxxafxafF

c

c

1
cos)(

21

cos)(
2

cos)(
2

)]([

0

0

0

π

π

π

 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 

Put  a x = t 

      a dx = dt 
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6.   If )(λf  is the Fourier transform of  f (x), find the Fourier transform of  f (x – a) and   

         f (ax). 

Proof.   )()]([ λλ
feaxfF

ai=−   [ see property (3) and (5) (i) ] 

          and  







=

a
f

a
xafF

λ1
)]([  

 

7.   Prove that    [ Modulation property] 

        )]()([
2

1
]cos)([)( asFasFxaxfFi −++=       )]()([

2

1
]cos)([)( asFasFxaxfFii sss −++=  

        )]()([
2

1
]sin)([)( asFasFxaxfFiii ccs +−−=   )]()([

2

1
]cos)([)( asFasFxaxfFiv ccc −++=  

         )]()([
2

1
]sin)([)( saFsaFxaxfFv ssc −++=  

Proof.  (i)   We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                             

)]()([
2

1

)(
2

1
)(

2

1

2

1

2
)(

2

1

cos)(
2

1
]cos)([

)()(

asFasF

dxexfdxexf

dxe
ee

xf

dxexaxfxaxfF

xasixasi

xsi
xaixai

xsi

−++=












+=








 +
=

=

∫∫

∫

∫

∞

∞−

−

∞

∞−

+

∞

∞−

−

∞

∞−

ππ

π

π

 

       (ii)   We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                     

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

sincos)(
2

]cos)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

ss

s

−++=









−++=

−++=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

       (iii)  We have  )(sin)(
2

)]([
0

sFdxsxxfxfF ss == ∫
∞

π
 

                      

)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

sinsin)(
2

]sin)([

00

0

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

dxsxxaxfxaxfF

cc

s

+−−=









+−−=

+−−=

=

∫∫

∫

∫

∞∞

∞

∞

ππ

π

π

 

 

2sinAcosB = sin(A + B) + sin(A – B) 

2sinAsinB = cos(A – B) – cos(A + B) 
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         (iv)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

coscos)(
2

]cos)([ dxsxxaxfxaxfFc
π

 

 

                        

)]()([
2

1

)cos()(
2

)cos()(
2

2

1

])cos()cos([
2

1
)(

2

00

0

asFasF

dxxasxfdxxasxf

dxxasxasxf

cc −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

          (v)   We have  )(cos)(
2

)]([
0

sFdxsxxfxfF cc == ∫
∞

π
 

                         ∫
∞

=
0

cossin)(
2

]sin)([ dxsxxaxfxaxfFc
π

 

                        

)]()([
2

1

)sin()(
2

)sin()(
2

2

1

])sin()sin([
2

1
)(

2

00

0

saFsaF

dxxsaxfdxxsaxf

dxxsaxsaxf

ss −++=









−++=

−++=

∫∫

∫
∞∞

∞

ππ

π

 

 

8.  Prove that  )()]([)( sFxfFi −=−       )(])([)( sFxfFii −=       )(])([)( sFxfFiii =−        

Proof.   (i) We have  )()(
2

1
)]([ sFdxexfxfF

xsi == ∫
∞

∞−π
 

                              

)(

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)]([

)(

sF

dtetf

dtetf

dtetf

dxexfxfF

tsi

tsi

tsi

xsi

−=

=

=

−=

−=−

∫

∫

∫

∫

∞

∞−

−

∞

∞−

−

∞−

∞

−

∞

∞−

π

π

π

π

 

 

          (ii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                         

])([

)(
2

1
)(

)(
2

1
)(

xfF

dxexfsF

dxexfsF

xsi

xsi

=

=−

=−

∫

∫
∞

∞−

∞

∞−

−

π

π

 

 

2cosAcosB = cos(A + B) + cos(A – B) 

2sinAcosB = sin(A + B) + sin(A – B) 

Put  – x = t 

      – dx = dt 
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           (iii)   We have  ∫
∞

∞−

= dxexfsF
xsi)(

2

1
)(

π
 

                            

])([

)(
2

1

)(
2

1

)()(
2

1

)(
2

1
)(

xfF

dxexf

dtetf

dtetf

dxexfsF

xsi

tsi

tsi

xsi

−=

−=

−=

−−=

=

∫

∫

∫

∫

∞

∞−

∞

∞−

∞−

∞

∞

∞−

−

π

π

π

π

 

 
 

Convolution of two functions for Fourier transform. 

     The convolution of two functions f(x) and g(x) is defined by 

                 ∫
∞

∞−

−=∗=∗ dttxgtfxgxfxgf )()(
2

1
)()())((

π
 

Convolution theorem 

Statement.  If  F[f(x)] = F(s)  and  F[g(x)] = G(s) then  )().()]()([ sGsFxgxfF =∗  

Proof.     ∫
∞

∞−

∗=∗ dxexgxfxgxfF
xsi)]()([

2

1
)]()([

π
  

                                                      

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

−

∞

∞−

∞

∞−

∞

∞−

∞

∞−












−−=












−=












−=












−=

dtetxdetxgtf

dtdxeeetxgtf

dtdxetxgtf

dxedttxgtf

tsitxsi

tsitsixsi

xsi

xsi

)()(
2

1
)(

2

1

)(
2

1
)(

2

1

)(
2

1
)(

2

1

)()(
2

1

2

1

)(

ππ

ππ

ππ

ππ

                                                    

                                      

)()(

)(
2

1
)(

)()(
2

1

sFsG

dtetfsG

dtesGtf

tsi

tsi

=

=

=

∫

∫
∞

∞−

∞

∞−

π

π

 

              (i.e.)   )().()]()([ sGsFxgxfF =∗  

 

Parseval’s identity for Fourier transform. 

Statement:  If F(s) is the Fourier transform of  f(x) then 

                              ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

Proof.    By convolution theorem for Fourier transform, we have 

                                   
)()()]()([

)().()]()([

1
xgxfsGsFF

sGsFxgxfF

∗=∴

=∗

−  

Put  – x = t 

      – dx = dt 
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               ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()(

2

1
)()(

2

1

ππ
 

                     ∫∫
∞

∞−

∞

∞−

− −=⇒ dttxgtfdsesGsF
xsi )()()()(  

 

                         Putting  x = 0, we get 

                           )1()()()()( −−−−−−−−= ∫∫
∞

∞−

∞

∞−

dttgtfdssGsF  

                           
)()(.).(

)2()()(

tftgei

tftgLet

−=

−−−−−−−=−
 

                    

)3()()(.).(

)()(

])([

])([

)]([)]([)(

−−−−−−−−−=

=

−=

−=

==

sFsGei

propertybysF

xfF

tfF

tgFxgFsG

 

            Substituting (2) and (3) in equation (1) we have 

                        ∫∫
∞

∞−

∞

∞−

= dttftfdssFsF )()()()(  

                  (i.e.)  ∫∫
∞

∞−

∞

∞−

= dxxfdssF
22 |)(||)(|  

 

 

 

University Questions: 

1.  State the Fourier transform of the derivatives of a function. 

Sol.                    )()()]([ sFisxfF −=′  

       

)()()]([,

)()()]([

)()()]([

)(

3

2

sFisxfFIngeneral

sFisxfF

sFisxfF

nn −=

−−−−−−−−−−−−

−=′′′

−=′′

 

 

2.  Give an example for self-reciprocal under Fourier transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier transform. 
 

3.  Give an example for self-reciprocal under Fourier cosine transform. 

Sol.   2

2
x

e
−

 is self-reciprocal under Fourier cosine transform. 
 

4.  Give an example for self-reciprocal under both Fourier sine and cosine transform. 

Sol.   
x

1
 is self-reciprocal under both Fourier sine and cosine transform. 
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5.   Find the Fourier transform of  




≥

<−
=

ax

axxa
xf

||,0

||,||
)(  

       Hence deduce that  ∫
∞

=
0

2

sin
)(

π
dt

t

t
i       ∫

∞

=








0

4

3

sin
)(

π
dt

t

t
ii  

Sol.                   ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− a

xsi

a

a

xsi

a

xsi
dxedxexadxe .0)||(.0

2

1

π
 

                                      


















−−








−=
















 −
−−








−=

−=

+−=

−+−=

+−=

∫

∫

∫∫

∫

−−

−

22

0

2

0

0

1
0

cos
0

2

cos
)1(

sin
)(

2

cos)(
2

0cos)||(
2

2

sin)||(
2

1
cos)||(

2

1

)sin(cos)||(
2

1

ss

sa

s

sx

s

sx
xa

dxsxxa

dxsxxa

dxsxxaidxsxxa

dxsxisxxa

a

a

a

a

a

a

a

a

a

π

π

π

π

ππ

π

 

                2

cos12
)]([.).(

s

as
xfFei

−
=

π
 

            Using inverse Fourier transform, we have 

                              

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

as

dsexfFxf
xsi

)sin(cos
cos12

2

1

)]([
2

1
)(

2ππ

π

 

                                      ∫∫
∞

∞−

∞

∞−








 −
−







 −
= dssx

s

as
idssx

s

as
sin

cos11
cos

cos11
22 ππ

 

                                      0cos
cos12

0

2
−







 −
= ∫

∞

dssx
s

as

π
 

                          

)0(
2

cos1

0

)(
2

cos
cos1

0

2

0

2

fds
s

sa

getwexPut

xfdssx
s

as

π

π

=






 −

=

=






 −

∫

∫

∞

∞
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2

sin

24

sin2
2

)(
2

2

4

2cos1

0

2

0

2

2

0
2

2

π

π

π

=








=








=


















−

∫

∫

∫

∞

∞

∞

dt
t

t

a
dt

t

t
a

a
a

dt

a

t

t

 

                         This proves (i) 
              Using Parseval’s identity, we have 

                          

3

sin
.).(

3

2sin

2

4

3

2sin2

2

3
}0{2

2cos1

16

8

3

)(
2

2

/4

2cos14

)(2
cos14

)||(
cos12

.0)||(.0
cos12

|)(||)(|

0

4

0

2

2

2

3

0

2

2

23

3

0

2

2

3

0

3

0

2

22

0

2

0

2

2

2

2

2

2

2

2

22

π

π

π

π

π

π

π

π

=








=








=
























−−=







 −










−

−
=







 −

−=






 −

−=






 −

+−+=














 −

=

∫

∫

∫

∫

∫

∫∫

∫∫

∫∫∫∫

∫∫

∞

∞

∞

∞

∞

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

dt
t

t
ei

dt
t

t

a
dt

t

ta

a
dt

t

ta

xa

a

dt

at

t

dxxads
s

as

dxxads
s

as

dxdxxadxds
s

as

dxxfdssF

a

a

a

a

a

a

a

a

 

 
 

6.  Find the Fourier sine and cosine transform of 




>

<<
=

ax

axx
xf

,0

0,sin
)(  

Sol.    ∫
∞

=
0

sin)(
2

)]([ dxsxxfxfFs
π

 

                        

∫

∫∫

+−−=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1cos()1[cos(
2

12

sin.0sinsin
2

π

π
 

 

 

 

f (x) = a – | x | 

f (0) = a – 0 = a 

2sinAsinB = cos(A – B) – cos(A + B) 

Put  as = 2t 

     ads = 2dt 

Put  as = 2t 

     ads = 2dt 
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+

+
−

−

−
=









−−









+

+
−

−

−
=








+

+
−

−

−
=

1

)1sin(

1

)1sin(

2

1

}00{
1

)1sin(

1

)1sin(

2

1

1

)1sin(

1

)1sin(

2

1

0

s

as

s

as

s

as

s

as

s

xs

s

xs
a

π

π

π

 

 

             ∫
∞

=
0

cos)(
2

)]([ dxsxxfxfFc
π

 

                           

∫

∫∫

−−+=









+=

∞

a

a

a

dxxsxs

dxsxdxsxx

0

0

])1sin()1[sin(
2

12

cos.0cossin
2

π

π
 

                                     








−

−+
=








−
−

−

+
=













−+

++−−
−













−+

++++−−
=


















−
+

+

−
−









−

−
+

+

+−
=








−

−
+

+

+−
=

1

1coscossinsin2

1

2

1

coscos2sinsin2

2

1

)1)(1(

)1()1(

)1)(1(

]sinsincos)[cos1(]sinsincoscos)[1(

2

1

1

1

1

1

1

)1cos(

1

)1cos(

2

1

1

)1cos(

1

)1cos(

2

1

2

22

0

s

asaasas

ss

asaasas

ss

ss

ss

asaasasasaasas

sss

as

s

as

s

xs

s

xs
a

π

π

π

π

π

 

 

7.   Find the Fourier transform of 




≥

<−
=

1||,0

1||,1
)(

2

x

xx
xf  

           Hence deduce that ∫
∞

=
−

0

3 4

cossin
)(

π
ds

s

sss
i       ∫

∞

=
−

0

3 16

3

2
cos

cossin
)(

π
ds

s

s

sss
ii  

                            ∫
∞

=






 −

0

2

3 15

cossin
)(

π
ds

s

sss
iii  

 Sol.                  ∫
∞

∞−

= dxexfxfF
xsi)(

2

1
)]([

π
 

                                      











+−+= ∫∫∫

∞

−

−

∞− 1

1

1

2

1

.0)1(.0
2

1
dxedxexdxe

xsixsixsi

π
 

                                                     

∫∫

∫

−−

−

−+−=

+−=

1

1

2

1

1

2

1

1

2

sin)1(
2

1
cos)1(

2

1

)sin(cos)1(
2

1

dxsxxidxsxx

dxsxisxx

ππ

π

 

2cosAsinB = sin(A + B) – sin(A – B) 
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+−−









+−=
















 −
−+







 −
−−








−=

+−= ∫

}000{
sin2cos2

0
2

sin
)2(

cos
)2(

sin
)1(

2

0cos)1(
2

2

32

1

0

32

2

1

0

2

s

s

s

s

s

sx

s

sx
x

s

sx
x

dxsxx

π

π

π

 

             




 −
=

3

cossin2
2)]([.).(

s

sss
xfFei

π
 

           Using inverse Fourier transform, we have 

                  

∫

∫
∞

∞−

∞

∞−

−

−






 −
=

=

dssxisx
s

sss

dsexfFxf
xsi

)sin(cos
cossin2

2
2

1

)]([
2

1
)(

3ππ

π
 

                               

0cos
cossin4

sin
cossin2

cos
cossin2

0

3

33

−






 −
=








 −
−







 −
=

∫

∫∫
∞

∞

∞−

∞

∞−

dssx
s

sss

dssx
s

sss
idssx

s

sss

π

ππ
 

                 

)(
4

)1(
4

)0(
4

cossin

)1(0

)1()(
4

cos
cossin

0

3

0

3

iprovesThis

fds
s

sss

getweequationinxPut

xfdssx
s

sss

ππ

π

π

==

=






 −

=

−−−−−−−=






 −

∫

∫

∞

∞

 

                         

)(
16

3

4

3

44

1
1

4

2

1

42
cos

cossin

)1(
2

1

0

3

iiprovesThis

fds
s

s

sss

getweequationinxPut

πππ

π

=







=








−=









=







 −

=

∫
∞

 

               Using Parseval’s identity, we have 

                               

∫

∫∫

∫∫

∫∫∫∫

∫∫

−+=

−=






 −

−=






 −

+−+=














 −

=

∞

−

∞

∞−

∞

−

−

∞−

∞

∞−

∞

∞−

∞

∞−

1

0

24

1

0

22

0

2

3

1

1

22

2

3

1

1

1

22

12

3

22

)21(2

)1(2
cossin16

)1(
cossin8

.0)1(.0
cossin2

2

|)(||)(|

dxxx

dxxds
s

sss

dxxds
s

sss

dxdxxdxds
s

sss

dxxfdssF

π

π

π

 

f (x) = 1 – x
2
 

f (0) = 1 – 0 = 1 

 

f (x) = 1 – x
2
 

f (
2

1
) = 1 – 

4

1
 = 

4

3
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)(
15

cossin

15

16cossin16

15

8
2

}000{
3

2

5

1
12

3

2

5
2

0

2

3

0

2

3

1

0

35

iiiprovesThisds
s

sss

ds
s

sss

xx
x

π

π

=






 −

=






 −







=









−+−









−+=









−+=

∫

∫
∞

∞

 

 

            

            
 

                                                        

 

 

 

 

 

 

 

 

 

 

 

 

 



  

UUNNIITT  VV  

ZZ--TTRRAANNSSFFOORRMMSS  AANNDD  

DDIIFFFFEERREENNCCEE  EEQQUUAATTIIOONNSS  
  

5.1. DEFINITION:  (ONE-SIDED OR UNILATERAL) 
 

 

Let  ( )f n  be a sequence defined for all positive integers 0,1,2,n   , 

then Z-transform of  ( )f n  is defined as 

 
0

( ) ( ) n

n

Z f n f n z






  , 

where z is an arbitrary complex variable. 

 

5.2. DEFINITION:  (Z-TRANSFORM FOR DISCRETE VALUES OF t) 
 

If ( )f t  is a function defined for discrete values of t, where 

, 0,1,2, ,t nT n   T  being the sampling period, then Z-transform of ( )f t  is 

defined as  

 
0

( ) ( ) n

n

Z f t f nT z






   

 

5.3. NOTE: 
 

(i)  
1 2 31 1x x x x


        if 1x   

(ii)       
1 2 31 1x x x x


       

(iii)     
2 2 31 1 2 3 4x x x x


     
 

 

(iv)     
2 2 31 1 2 3 4x x x x


       

(v)      
2

1
1! 2!

x x x
e      



UNIT V 5.1 

 

(vi)      
2

1
1! 2!

x x x
e      

(vii)     
2 3 4

log 1
2 3 4

x x x
x x       if 1x   

(viii)   
2 3 4

log 1
2 3 4

x x x
x x        

(ix)    
1

2 1
1

1

r
r a

a a a
a

 
    


. 

 

5.4. EXAMPLES: 
 

 

 

(1)
1

z
Z

z



 

PROOF:       
0

( ) ( ) n

n

Z f n f n z






   

         
0

(1) (1) n

n

Z z






 
0

1
n

n z





  2

1 1
1

z z
     

   

1
1

1
z


 

   
      , 

1
1

z
         1 2 31 1x x x x


       

   

1
1z

z


 

   
     

, 1z   

                          
 1

1

z
Z

z

 
   

. 

 

 

( )n
z

Z a
z a




   if  z a  

PROOF:  

             

 
0

( ) ( ) n

n

Z f n f n z






   

                 
0

n n n

n

Z a a z






 
0

n

n

a

z





 
   

2

1
a a

z z

   
         

 

 Example:  1 

EXAMPLE: 1 
 

 Example:  2 

EXAMPLE: 1 
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1

1 , if 1
a a

z z


 

    
 

               

1
z a

z


 

   
 

        
  , ifn z

Z a a z
z a

 
   

 

 

 
 

     
 

2
( )

1

z
Z n

z



 

PROOF:  

    
0

( ) ( ) n

n

Z f n f n z






   

           
0

n

n

Z n n z






  2

1 2
0

z z
   

2

1 2 3
1

z z z

 
     

 

               

2
1 1 1

1 2 3
z z z

    
           

 

                          

2
1 1

1
z z


 

   

2
1 1z

z z


 

   

2
1

1

z

z z

 
   

 

                      
 

2
( )

1

z
Z n

z



. 

 

 

 
 

1
log , if 1, 0

1

z
Z z n
n z

   
        

 

PROOF:       
0

( ) ( ) n

n

Z f n f n z






   

          
1

1 1 n

n

Z z
n n






 
   

1

1
n

n nz





  2 3

1 1 1

2 3z z z
     

                              

2 3
1 1 1 1 1

2 3z z z

     
             

 

 Example:  3 

EXAMPLE: 1 
 

 Example:  4 

EXAMPLE: 1 
 



UNIT V 5.3 

 

                           

1
log 1

z

 
    

   
2 3 4

log 1
2 3 4

x x x
x x

 
       

 
 

                           

1
log

z

z

 
    

 

                

1
log

1

z
Z
n z

   
      

 

 

 

 
 

1
log

1 1

z
Z z
n z

   
       

 

PROOF:     
0

( ) ( ) n

n

Z f n f n z






   

 
0

1 1

1 1

n

n

Z z
n n






 
   


 
 0

1

1 n
n n z









 

2

1 1
1

2 3z z
     

     
2 3

1 1 1

2 3
z
z z z

 
     

             and by z   

    

2 3
1 1 1 1 1

2 3
z

z z z

      
               

 

     

1
log 1z

z

  
      

1
log

z
z

z

 
    

 

          

1
log

1 1

z
Z z
n z

   
       

. 

 

 

 

1 1
log , 1

1 1

z
Z n
n z z

   
        

  

PROOF:      

  

 
0

( ) ( ) n

n

Z f n f n z






   

   
2

1 1

1 1

n

n

Z z
n n






 
   


 2

1

1 n
n n z








 2 3 4

1 1 1

2 3z z z
     

                                     

2 3
1 1 1 1 1 1

2 3z z z z

      
               

 

 Example:  5 

EXAMPLE: 1 
 

 Example:  6 

EXAMPLE: 1 
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1 1
log 1

z z

  
      

1 1
log

z

z z

  
      

 

                     

1 1
log

1 1

z
Z
n z z
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PROOF: 
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z z
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z z


 

     

2

2

a z
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2
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az
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5.5. LINEAR PROPERTY: 
 

     ( ) ( ) ( ) ( )Z af n bg n aZ f n bZ g n    

             ( ) ( )a F z bG z   
 

5.6. NOTE: 

  (i)  (1)
1

z
Z

z


      
  (ii)  ( ) , ifn z

Z a z a
z a

 
  

 

 
 

Find ( )Z k  

SOLUTION: ( ) (1)Z k k Z

 1

z
k
z

 
     

 

 

Find   1
n

Z   
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SOLUTION: 

Since   ( )n
z

Z a
z a




 

         (( 1) )
( 1)

n z
Z

z
 

  1

z

z


  

 

 

Prove that  an

a

z
Z e

z e







 

PROOF: 

Since    n z
Z a

z a



 

       
n

a

a

z
Z e

z e





 
   

. 

 

 

Find (cos )Z n  and (sin )Z n . 

SOLUTION: 

Let         ia e   

          cos sinn ina e n i n      

We know that        ( )n
z

Z a
z a




 

                             ( ) ( )n i nZ a Z e 
i

z

z e 



 

         
 

(cos sin )
cos sin

z
Z n i n

z i
 

 
 

 
 

                                       
 cos sin

z

z i 


 
 

                                       
 

 
 

cos sin

cos sin cos sin

z iz

z i z i

 

   

 


   
 

                                       

 

 2 2

cos sin

cos sin

z z iz
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2 2 2

cos sin

cos 2 cos sin

z z iz

z z
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2

cos sin

2 cos 1

z z iz

z z

 



 


 
 

    

 
2 2

cos sin
(cos ) (sin )

2 cos 1 2 cos 1

z z iz
Z n iZ n

z z z z

 
 

 


  

   
 

Equating real and imaginary parts, we get 

 
2

cos
(cos )

2 cos 1

z z
Z n

z z









 
 

2

sin
(sin )

2 cos 1

z
Z n

z z







 
 

NOTE: 

We know that   
0

( ) ( ) n

n

Z f t f nT z






   

          
0

sin sin n

n

Z at anT z






   

            0

sin . , wheren

n

n z aT 






   

            (sin )Z n  

            
2

sin

2 cos 1

z

z z






  2

sin

2 cos 1

z aT

z z aT


 
 

                    
2

( cos )
(cos )

2 cos 1

ly z z aT
lll Z at

z z aT




 
. 

 

 

Find ( cos )nZ r n  and ( sin )nZ r n  

SOLUTION: 

Hints:    Let ia re   

               (cos sin )n n in na r e r n i n      

Answer: 

      
 

2 2

cos
( cos )

2 cos

n z z r
Z r n

z zr r









 
 

   
2 2

sin
( sin )

2 cos

n zr
Z r n

z zr r







 
. 
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Find ( )Z t  

SOLUTION: 

         
0

( ) ( ) n

n

Z f t f nT z






   

                
0

n

n

Z t nT z






 
0

n

n

T n z






  ( )T Z n  

                                   
 

2
1

z
T
z




  
 2
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1

z
Z n
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Find ( )atZ e  
 

SOLUTION: 

 
0

( ) ( ) n

n

Z f t f nT z






   

             
0

at anT n

n

Z e e z


  



   
0

n
aT n

n

e z


 



   

            
 

n
aTZ e

 
aT

z

z e


    

( )n
z

Z a
z a

 
  

 

 

 

Find 
1

( 1)
Z
n n

 
  

 

 

SOLUTION: 

Now  
1

( 1) 1

A B

n n n n
 

 
 

   

( 1) ( )

( 1)

A n B n

n n

 



 

   ( 1) ( ) 1A n B n    

Put 0n     (1) (0) 1 1A B A     

Put 1n   :   (0) ( 1) 1 1A B B       

      
1 1 1

( 1) 1n n n n
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1 1 1

( 1) 1
Z Z
n n n n

   
       

1 1

1
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n n

   
       

 

    

log log
1 1

z z
z

z z

   
        

(1 ) log
1

z
z
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Find the Z-transform of 
   

1

1 2n n 
 

SOLUTION: 

   
   
   

2 11

1 2 1 2 1 2

A n B nA B

n n n n n n

  
  

     
 

      2 1 1A n B n     

Put 1 :z        1 1A        1A   

Put 2 :z  
   1 1B            1B    

         
   

1 1 1

1 2 1 2n n n n
 

   
 

   
   

1 1 1

1 2 1 2
Z Z

n n n n
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1 2
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n n
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1 1 1 1 1 1 1 1 1

1
2 3 2 3 4z z z z

          
                              

 

   

2 3 2 3
21 1 1 1 1 1 1 1 1
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z z z

      
                  

 

   

21 1
log 1 log 1z z z

z z

   
           

 

   
 2 1
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Find  2cosZ t  

SOLUTION: 

   2 1 cos2
cos

2

t
Z t Z

 
   

 
1

(1) (cos2 )
2
Z Z t 

    

         
2

1 ( cos2 )

2 1 2 cos2 1

z z z T

z z z T

 
       

5.7. EXERCISE: 

1. Find 2(sin )Z t  

2. 3(cos )Z t  

3. 3(sin )Z t  
 

5.8. HINTS: 

    (i)     3sin3 3sin 4sinA A A   

    (ii)    3cos3 4cos 3cosA A A   

 

5.9. PROPERTIES OF Z-TRANSFORM: 

 

 
 

FIRST SHIFTING THEOREM: 
 

If  ( ) ( )Z f t F z  then  

(i)     ( ) ( )at aTZ e f t F z e   

(ii)    ( ) ( )at aTZ e f t F z e  

(iii)   ( )n z
Z a f t F

a

 
   

 

(iv)    ( )n z
Z a f n F

a

 
   

 

PROOF: 
 

(i) We know that  

   

 
0

( ) ( ) n

n

Z f t f nT z
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0

( ) ( )at anT n
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 ( ) aTz z
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(iii) We know that   
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Z f t f nT z
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0
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 ( ) z

z
a

Z f t


  ( ) z
z

a

F z


  

  
 ( )n z

Z a f t F
a

 
   

. 

 

 

 

DIFFERENTIATION  IN Z-DOMAIN: 

   ( ) ( )
d

Z n f n z F z
dz

  , where  ( ) ( )F z Z f n . 

PROOF: 

   ( ) ( )F z Z f n  

0

( ) ( ) n

n

F z f n z






   

              

  1

0

( ) ( ) ( ) n

n

d
F z f n n z

dz


 



 
0

1
( ) n

n

f n n z
z






    

        

 
0

( ) ( ) n

n

d
z F z n f n z
dz






    ( )Z n f n  

             ( ) ( )
d

Z n f n z F z
dz

 
 

 

 

 

 

SECOND SHIFTING THEOREM: 

(i)     ( 1) ( ) (0)Z f n z F z zf    

 Property:  2 
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PROOF: 

  
0

( 1) ( 1) n

n

Z f n f n z






   1

0

( 1) n

n

f n z z z


 



   

          

  ( 1)

0

( 1) ( 1) n

n

Z f n z f n z


 



    

put 1n m   

      1

( ) m

m

z f m z






 
0

( ) (0)m

m

z f m z f






 
  

  
  

      ( ) (0)z F z f   

         ( 1) ( ) (0)Z f n z F z zf   . 

 

(ii)     ( ) ( ) (0)Z f t T z F z zf    

PROOF: 

  
0

( ) ( ) n

n

Z f t T f nT T z






   1

0

( ) n

n

f nT T z z z
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0
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z f mT z f






 
  

  
  

                           ( ) (0)z F z f   

        ( ) ( ) (0)Z f t T z F z zf   . 

 

 

 
 

INITIAL VALUE THEOREM: 

 If ( ) ( ) then (0) lim ( )
z

Z f t F z f F z


   

PROOF: 

  ( ) ( )F z Z f t  
0

( ) n

n

f nT z






  2

(1. ) (2. )
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f T f T
f T

z z
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z z
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2

( ) (2 )
lim ( ) lim (0)
z z

f T f T
F z f

z z
(0)f  

(i.e.)     (0) lim ( )
z

f F z


 . 

NOTE: 

 If ( ) ( ) then (0) lim ( )
z

Z f n F z f F z


   

 

 

 

FINAL VALUE THEOREM: 

 

   
1

If ( ) ( ) then lim ( ) lim 1 ( )
t z

Z f t F z f t z F z
 

    

PROOF: 
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z
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 lim ( )
t
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(i.e.)             
1

lim ( ) lim 1 ( )
t z

f t z F z
 

  . 

NOTE:           
1

If ( ) ( ) then lim ( ) lim 1 ( )
n z

Z f n F z f n z F z
 

    

 

5.10. EXAMPLES BASED ON PROPERTIES: 

 

 

 

Find  atZ e t . 

SOLUTION: 
 

We know that     ( ) ( ) aT
at

z z e
Z e f t Z f t


 ( ) aTz z e

F z
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0

( ) ( ) n

n

Z f t f nT z
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Z t nT z
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2
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2
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1 2 3T
z z z

      
               

 

        

2
1

1
T

z z


 

   

2
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2

1

T z
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2
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T z
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2
1 aT

at
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T z
Z e t
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2

1

aT

aT

T z e

z e
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Find  nZ a n . 
 

SOLUTION: 
 

We know that 

 ( )n z
Z a f n F

a

 
   

 

Now,   
0

( ) ( ) n

n

Z f n f n z
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0

n
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Z n n z
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1 2
0
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1 2 3
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2
1 1 1

1 2 3
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2
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1
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z
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2
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1

z
Z n
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n

z
z

a

z
Z a n
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2

1

z

a

z
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2

z

a
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2

2
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a z a

 
 
    




2
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Find  2Z n . 

SOLUTION: 

We know that  

   ( ) ( )
d

Z n f n z F z
dz

   

     
     2 . ( )

d
Z n Z n n z Z n

dz
    

Now, 
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n
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Z n n z
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1
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2
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2
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Find the Z-transform of cosn  and sinn . Hence deduce that Z-transform of 

 cos 1n   and  sin 1n   

SOLUTION: 

We know that   
 

2

cos
cos

2 cos 1

z z
Z n

z z









 
 and  

2

sin
sin

2 cos 1

z
Z n

z z







 
 

Since         1 0Z f n z F z z f    

         
 

2

cos
cos 1 1

2 cos 1

z z
Z n z

z z






 
   

  

2z
z

2cosz z 
2

2 cos 1

2 cos 1
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z z





  
 

   

 

        
 

2

cos 1

2 cos 1

z z
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2

sin
sin 1 0

2 cos 1

z
Z n z
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2

2

sin

2 cos 1

z

z z
 

 

 

Find  cosnZ a n  and  sinnZ a n  

SOLUTION: 

We know that    
 

2

cos
cos

2 cos 1

z z
Z n

z z









 
 and  

2

sin
sin

2 cos 1

z
Z n

z z







 
 

By scaling property,   cosn z
Z a n F
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2
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z

a
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2 2

2
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And         sinn z
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z
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2
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a



  2 2

sin

2 cos
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Find sin
2

n
Z

  
    

 and cos
2

n
Z

  
    

 and also find sin
2

n n
Z a

  
    

 and 

cos
2

n n
Z a

  
    

 
SOLUTION: 

We know that   
2

sin
sin

2 cos 1

z
Z n

z z







 
 and  

 
2

cos
cos

2 cos 1

z z
Z n

z z









 
    

   
2
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2
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2

2 cos 1
2

z
n

Z

z z
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1

2 0 1

z

z z


  2 1

z

z
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2

2

sin
2

1

n

z

n aZ a
z

a
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2

z

a

z a
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 2 2
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2
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2
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2

2 cos 1
2

z z
n

Z

z z
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0
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z z
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2

2 1

z
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2

2

2

2

cos
2

1

n

z

n aZ a
z
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2

2

z

a


2 2

2

z a
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2

2 2

z

z a


  

 

 

 

Find 2sin
4

n
Z

  
    

 and 2cos
4

n
Z

  
    

 

SOLUTION: 

We know that 
2

2
cos

2 1

n z
Z

z
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2

1 cos 2
4

sin
4 2

n

n
Z Z





  
      

       
 
 

1
1 cos

2 2

n
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1

1 cos
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n
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2

1

2 1 1

z z
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And              2

1 cos 2
4
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4 2

n

n
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1
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n
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1

1 cos
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n
Z Z

   
       

2

2

1

2 1 1

z z

z z

 
  

   

 

  

 

 

Find the Z-transform of sinnna n  

SOLUTION: 

 Since    
2

sin
sin

2 cos 1

z
Z n

z z







 
 

By scaling property,   sinn z
Z a n F

a
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2

sin

sin

2 cos 1

n

z

aZ a n
z z

aa
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a


2 2

2
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2 cosz z a a

a
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   2 2

sin
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n d az
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2 2

2
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2 cos sin sin 2 2 cos
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z a z a a az z a
z
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2 2sin 2 sin cosaz a z
z

  
 

3 2 2sin 2 sin 2 sin cosa az a z     

 
2

2 22 cosz a z a

 
 
 

  
 

 

             
 

3 2

2
2 2

sin sin

2 cos

a az
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2 2

2
2 2

sin

2 cos
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5.11. INVERSE Z-TRANSFORM: 
 

5.11.1. DEFINITION: 

 

If ( ( )) ( )Z f n F z  then inverse Z-transform is defined as    

 1( ) ( )f n Z F z
 

5.11.2. NOTE: 

(i)       1 nz
Z a

z a

  
  

 

(ii)     
 

1 1

2

nz
Z na

z a

 
 

 
  

 

(iii)     1 11 nZ a
z a

  
    

(iv)     
 

 
2

1

2
1 nz

Z n a
z a


 

  
  

  

(v)      
 

   
2

1

2
1

nz
Z n a

z a


 

   
  

 

(vi)     
2

1

2 2
cos

2

nz n
Z a

z a


   

      
 

(vii)    1

2 2
sin

2

naz n
Z a

z a

    
        

(viii)   
 

 1

3

8
1 nz

Z n n a
z a
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5.11.3. TYPE: I  (METHOD OF PARTIAL FRACTION) 
 

 

 

Find 
   

1 10

1 2

z
Z

z z

  
 

  
 

SOLUTION: 

Let    
   

10
( )

1 2

z
F z

z z


 
 

        
   

( ) 10

1 2

F z

z z z


 
 

              
   

( ) 10

1 2 1 2

F z A B

z z z z z
  

       
( 2) ( 1)

1 2

A z B z

z z

  


 
 

   ( 2) ( 1) 10A z B z     

put 1 :z       ( 1) 10 10A A      

put 2 :z         (1) 10 10B B    

   
( ) 10 10

1 2

F z

z z z


 

 
 

    
10 10

( )
1 2

z z
F z

z z


 

 
 

Taking 1Z  on both sides, 

 1 1 1( ) 10 10
1 2

z z
Z F z Z Z

z z

     
         

   

        10 (1 ) 10 (2 )n n              1 nz
Z a

z a

  
     

 

( ) 10 (2 1)nf n   . 

 

 

 

Find 
   

3
1

2
1 2

z
Z

z z


 
 
   

 using partial fraction 

SOLUTION: 

Let   
   

3

2
( )

1 2

z
F z

z z


 
 

 Example:  1 

EXAMPLE: 1 
 

 Example:  2 

EXAMPLE: 1 
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2

2

( )

1 2

F z z

z z z


 
 

   
     

2

2 2

( )

1 21 2 1

F z z A B C

z z zz z z
   

   
 

     

   

   

2

2

1 ( 2) ( 2) 1

1 2

A z z B z C z

z z

     


 
 

     
2 21 ( 2) ( 2) 1A z z B z C z z        

Put 1z  :  ( 1) 1 1B B      

Put 2 :z                 (1) 4 4C C    

Equating the coefficient of 2z : 

  1A C        1 1 4 3A C       

 
 

2

( ) 3 1 4

1 21

F z

z z zz

 
  

 
    

  
 

2

3 4
( )

1 21

z z z
F z

z zz


  

 
 

Taking 1Z  on both sides, 

 

 
 

1 1 1 1

2
( ) 3 4

1 21

z z z
Z F z Z Z Z

z zz

   
 

   
             

   

             

13(1 ) (1 ) 4 (2 )n n nn      

            ( ) 3 4 (2 )nf n n    . 
 

 

 

 

Find 
 

   

2

1

2

2

1 1

z z z
Z

z z


  
 
   

 

using partial fraction method 

SOLUTION: 

Let     
 

   

2

2

2

1 1

z z z
F z

z z

 


 
 

  
 

     

2

2 2

2

1 11 1 1

F z z z A B C

z z zz z z

 
   

   
 

 Example:  3 

EXAMPLE: 1 
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2

2

1 1 1 1

1 1

A z B z z C z

z z

     


 
 

          
2 21 1 1 1 2A z B z z C z z z          

Put 1 :z         4 0 0 1 1 2A     
 
   4 4A        1A   

Put 1 :z        0 0 2 1 1 2C           2 2C         1C   

Put 0 :z       2A B C      2B A C   1 1 2       0B   

  
 

 2
1 1

0
1 1

F z

z z z
  

 
 

   
 

21 1

z z
F z

z z
 

 
 

    
 

1 1

21 1

z z
Z F z Z

z z

 
 

  
     

1 1

21 1

z z
Z Z

z z

 
 

 
         

 

              1
n

f n n  
.
 

 

 
 

Find 
   

2
1

22 4

z
Z

z z


 
 
   

 

using partial fraction  

SOLUTION: 

Let   
   

2

22 4

z
F z

z z


 
 

  
 

   
 

22 2 42 4

F z Bz cz A

z z zz z


  

  

     

   

2

2

4 2

2 4

A z Bz c z

z z

   


 
 

               2 4 2A z Bz c z z      

Put 2z         8 0 2A     
 

2

8
A


    

1

4
A    

2Equating the coeff. of :z   0A B        B A    

 

1

4
B   

Equating the constant term :     4 2 0A C        2 4C A     
1

2
C   

 Example:  4 

EXAMPLE: 1 
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2

1 11

4 24

2 4

z
F z

z z z

 
   

 
 

 

 
2

2 2

1 1 1

4 2 4 24 4

z z z
F z

z z z
   

  
 

    
2

1 1

2 2

1 1 1

4 2 4 24 4

z z z
Z F z Z

z z z

 
 

    
   

 

        

2
1 1 1

2 2

1 1 1 2

4 2 4 44 4

z z z
Z Z Z

z z z

  
    

             
 

           
   

1 1 1
2 2 cos 2 sin

4 4 2 4 2

n n nn n
f n

    
          

 

 

 

Find 
   

3
1

2 2

3

1 1

z z
Z

z z



 


 
   

using partial fraction method  

SOLUTION: 

Let    
   

3

2 2

3

1 1

z z
F z

z z




 
 

  
 

     

 2

2 2 22

3

1 11 1 1

F z Cz Dz A B

z z zz z z


   

   
 

                                                

         

   

22 2

2 2

1 1 1 1

1 1

A z z B z Cz D z

z z

      


 
 

                   
22 2 21 1 1 1 3A z z B z Cz D z z          

Put 1 :z     0 2 0 4B       2B   

3Equatingthecoeff.of :z  

      0A C           (1) 

2Equatingthecoeff.of :z  

     2 1A B C D      

2 1 1 2 1A C D B                 (2) 

Put 0 :z   

       1 1 1 1 3A B D     

 Example:  5 

EXAMPLE: 1 
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                                    3 3 2 1A D B             (3) 

(2)     2 1A A D       

     1A D    

(3)        1A D    

         2 0D   

0D   

(3)        1A D                1A          1A    

(1)        0A C            1 1C A        1C   

  
 

 

 
2 2

01 2

1 11

F z z

z z zz


  

 
 

            

 
 

2

2 2

2

1 11

z z z
F z

z zz
   

 
 

      
 

2
1 1 1 1

2 2
2

1 11

z z z
Z F z Z Z Z

z zz

   
    

             

 

                     
 1 2 1 cos

2

n n n
n

 
      

 

                        
  1 2 cos

2

n
f n n

 
      

.

 

 

 

 

Find 
   

3
1

3

20

2 4

z z
Z

z z


 
 
   

 

SOLUTION: 

Let   
   

3

3

20

2 4

z z
F z

z z




 
 

 

       

2

3 2 3

20

2 42 4 2 2

F z z A B C D

z z zz z z z


    

    
 

                                    

           

   

2 3

3

2 4 2 4 4 2

2 4

A z z B z z C z D z

z z

        


 
 

 Example:  6 

EXAMPLE: 1 
 



UNIT V 5.25 

 

             
2 3 22 4 2 4 4 2 20A z z B z z C z D z z            

Put 4 :z         8 16 20D  
   
   

1

2
D    

Put 2 :z 
         2 4 20C   

  
     8C   

3Equatingthecoeff.of :z      0A D       
 

1

2
A D

 
      

 



 

1

2
A   

Put 0 :z             4 4 2 4 4 8 20A B C D           

              16 8 4 8 20A B C D        

                  4 2 2 5A B C D       

           2 5 4 2B A C D      

                 

1 1
5 4 8 2

2 2

   
           

 

                 5 2 8 1      

            2 4B   

             2B   

  
 

   2 3

1/2 2 8 1/2

2 42 2

F z

z z zz z


   

  
 

            

 
   

2 3

1 2 8 1

2 2 2 42 2

z z z z
F z

z zz z
   

  
 

    
   

1 1

2 3

1 2 8 1

2 2 2 42 2

z z z z
Z F z Z

z zz z

 
 

    
    

 

        
   

1 1 1 1

2 3

1 8 1
2

2 2 2 42 2

z z z z
Z Z Z Z

z zz z

   
   

   
                    

 

        
       11 1
2 2 2 1 2 4

2 2

n n n nn n n      

                     
       1 1

2 2 1 2 4
2 2

n n n nf n n n n    
 

 

5.11.4. EXERCISE: 

 

      (i)        
   

1 4

2 3

z
Z

z z
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     ANSWER:   
   

1 14 6 7

2 3 2 3

z
Z Z

z z z z

    
         

1 16( 2) 7( 3)n n       

 

     (ii)      
   

1

2

4

1 2

z
Z

z z


 
 
   

 

 

     ANSWER:  
     

1 1

2 2

4 3 2 3

1 21 2 2

z
Z Z

z zz z z

 
    
     

         

   

                       1 1 13(1 ) ( 1) 2 3 2n n nn        

 

5.11.5. TYPE: II (METHOD OF RESIDUES) (CAUCHY’S RESIDUE   

THEOREM) 

 

5.11.6. DEFINITION: 
 

If ( ( )) ( )Z f n F z  then 

    1( ) ( )f n Z F z   

11
( )

2

n

c

z F z dz
i

 
  

, where c is the closed contour  

which encloses all the poles of the integrand. 

where  
1

1 sum of the residues of ( )
( ) 2

at each of its poles

n
n

c

z F z
z F z dz i




 
  

 


 
 

 

5.11.7. NOTE: 
 

(ii) If z a  is a simple pole of ( )f z  then residue at z a  is 

             lim ( )
z a

z a f z



 

 

(ii)      If z a  is a pole of order m of ( )f z  then residue at z a  is 

                                     
 

 
1

1

1
lim ( )

1 !

m
m

mz a

d
z a f z

m dz







. 
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5.11.8. EXAMPLES: 

 
 

 

Find inverse Z-transform of 
   1 2

z

z z 
 using residue theorem. 

SOLUTION: 

Let     
   

1 ( )
1 2

z
Z f n

z z

  
 

  
 

Then  

 

11
( ) ( )

2

n

c

f n z F z dz
i

     
11

2 1 2

n

c

z
z dz

i z z


   

        
   

1

2 1 2

n

c

z
dz

i z z


                   (1) 

To find 
   1 2

n

c

z
dz

z z  :      
   

sum of the residues of ( )
2

1 2 at each of its poles

n

c

zz
dz i

z z




 
       

                                   where 
   

( )
1 2

nz
z

z z
 

 
. 

The poles are 1, 2z z  . 

Residue at 1z  : 

     Res.    
1 1

lim 1 ( )
z z

z z z 
 

      
   1

lim 1
1 2

n

z

z
z

z z
 

   1
lim

2

n

z

z

z



 

1

1

n




1  . 

Residue at 2z  : 

     Res.    
2 2

lim 2 ( )
z z

z z z 
 

      
   2

lim 2
1 2

n

z

z
z

z z
 

   2
lim

1

n

z

z

z




2

1

n

 2n . 

   
   

2 1 2
1 2

n
n

c

z
dz i

z z
    

          (2) 

Sub. (2) in (1) we get, 

       

1
( ) 2 1 2

2

nf n i
i



   
 

 

      ( ) 2 1nf n   . 

 

 Example:  1 

EXAMPLE: 1 
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Find 
 

 
1

3

1

1

z z
Z

z


 
 
  

 

 

SOLUTION: 

Let   
 

 
1

3

1
( )

1

z z
Z f n

z


 
  
  

 

Then        11
( ) ( )

2

n

c

f n z F z dz
i

 
 

 

1

3

11

2 1

n

c

z z
z dz

i z

 



  

 

 3
11

2 1

n

c

z z
dz

i z





        (1) 

To find 
 

 3
1

1

n

c

z z
dz

z




 : 

 

 3
1 sum of the residues of ( )

2
at each of its poles1

n

c

z z z
dz i

z




  
   

    where 
 

 
3

1
( )

1

nz z
z

z






. 

Here 1z   is a pole of order 3. 

Residue  
 

 

2
3

2 31 1

11
lim ( 1)

2! 1

n

z z

z zd
z z

dz z


 


    


  

2

21

1
lim 1

2

n

z

d
z z

dz
   

         
 

2
1

21

1
lim

2

n n

z

d
z z

dz




   1

1

1
lim ( 1)

2

n n

z

d
n z nz

dz




    

          
 1 2

1

1
lim ( 1) ( 1)

2

n n

z
n n z n n z 


     

         
 

1
( 1) ( 1)

2
n n n n     21

2
n n  2n n   

         
 21
2

2
n  

2n  

  
 

 
 2

3

1
2

1

n

c

z z
dz i n

z








      

    (2) 

     2 21
(1) ( ) 2 ( )

2
f n i n n

i



   . 

 

 

 

 Example:  2 

EXAMPLE: 1 
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Find 
   

2
1 z

Z
z a z b


 
 

  
 

SOLUTION: 

Let      
   

 
2

1 z
Z f n

z a z b


 

 
  

 

Then         11

2

n

c

f n z F z dz
i

     

2
11

2

n

c

z
z dz

i z a z b


   

   

11

2

n

c

z
dz

i z a z b




   

   

1

To find :
n

c

z
dz

z a z b



   

    
  

 
1

2 sum of the residues of at each of its poles
n

c

z
dz i z

z a z b
 



      

 
   

1

where
nz

z
z a z b





 

 

Here ,z a z b   are simple poles. 

Residue at z a : 

        
     Res. lim

z a z a
z z a z 

 
      lim

z a
z a


 

 

1nz

z a



  z b

1na

a b






 

Residue at z b : 

      
 

    Res. lim
z b z b

z z b z

 

 


 lim
z b

z b
   



 

1nz

z a z b

1nb

b a






 

   
   

1 1 1

2
n n n

c

z a b
dz i

z a z b a b b a


   
  

     
  

                        
1

2
f n

i
 2 i

1 1n na b

a b b a

  
 

  
 

                                
   1 11 n nf n a b

a b

  


 

 

 

 Example:  3 

EXAMPLE: 1 
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Find 
 

   

2

1

2

2

1 1

z z z
Z

z z



  
 
   

 by using residue theorem 

SOLUTION: 

Let    
 

   

2

1

2

2

1 1

z z z
f n Z

z z



  
 
   

 

Then    
 

   

2

1

2

21

2 1 1

n

c

z z z
f n z dz

i z z


 


 


 

   

2

2

21

2 1 1

n

c

z z z
dz

i z z

 


 
  

 
   

2

2

2
To find :

1 1

n

c

z z z
dz

z z

 

 
  

 
   

 

2

2

2
2 sum of the residues of at each of its poles

1 1

n

c

z z z
dz i z

z z
 

 
   

 
  

 
 

   

2

2

2
where

1 1

nz z z
z

z z


 


 
 

Here 1z    is a simple pole and 1z   is a pole of order 2. 

Residue at 1z   : 

      
     

1 1
Res. lim 1

z z
z z z 

 
      

1
lim 1
z

z


 
 

 

2 2

1

nz z z

z

 

  21z 
 

   

 2
1 1 1 2

1 1

n
  


 

 1
n

  . 

Residue at 1z  : 

         

 
 

   
1

1 1

1
Res. lim

1 !

m
m

z mz a

d
z z a z

m dz
 



 
     

 

 2
1

1
lim 1

1! z

d
z

dz
 

 
   

2

2

2

1 1

nz z z

z z

 

 

 

2 1

1

2
lim

1

n n n

z

d z z z

dz z

 



  
  

  

 

 Example:  4 

EXAMPLE: 1 
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1 1

2 1

21

1 2 1 2

2 1
lim

1

n n n

n n n

z

z n z n z nz

z z z

z

 

 



      
  

 
   

  
 
 
 
  

 

     2 2 1 2 1 1 2

4

n n n         
  
  

 

2 n


2 n  1 2 2

4

n      
 
 

 2 1 2 2

4

n  
  
 

 

1
2

2 1n 

4

 
 
 

n  

  
 

   
 

2

2

2
2 1

1 1

n
n

c

z z z
dz i n

z z


 
   
   

  

         
1

2
f n

i
 2 i  1

n
n  

  
 

            1
n

n   . 

 

 

Find 
 

2
1

3

2 4

2

z z
Z

z


 


 
  

 by using residue theorem 

SOLUTION: 

Let    
 

2
1

3

2 4

2

z z
f n Z

z


 


  

  

 

Then    
 

2
1

3

1 2 4

2 2

n

c

z z
f n z dz

i z

 





 

 3
2 21

2 2

n

c

z z
dz

i z





  

 

 3
2 2

To find :
2

n

c

z z
dz

z




  

 

 
 

3

2 2
2 sum of the residue of at each of its poles

2

n

c

z z
dz i z

z
 


   


  

 Example:  5 

EXAMPLE: 1 
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 3
2 2

where
2

nz z
z

z






 

Here 2z   is a pole of order 3. 

Residue at 2z  : 

         

 
 

   
1

2 12

1
Res. lim 2

1 !

m
m

z mz

d
z z z

m dz
 



 
     

 

1

2!
  

2
3

22
lim 2
z

d
z

dz


2  

 3
2

2

nz z

z





 

2
1

22
lim 2n n

z

d
z z

dz





  
 

  1

2
lim 1 2n n

z

d
n z nz

dz





   
 

 

   1 2

2
lim 1 2 1n n

z
n n z n n z 



    
 

 

   1 21 2 2 1 2n nn n n n      

   1 11 2 1 2n nn n n n    
1 22n n n  2n n    

 1 22 2n n 22nn  

 
 

 

2

3

2 2
2 2

2

n
n

c

z z
dz i n

z



 
 


  

          
1

2
f n

i
 2 i 22n n 

 
22n n . 

 

 

5.11.9.  DEFINITION:    (CONVOLUTION) 
 

The convolution of two sequence  ( )f n  and  ( )g n  is defined as   

 
0

( ) * ( ) ( ) ( )
n

r

f n g n f r g n r


  . 

The convolution of two functions ( )f t  and ( )g t  is defined as 

                    0

( ) * ( ) ( ) ( )
n

r

f t g t f rT g n r T


  ,    where T is the sampling period. 
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5.11.10. CONVOLUTION THEOREM: 
 

(i)   ( ) * ( ) ( ). ( )Z f n g n F z G z  

     where    ( ) ( ) and ( ) ( )Z f n F z Z g n G z   

(ii)       ( ) * ( ) ( ). ( )Z f t g t F z G z  

     where    ( ) ( ) and ( ) ( )Z f t F z Z g t G z  . 

PROOF: 

     (i)        
0

( ) ( ) ( ) n

n

F z z f n f n z






  
        

 
0

( ) ( ) ( ) n

n

G z z g n g n z






  
 

 

0 0

( ). ( ) ( ) ( )n n

n n

F z G z f n z g n z
 

 

 

     

                     
 1 2(0) (1) (2) ( ) nf f z f z f n z        

              
 1 2(0) (1) (2) ( ) ng g z g z g n z       

                     

  1

0

(0) (0) (0) (1) (1) (0) ( ) ( )
n

n

r

f g f g f g z f r g n r z 



  
        

   
  

          0 0

( ) ( )
n

n

n r

f r g n r z




 

 
  

  
   

0

( ) * ( ) n

n

f n g n z






   ( ) * ( )Z f n g n  

 (i.e.) ( ) * ( ) ( ) ( )Z f n g n F z G z . 

 

   (ii)   
0

( ) ( ) ( ) n

n

F z z f t f nT z






  
         

 
0

( ) ( ) ( ) n

n

G z z g t g nT z






    

            
0 0

( ). ( ) ( ) ( )n n

n n

F z G z f nT z g nT z
 

 

 

    

                                 
 1 2(0 ) (1 ) (2 ) ( ) nf T f T z f T z f nT z        

             
 1 2(0 ) (1 ) (2 ) ( ) ng T g T z g T z g nT z       

                                 

  1

0

(0 ) (0 ) (0 ) (1 ) (1 ) (0 )

( ) ( )

(

)
n

n

r

f T g T f T g T f T g T z

f rT g n r T z







   

 
   
  


 

                               0 0

( ) ( )
n

n

n r

f rT g n r T z




 

 
  

  
   

0

( ) * ( ) n

n

f t g t z
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                                ( ) * ( )Z f t g t  

(i.e.)  ( ) * ( ) ( ) ( )Z f t g t F z G z . 

 

5.11.11. NOTE: 
 

 (i)      ( ) * ( ) ( ) ( )Z f n g n F z G z         1 ( ) ( ) ( ) * ( )Z F z G z f n g n   

(ii)      ( ) * ( ) ( ) ( )Z f t g t F z G z
          1 ( ) ( ) ( ) * ( )Z F z G z f t g t  . 

 

 

5.11.12. TYPE III:  CONVOLUTION METHOD: 

 

 
 

Using convolution theorem evaluate
   

2
1

1 3

z
Z

z z


 
 

   

. 

SOLUTION: 
 

   
   

2
1 1 .

1 3 1 3

z z z
Z Z

z z z z

 
   

           

1 1*
1 3

z z
Z Z

z z

    
        

1 *3n n
 

0

1 3
n

r n r

r





  1 2 13 3 3 3 1n n n        

21 3 3 3n      

   
      

  

1 1
23 1 1

1
3 1 1

n n
n a

a a a
a

 

13 1

2

n 
 . 

 

 
 

Using convolution theorem evaluate 
   

2
1

4 3

z
Z

z z


 
 

  
 

SOLUTION: 

       

2
1 1 .

4 3 4 3

z z z
Z Z

z z z z

 
   

        

1 1

4 3

z z
Z Z

z z

    
        

 

 Example:  1 

EXAMPLE: 1 
 

 Example:  2 

EXAMPLE: 1 
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          4 3n n 

 





 
0

4 3
n

r n r

r





 
0

3 4 3
n

n r r

r 0

4
3

3

rn
n

r

 
     

          

2
4 4 4

3 1
3 3 3

n
n
      

                
 

                                         

1
4

1
3

3
4

1
3

n

n

  
    

 
 

 

1 1

1

4 3

33
1

3

n n

n
n

 



 
 
 
 
 
 

 

                                        

13n
1 1

1

4 3

3

n n

n

 



 
 
  

1 14 3n n   . 

 

 

Using convolution theorem evaluate 
 

2
1

2

z
Z

z a


 
 
  

 

 

SOLUTION: 

         
 

2
1 1

2
.

z z z
Z Z

z a z az a

 
 

 
         

1 1*
z z

Z Z
z a z a

    
        

 

*n na a
0

n
r n r

r

a a 



  1 2 2n n na a a a a      

 1 nn a  . 

 

 

Using convolution theorem evaluate 
   

2
1 z

Z
z a z b


 
 

  
 

SOLUTION: 

   

2
1 1z z z

Z Z
z a z b z a z b

 
   

         

1 1z z
Z Z

z a z b

    
        

 

              n n
a b       

0

n
r n r

r

a b




    

 Example:  4 

EXAMPLE: 1 
 

 Example:  3 

EXAMPLE: 1 
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0

n
n r r

r

b a b




     
0

rn
n

r

a
b

b


 
      

 
2

1

n
n a a a

b
b b b

      
                 

 

 

1

1

1

n

n

a

b
b

a

b

  
     

  
    

 
1 1

1

n n
n

n

a b
b

a b
b

b

 



 

 
   

  
    

 

    1
1
n n
b


 

1 1

1

n n

n

a b

b

 





 a b

 
 
  

 
1 1

1
n n

n a b

a b

  
   

 
 

 

 

Using convolution theorem evaluate 
 

2
1

2

z
Z

z a


 
 
  

 

SOLUTION: 

           
 

2
1 1

2

z z z
Z Z

z a z az a

 
 

 
        

1 1z z
Z Z

z a z a

    
        

 

      n n
a a       

0

n
r n r

r

a a




    

   

     
0

n
n r r

r

a a a




     
0

1
n

n r

r

a



    

             1
n

a n    

 

 

Using convolution theorem evaluate 
   

2
1 8

2 1 4 1

z
Z

z z


 
 

  
 

SOLUTION: 

   

2
1 18 8

2 1 4 1

z
Z Z

z z

 
 

 
  

2

2

z

1
4

2
z
 

  

1

4
z

 

 
 

      

1

1 1

4 2

z z
Z

z z



 
 

  
  
   

 Example:  5 

EXAMPLE: 1 
 

 Example:  6 

EXAMPLE: 1 
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1 1

1 1

4 2

z z
Z Z

z z

 

   
   

    
    
   

 

   

1 1

4 2

n n
   

       
0

1 1

4 2

r n rn

r





   
         

   

2

0

1 1 1

2 2 2

n r rn

r





     
           

0

1 1

2 2

n rn

r

   
         

   

2
1 1 1 1

1
2 2 2 2

n n        
                    

 

   

1
1

1
1 2

12
1

2

n

n

  
           

 
 

1
1

1
1 2

12

2

n

n

  
           

 
 

 

             

1 1
1 1

1
2 2

n n     
         

 

 

 

 

Using convolution theorem evaluate 
   

2
1 12

3 1 4 1

z
Z

z z


 
 

  
 

SOLUTION: 

        

   

2
1 112 12

3 1 4 1

z
Z Z

z z

 
 

 
  

2

3

z

1
4

3
z
 

  

1

4
z

 

 
 

        

1

1 1

3 4

z z
Z

z z



 
 

  
  
 

 

1 1

3 4

n n
   

        
0

1 1

3 4

r n rn

r





   
         

 
0

1 1
4

4 3

n rn
r

r

   
        

0

1 4

4 3

n rn

r

   
          

2
1 4 4 4

1
4 3 3 3

n n        
                        

 

 Example:  7 

EXAMPLE: 1 
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1
4

1
1 3

44
1

3

n

n

  
            

 
 

1
4

1
1 3

74

3

n

n

 

      
                

1
3 1 4

1
7 4 3

n n

. 

 

 

 

Using convolution theorem evaluate 

3
1

4

z
Z

z

  
  

 

SOLUTION: 

           
 

3 2
1 1

24 4 4

z z z
Z Z

z z z

 
 

 
       

 4 1 4n nn    

   1 4 4n nn      
0

1 4 4
n

n rr

r

r




   
0

4 1
n

n

r

r



   

 4 1 2 3 1n n       
   1 2

4
2

n n n 
 . 

 

5.12. FORMATION OF DIFFERENCE EQUATION: 
 

 

 

Form the difference equation from 3nny a b   

SOLUTION: 

Given  3nny a b            (1) 

                  
1

1 3 3 3n n
ny a b a b
             (2) 

                
2

2 3 9 3n n
ny a b a b
            (3) 

Eliminating a and b from (1), (2) and (3), we get 

                 

1

2

1 1

1 3 0

1 9

n

n

n

y

y

y





  

     1 2 1 29 3 1 9 3 0n n n n ny y y y y          

 Example:  8 

EXAMPLE: 1 
 

 Example:  1 

EXAMPLE: 1 
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    1 2 1 26 9 3 0n n n n ny y y y y         

                                       2 12 8 6 0n n ny y y . 

 

 
 

Derive the difference equation from  2nny A Bn  . 

SOLUTION: 

Given  2 2n n
ny A Bn           (1) 

      1 1
1 2 1 2 2 2 2 1 2n n n n

ny A B n A B n 
           (2) 

                 2 2
2 2 2 2 4 2 4 2 2n n n n

ny A B n A B n 
           (3) 

Eliminating A and B we get, 

 
 

1

2

1

2 2 1 0

4 4 2

n

n

n

y n

y n

y n





 



 

       1 28 2 8 1 1 4 2 2 1n n ny n n n y n y               

         
 1 24 2 0n nn y y     

8ny n 16 8n     1 2 1 28 4 8 2 2 4 2 0n n n nn y n y ny ny   
              

                       1 2 1 28 4 8 2 2 4 2 0n n n n ny n y n y ny ny           

       2 2ny n 2 2n  1 4ny n
    8 4n  8 0ny      

      2 12 8 8 0n n ny y y     

                2 14 4 0n n ny y y    . 

 

 

From  2 2
nn

ny a b   , derive a difference equation by eliminating the 

constants. 
 

SOLUTION: 

Given   2 2
nn

ny a b            (1) 

                      
11

1 2 2 2 2 2 2
n nn n

ny a b a b


            (2) 

                     
22

2 2 2 4 2 4 2
n nn n

ny a b a b


            (3) 

Eliminating a and b, we get 

 Example:  2 

EXAMPLE: 1 
 

 Example:  3 

EXAMPLE: 1 
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1

2

1 1

2 2 0

4 4

n

n

n

y

y

y





   

     1 2 1 28 8 1 4 2 1 4 2 0n n n n ny y y y y          

  116 4n ny y  2 12 4n ny y   22 0ny    

        24 16 0n ny y    

   2 4 0n ny y   . 

 

 

 

Form a difference equation by eliminating the arbitrary constant A from 

3nny A  

SOLUTION: 

Given  3nny A           (1) 

     
1

1 3 3.3n n
ny A A
            (2) 

Eliminating A from (1) and (2), we get 

              1

1
0

3

n

n

y

y 

  

           13 0n ny y    

                      1 3 0n ny y   . 
 

 

 

Form a difference equation by eliminating arbitrary constant from 12nnU a  . 

SOLUTION: 

Given  12nnU a            (1) 

        
2 1

1 2 2 2n n
nU a a 
           (2) 

Eliminating a from (1) and (2), we get, 

1

1
0

2

n

n

U

U 

  

               12 0n nU U    

                1 2 0n nU U   . 

 

 Example:  4 

EXAMPLE: 1 
 

 Example:  5 

EXAMPLE: 1 
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5.13. SOLUTION OF DIFFERENCE EQUATIONS USING  

Z-TRANSFORMS: 
 

5.13.1. FORMULA: 
 

 ( ) ( )Z y k F z  

 ( 1) ( ) (0)Z y k zF z zy    

  2 2( 2) ( ) (0) (1)Z y k z F z z y zy     

  3 3 2( 3) ( ) (0) (1) (2)Z y k z F z z y z y zy    
 

 

5.13.2. EXAMPLES: 
 

 

 

Solve the difference equation, ( 2) 4 ( 1) 4 ( ) 0y k y k y k      where (0) 1,y 

(1) 0y    

 

SOLUTION: 

Given  ( 2) 4 ( 1) 4 ( ) 0y k y k y k      

Taking Z-transform on both sides, 

                    ( 2) 4 ( 1) 4 ( ) (0)Z y k y k y k Z      

                                 ( 2) 4 ( 1) 4 ( ) (0)Z y k Z y k Z y k Z      

       
 2 2( ) (0) (1) 4 ( ) (0) 4 ( ) 0z F z z y zy zF z zy F z      

 
 

          
 2 2( ) (1) (0) 4 ( ) (1) 4 ( ) 0z F z z z zF z z F z      

 
 

                                                             

2 2( ) 4 4 4F z z z z z    
 

 

                                                                                  

2

2

4
( )

4 4

z z
F z

z z




 
 

  

2

2

4
( ( ))

4 4

z z
Z y k

z z




 
 

                
2

1

2

4
( )

4 4

z z
y k Z

z z


 

  
  

 

 Example:  1 

EXAMPLE: 1 
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1

2

( 4)

( 2)

z z
Z

z

  
  

 
 

To find 1

2

( 4)

( 2)

z z
Z

z

  
 
 

 

Let   
2

( 4)
( )

( 2)

z z
F z

z





 

             
 

2 2

( ) 4

2( 2) 2

F z z A B

z zz z


  

 

 

 2
2

2

A z B

z

 



 

   2 4A z B z     

put 2 :z     (0) 2 4A B    2B    

Equating the constant term:
   

2 4A B        2 4A B      1A   

                                
 

2

( ) 1 2

2 2

F z

z z z
 

 
 

        
 

2

2
( )

2 2

z z
F z

z z
 

 
 

1Taking on both sides,Z  

 

 
 

1 1 1

2

2
( )

2 2

z z
Z F z Z Z

z z

  
 

 
          

1

2
2 2k k kaz

k Z k a
z a


  

     
    

 

                                       ( ) 2 1ky k k  . 

 

 

 

Solve ( 2) 3 ( 1) 2 ( ) 2ny n y n y n     , given that (0) 0, (1) 0y y  . 

 

SOLUTION: 
 

Given   ( 2) 3 ( 1) 2 ( ) 2ny n y n y n      

Taking Z-transform on both sides, 

                 ( 2) 3 ( 1) 2 ( ) (2 )nZ y n y n y n Z      

         ( 2) 3 ( 1) 2 ( ) (2 )nZ y n Z y n Z y n Z      

 2 2( ) (0) (1) 3 ( ) (0) 2 ( )
2

z
z F z z y z y z F z z y F z

z
      
  

 

 Example:  2 

EXAMPLE: 1 
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 2 2( ) (0) (0) 3 ( ) (0) 2 ( )

2

z
z F z z z z F z z F z

z
      
  

 

                                                           

2( ) 3 2
2

z
F z z z

z
   
  

 

   
   2

( )
2 3 2

z
F z

z z z


  
 

    
( ( ))

2 2 1

z
Z y n

z z z


  
 

           
   

2
( ( ))

2 1

z
Z y n

z z


 
 

             
   

1

2
( )

2 1

z
y n Z

z z


 

  
   

 

To find 
   

1

2
2 1

z
Z

z z


 
 
   

 

Let   
   

2
( )

2 1

z
F z

z z


 
 

   
     

2 2

( ) 1

1 21 2 2

F z A B C

z z zz z z
   

   
 

   

       

   

2

2

2 1 2 1

1 2

A z B z z C z

z z

     


 
 

         
2

2 1 2 1 1A z B z z C z        

put 2 :z       1C   

put 1 :z      1A   

2Equating the coeff. of :z    0A B   1B    

  
 

2

( ) 1 1 1

1 2 2

F z

z z z z


  

  
   

  
 

2
( )

1 2 2

z z z
F z

z z z
  

  
 

1Taking on both sides,Z  

   

 
 

1 1 1 1

2
( )

1 2 2

z z z
Z F z Z Z Z

z z z
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1( ) 1 2 2n n ny n n   

          
 

1 1 1

2
,n nz z

Z a Z n a
z a z a

  
  

 
           

 

 

 
 

Solve the difference equation ( ) 3 ( 1) 4 ( 2) 0, 2y n y n y n n      , given that 

(0) 3, (1) 2y y   . 

 

SOLUTION: 
 

Changing n  into 2n  , then given equation becomes  

                      ( 2) 3 ( 1) 4 ( ) 0, 0y n y n y n n       

Taking Z-transform on both sides, 

                             ( 2) 3 ( 1) 4 ( ) (0)Z y n y n y n Z      

                                ( 2) 3 ( 1) 4 ( ) (0)Z y n Z y n Z y n Z      

 
 2 2( ) (0) (1) 3 ( ) (0) 4 ( ) 0z F z z y z y z F z z y F z      

 
 

    
 2 2( ) (3) ( 2) 3 ( ) (3) 4 ( ) 0z F z z z z F z z F z       

 
 

     

2 2( ) 3 4 3 2 9F z z z z z z     
 

 

   

2

2

3 7
( )

3 4

z z
F z

z z




 
 

   

 
   

3 7
( )

4 1

z z
F z

z z




 
 

         

 
   

3 7
( ( ))

4 1

z z
Z y n

z z




 
 

           
 

   
1 3 7

( )
4 1

z z
y n Z

z z

  
    

 

To find 
 

   
1 3 7

4 1

z z
Z

z z

  
   

 

Let  
 

   

3 7
( )

4 1

z z
F z

z z




 
 

  
   


  

   

( ) 3 7

4 1 4 1

F z z A B

z z z z z

   
   

1 4

4 1

A z B z

z z

  


 
 

 Example:  3 

EXAMPLE: 1 
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     1 4 3 7A z B z z      

put 4 :z       5 5A     1A   

put 1 :z        5 10B       2B   

  
( ) 1 2

4 1

F z

z z z
 

        
      

2
( )

4 1

z z
F z

z z
 

 
 

1Taking on both sides,Z  

    1 1 1( ) 2
4 1

z z
Z F z Z Z

z z

     
        

 

    1( ) 4 2 1
n n nz

y n Z a
z a

  
        

. 

 

 

 

Solve  2 15 6 1
n

n n nu u u     , where 0 1 0u u  . 

SOLUTION: 

Given   
  2 15 6 1

n
n n nu u u      

Taking Z-transform on both sides, 

        
   2 15 6 1

n
n n nZ u u u Z 

    
 

 

        
       2 15 6 1

n
n n nZ u Z u Z u Z 

    
 

 

 2 2( ) (0) (1) 5 ( ) (0) 6 ( )
1

z
z F z z u z u z F z z u F z

z
      
  

 

      
 2 2( ) (0) (0) 5 ( ) (0) 6 ( )

1

z
z F z z z z F z z F z

z
      
  

 

     

2( ) 5 6
1

z
F z z z

z
   
  

 

   
   2

( )
1 5 6

z
F z

z z z


  
 

     
( ))

1 3 2
n

z
Z u

z z z


  
 

              
     

1

1 3 2
n

z
u Z

z z z

  
     

 

 Example:  4 

EXAMPLE: 1 
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To find 
     

1

1 3 2

z
Z

z z z

  

    
 

Let   
     

( )
1 3 2

z
F z

z z z


  
 

       
     

( ) 1

1 3 2 1 3 2

F z A B C

z z z z z z z
   

     
 

                                

           
     

3 2 1 2 1 3

1 3 2

A z z B z z C z z

z z z

       


  
 

              3 2 1 2 1 3 1A z z B z z C z z          

put 1 :z          
1

4 3 1
12

A A      

put 3 :z   
     

   
1

4 1 1
4

B B    

put 2 :z 
   

   
1

3 1 1
3

C C      

               
( ) 1 1 1 1 1 1

12 1 4 3 3 2

F z

z z z z

     
              

 

                     
1 1 1

( )
12 1 4 3 3 2

z z z
F z

z z z

     
              

 

1Taking on both sides,Z  

          1 1 1 11 1 1
( )

12 1 4 3 3 2

z z z
Z F z Z Z Z

z z z

              
                        

 

                         

  11 1 1
1 3 2

12 4 3

n n n n
n

z
u Z a

z a

  
          

 

 

 

Solve the difference equation      3 3 1 2 0,y n y n y n      given that  0 4,y 

 1 0y   and  2 8y  . 

 

SOLUTION: 

 Example:  5 

EXAMPLE: 1 
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Given        3 3 1 2 0,y n y n y n      

Taking Z-transform on both sides we get, 

      
        3 3 1 2 0Z y n y n y n Z      

                           
        3 3 1 2 0Z y n Z y n Z y n      

 
             3 3 20 1 2 3 0 2 0z F z z y z y zy zF z zy F z           

 

                   
       3 3 4 0 8 3 4 2 0z F z z z zF z z F z           

 

                                     3 34 8 3 12 2 0z F z z z zF z z F z       

                                                                     
  3 33 2 4 4F z z z z z    

 
 

   
 

 2

3

4 1

3 2

z z
F z

z z




 
 

         

  
 

   

2

2

4 1

1 2

z z
Z y n

z z




 
 

           
 

   

2

1

2

4 1

1 2

z z
y n Z

z z


 
 
   

 

Now   
 

   

2

2

4 1

1 2

z z
F z

z z




 
 

   
     

2

2 2

4 1

1 21 2 1

zF z A B C

z z zz z z


   

   
 

                                    

       

   

     


 

2

2

1 2 2 1

1 2

A z z B z C z

z z
 

                   
2 21 2 2 1 4 1A z z B z C z z  

Put 2 :z         0 0 9 4 4 1C   
  
   9 12C  

   

4

3
C   

Put 1 :z 
     3 0B   0B   

Put 0 :z                         
2

1 2 2 1 4 1A B C       

                              2 2 4A B C      
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                                2 4 2A B C    
 

4
4 0

3
    

  

8

3
A   

  
  8/3 4 /3

0
1 2

F z

z z z
  

 
 

   
8 4

3 1 3 2

z z
F z

z z
 

 
 

    1 8 4

3 1 3 2

z z
y n Z

z z

  
    

1 18 4

3 1 3 2

z z
Z Z

z z

    
        

 

                   
   

8 4
1 2

3 3

nn  
 

 

5.13.3. EXERCISE: 
 

(i)    Solve 2 14 3 2nn n ny y y     with 0 10, 1y y   using Z-transform 

(ii)    Solve 2 16 9 2nn n nu u u     given that 0 1 0u u   

(iii)    Solve 2 14 3 3nn n nu u u     with 0 10, 1u u   

(iv)    Solve 2 12 ,k k ky y y k     given that 0 1 0y y   

(v)   Solve 2 16 9 2nn n ny y y    , given that 0 1 0y y   

(vi)   Solve 2 2n ny y   , with 0 1 0y y   



 

 

1. Find the Z transform of  

(i) 
!n

a n

    (ii) 
!

1

n
    

(iii)  nn 3sinh2     (iv) 
)1(

1

nn
 

(v)  
)2)(1(

32



nn

n
    (vi) 

2

)2)(1(  nn
 

(vii)  







4
sin 2 n

    (viii) 







6
sin 3 n

 

(ix) cos
2
t     (x) cos

3
t 

2. Find the Z transform of  

(i) cn
2
     (ii) n(n-1)(n-2) 

(iii) ck
n      (iv)(n+1)(n+2) 

(v) te t cos3      (vi) e
t 
sin2t 

(vii)e
-2t

 t
3
     (viii) e

-t
 t

2
 

3. Find the inverse Z transform by partial fraction method: 

(i)
)4)(3)(2(

26183 2




zzz

zz
   (ii)  42

2
2

2




zz

zz
 

(iii) 
)4)(2(

2
2

2

 zz

z
    (iv)  

)2)(1(

5

 zz

z
 

(v) 
)4)(2( 2  zz

z
    (vi)  34

5
2  zz

z
 

(vii)  107

7
2  zz

z
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4. Find the inverse Z transform by residue method 

(i) 
)2)(1(

5

 zz

z
    (ii) 

)4)(2(

3
2

2

 zz

z
 

(iii)  22

5
2  zz

z
    (iv)

 3
2

1


z

zz
 

(v)  
))((

6 2

bzaz

z


    (vi)  22

3
2  zz

z
 

(vii) 
3)2(

)2(




z

zz
    (viii)

43

)13(2
23 


zz

zz
 

(ix) 
)2()13( 2

3

 zz

z
 

5. Using Z transform solve the difference equations 

(i) 1012 0,2127 uuuuu n

nnn    

(ii) un+3-3un+2un=0 , , u0=4 , u1=0,u2=8 

 (iii)f(n)+3f(n-1)-4f(n-2)=0 ,  2)1(,3)0(,2  ffn  

 (iv)yn+2-5yn+1+6yn=36 , y0=y1=0 

 (v)un+2+4un+1+4un= n , u0=0 , u1=1 

 (vi)uk+2+uk=2
k
.k 

 (vii) un+2-4un+1+4un=0 , u0=1,u1=0 

 (viii)un+2+4un+1+3un=  3 , u0=1 , u1=1 

  


