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1. To understand the concepts of stress, strain, principal 
stresses and principal planes.

2. To study the concept of shearing force and bending 
moment due to external loads in determinate beams 
and their effect on stresses.

3. To determine stresses and deformation in circular 
shafts and helical spring due to torsion.

4. To compute slopes and deflections in determinate 
beams by various methods.

5. To study the stresses and deformations induced in thin 
and thick shells.

Course Objectives:
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Students will be able to
1. Understand the concepts of stress and strain in simple and 

compound bars, the importance of principal stresses and 
principal planes.

2. Understand the load transferring mechanism in beams and 
stress distribution due to shearing force and bending 
moment.

3. Apply basic equation of simple torsion in designing of shafts 
and helical spring

4. Calculate the slope and deflection in beams using different 
methods.

5. Analyze and design thin and thick shells for the applied 
internal and external pressures.

Course outcomes



Syllabus Unit-1

UNIT I             STRESS, STRAIN AND 

DEFORMATION OF SOLIDS                    9 

• Rigid bodies and deformable solids –

Tension, Compression and Shear Stresses 

– Deformation of simple and compound 

bars – Thermal stresses – Elastic constants 

– Volumetric strains –Stresses on inclined 

planes – principal stresses and principal 

planes – Mohr’s circle of stress. 
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Mechanics

• Rigid body (Engineering mechanics)

• Deformable body (Strength of Materials or 

mechanics of solids)

• Fluids (Fluid mechanics)
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Introduction

• Various structures and machines (eg.

Bridges, cranes, airplanes, ships etc.,) 

consists of numerous parts and members 

connected together in such a way as to 

perform a useful function and to withstand 

externally applied loads

• Consider for example a simple press

• The function of the press is to test 

specimens of various materials in 

compression
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Introduction
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Four basic types of loading

• Tension

• Compression

• Torsion

• Bending
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Introduction

• In all engineering construction the component 

parts must be assigned definite physical sizes

• Such parts should resists the actual or 

probable forces that may be imposed upon 

them

• All the above requirements must be met with 

minimum expenditure of a given material- not 

only to reduce the cost but also weight

• This subject involves analytical methods for 

determining 3S’s – strength, stiffness and 

stability
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Introduction

• Tensile force – acts away from the section, 

tends to elongate the member

• Compressive force – acts towards the bar 

and tends to compress (shorten) it

• Shearing force – tends to slide or shear 

the bar

• Twisting moment – tends to twist the bar

• Bending moment – tends to bend the bar
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Stress 

• The external applied forces on a body tend 

to deform it and causes it to develop equal 

and opposite internal forces which resist 

the deformation

• The resisting force per unit area of the 

surface is known as stress

• Types of stresses 

– normal stress (tensile and compressive)

– Shear stress
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Direct stress (or) normal stress (or) axial stress

• The resulting stress induced, when 

external forces are applied along the axis
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Shear stress

• Simple shear occurs when equal, parallel and 

opposite forces tend to cause a surface to 

slide relative to the adjacent surface
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Strain

• Strain – ratio of change in dimension to 

the original dimension

• Types of strains

– Normal strain (tensile and compressive)

– Volumetric strain

– Shear strain

• Tensile Strain – elongation per unit length
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Shear strain

• Shear strain is defined as the change in 

the right angle measured in radians
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Elastic limit

• Elastic material

• Plastic material

• Rigid material

• Elastic limit – the maximum value of stress 

up to which the material behaves as an 

elastic material

• Hooke’s law – within elastic limit, the 

stress is proportional to strain
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Elastic Constants

• Young’s modulus

𝐸 =
𝜎

𝜀
• Shear modulus (modulus of rigidity)

C,𝑁 𝑜𝑟 𝐺 =
𝜏

𝜀𝑠
=

𝜏

𝜙

• Bulk modulus

𝐾 =
𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠

𝑣𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑡𝑟𝑎𝑖𝑛
=
𝜎𝑛
𝜀𝑣

• Poisson’s ratio

𝜇 =
𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑠𝑡𝑟𝑎𝑖𝑛

𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑡𝑟𝑎𝑖𝑛
=

1

𝑚
For most materials 𝜇 lies in the range 0.25 to 0.35
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Some mechanical properties

• Elasticity - regain original shape

• Plasticity – permanent deformation

• Ductility – to be drawn out longitudinally into 

thin wires

• Brittleness – lack of ductility

• Malleability – to be drawn into thin sheets 

under compression

• Toughness – ability to absorb energy

• Hardness – ability to resist indentation
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Stress-strain diagram
• For ductile materials (Eg. Mildsteel, aluminium, 

copper, brass, bronze, nylon, Teflon)
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Stress-strain diagram

• Brittle materials (cast-iron, concrete, 

stone, glass, ceramic )
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Factor of safety

• Ultimate stress - Ultimate load is defined as 

maximum load which can be placed prior to the 

breaking of the specimen. Stress corresponding to 

the ultimate load is known as ultimate stress.

• Working stress - the maximum value of stress to 

which an actual member is expected to be loaded 

under working condition

• Factor of safety (F.S.)

• 𝐹. 𝑆. =
𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒 𝑠𝑡𝑟𝑒𝑠𝑠 𝑜𝑟 𝑦𝑖𝑒𝑙𝑑 𝑠𝑡𝑟𝑒𝑠𝑠

𝑤𝑜𝑟𝑘𝑖𝑛𝑔 𝑠𝑡𝑟𝑒𝑠𝑠

• For ductile – ultimate stress and for brittle – yield 

stress

02-03-2021 Dr. B. Janarthanan 21



Constitutive relationship between stress 

and strain 

• One dimensional stress system

•
𝜎

𝜀
= 𝐸 ; 𝜀 =

𝜎

𝐸

• Two dimensional stress system

• 𝜀x =
𝜎𝑥

𝐸
− 𝜇

𝜎y

𝐸
; 𝜀𝑦 =

𝜎𝑦

𝐸
− 𝜇

𝜎𝑥

𝐸

• Three dimensional stress system

• 𝜀x =
𝜎x

𝐸
− 𝜇

𝜎𝑦

𝐸
− 𝜇

𝜎z

𝐸
;

• 𝜀𝑦 =
𝜎y

𝐸
− 𝜇

𝜎𝑧

𝐸
− 𝜇

𝜎x

𝐸
; 

• 𝜀z =
𝜎z

𝐸
− 𝜇

𝜎𝑥

𝐸
− 𝜇

𝜎y

𝐸
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Volumetric strain of a rectangular bar
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Volumetric strain of a cylindrical rod
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Volumetric strain of a rectangular bar subjected to 

three mutually perpendicular  forces

02-03-2021 Dr. B. Janarthanan 26



Relation between elastic constants

• Four elastic constants – E, G, K and µ

Home work

1. Derive the relation between E, G and µ

2. Derive the relation between E, K and µ

3. Derive the relation between E, K and G
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Relation between elastic constants

• Four elastic constants – E, G, K and µ

• Bansal, R.K., “Strength of Materials”, 

Laxmi Publications (P) Ltd.,
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Problems 

• A steel rod of 25 mm in diameter and 4  long is 
subjected to an axial pull of 45 kN. Find -(i) 
intensity of stress, (ii) the strain, and (iii) the 
elongation. Take E =2.1 x10^8 kN/m^2.
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Problem 

• A steel bar 150 mm wide and 12.5 mm 

thick and 1 m long carries a pull of 180 kN.

Find the extension in length and the 

contraction in width and thickness when 

the load is applied. Take E= 2x10^5 

N/mm^2 and 1/m = 1/3.5
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Problem 

• A bar of certain material 50 mm square is 

subjected to an axial pull of 150 kN. The 

extension over a length of 100 mm is 0.05 

mm and decrease in each side is 0.00625 

mm. calculate the Young’s modulus, 

Poisson’s ration, rigidity modulus and bulk 

modulus
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1. To understand the concepts of stress, strain, principal 
stresses and principal planes.

2. To study the concept of shearing force and bending 
moment due to external loads in determinate beams 
and their effect on stresses.

3. To determine stresses and deformation in circular 
shafts and helical spring due to torsion.

4. To compute slopes and deflections in determinate 
beams by various methods.

5. To study the stresses and deformations induced in thin 
and thick shells.

Course Objectives:
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Students will be able to
1. Understand the concepts of stress and strain in simple and 

compound bars, the importance of principal stresses and 
principal planes.

2. Understand the load transferring mechanism in beams and 
stress distribution due to shearing force and bending 
moment.

3. Apply basic equation of simple torsion in designing of shafts 
and helical spring

4. Calculate the slope and deflection in beams using different 
methods.

5. Analyze and design thin and thick shells for the applied 
internal and external pressures.

Course outcomes



Syllabus Unit-2

UNIT II TRANSVERSE LOADING ON 
BEAMS AND STRESSES IN BEAM
Beams – types transverse loading on 
beams – Shear force and bending moment 
in beams – Cantilevers – Simply supported 
beams and over –hanging beams. Theory 
of simple bending– bending stress 
distribution – Load carrying capacity –
Proportioning of sections – Flitched beams 
– Shear stress distribution.
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Types of beams
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Types of supports
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Roller support

Fixed support

Hinged support



Types of loads
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Shear force and Bending Moment

• Shear force

– The shear force at any section is basically the 
algebraic sum of the lateral forces acting on either 
side of the section.

• Bending moment

– The algebraic sum of the moments about the 
section of all forces acting on either side of the 
section
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Bending moment – sagging and 

hogging

• A sagging moment will make the beam 
concave (positive) upwards at that section, 
and vice versa for a hogging moment (i.e. 
negative).

08-04-2021 Dr. B. Janarthanan 9



Sign conventions
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Positive shear force

Negative shear force

Positive axial force

Negative axial force

Positive bending moment

Negative bending moment



Relation between load intensity, shear 

force and bending moment

• The shear force is equal to the rate of change of 
bending moment with respect to x.

𝐅 =
𝐝𝐌

𝐝𝐱

• Slope of the moment curve = Shear Force

• The intensity of loading is equal to rate of change of 
shear force with respect to x.

𝐖 = −
𝐝𝐅

𝐝𝐱
= −

𝐝𝟐𝐌

𝐝𝐱𝟐

Slope of the shear diagram = - Value of applied 

loading
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Cantilever with point load
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Cantilever with udl
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SFD and BMD for Simply supported beams
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SFD and BMD for Simply supported 

beams
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SFD and BMD for Simply supported 

beams

08-04-2021 Dr. B. Janarthanan 20



SFD and BMD for Simply supported 

beams
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SFD and BMD for Simply supported 

beams
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SFD and BMD for Simply supported 

beams
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The maximum bending moment occurs in a beam, when 

the shear force at that section is zero or changes the sign



Maximum Bending Moment
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Draw the Shear Force Diagram and Bending Moment Diagram for a simply 

supported beam of length 8m and carrying a uniformly distributed load of 10 kN/m 

for a distance of 4m as shown in figure. 



SFD and BMD for Simply supported 

beams
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Over hanging beam
• Draw the SFD and BMD for the overhanging beam carrying 

UDL of 2 kN/m over the entire length and a point load of 2 kN

as shown in Fig. Also locate the point of contraflexure
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Point of contraflexure

• POINT OF CONTRAFLEXURE

• It is the point on a beam where bending 

moment changes its sign and its 

value is zero. This point is generally 

found in over hanging beam.
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Overhanging beams
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Uniformly varying load
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Uniformly varying load
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Uniformly varying load
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Uniformly varying load
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Uniformly varying load
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Theory of simple bending
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Pure bending or simple bending
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• Bending stress

– The stresses produced at the section to resist 

bending moment

• Shear stress

– The stresses produced at the section to resist 

the shear force
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• A cantilever 4 metres long is subjected to a UDL of 1 kN per 

metre run over the entire span. The section of the cantilever is 

40 mm wide and 60 mm deep. Determine the bending stress 

produced. What point load may be applied at the free end to 

produce the same bending stress?
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• A cantilever 3 m long carries a UDL of 1 kN per metre run over the 

whole span. The cross section of the beam is rectangular 60 mm 

wide and 100 mm deep with a circular hole of 20 mm diameter at the 

centre. Determine the maximum bending stress induced in the beam
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• A rectangular beam 120 mm deep and 60 mm wide is simply 

supported over a span of 4 m and carries a central load of 10 kN.

Determine the maximum fibre stress in the beam. Also calculate the 

stress at a fibre 15 mm from the top surface of the beam.
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• A cast iron beam is of T-section as shown in Fig. the beam is simply 

supported on a span of 8 m. the beam carries a UDL of 1.5 kN/m 

length on the entire span. Determine the max. tensile and max. 

compressive stresses.
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• A 100 mm x 200 mm rolled steel joist of I-section has flanges 

12 mm thick and web 10 mm thick. Find the safe uniformly 

distributed load that this section can carry over a span of 6 m 

if the permissible skin stress is limited to 160 N/mm^2.
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Flitched beam or composite beam
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Flitched beam or composite beam
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Flitched beam or composite beam
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Flitched beam or composite beam
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Flitched beam or composite beam
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Shear stresses

• 𝜏 =
𝐹𝐴 ത𝑦

𝐼𝑏
=

𝑄𝐴 ത𝑦

𝐼𝑏
=

𝑄𝑉

𝐼𝑏
• Where 

• F or Q is shear force

• 𝐴 = 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑠ℎ𝑎𝑑𝑒𝑑 𝑝𝑜𝑟𝑡𝑖𝑜𝑛

• ത𝑦 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑁𝐴 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 𝑜𝑓 𝑠ℎ𝑎𝑑𝑒𝑑 𝑎𝑟𝑒𝑎

• 𝑉 = 𝐴ത𝑦 = moment of shaded area about NA

• 𝐼 = 𝑀𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝐼𝑛𝑒𝑟𝑡𝑖𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑛𝑡𝑖𝑟𝑒 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑁𝐴

• 𝑏 = 𝑤𝑖𝑑𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑏𝑟𝑒
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Shear stresses
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Shear stresses
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Shear stresses
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Shear stresses
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Shear stresses
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Shear stresses
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Shear stresses
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Shear stresses
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1. To understand the concepts of stress, strain, principal 
stresses and principal planes.

2. To study the concept of shearing force and bending 
moment due to external loads in determinate beams 
and their effect on stresses.

3. To determine stresses and deformation in circular 
shafts and helical spring due to torsion.

4. To compute slopes and deflections in determinate 
beams by various methods.

5. To study the stresses and deformations induced in thin 
and thick shells.

Course Objectives:
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Students will be able to
1. Understand the concepts of stress and strain in simple and 

compound bars, the importance of principal stresses and 
principal planes.

2. Understand the load transferring mechanism in beams and 
stress distribution due to shearing force and bending 
moment.

3. Apply basic equation of simple torsion in designing of 
shafts and helical spring

4. Calculate the slope and deflection in beams using different 
methods.

5. Analyze and design thin and thick shells for the applied 
internal and external pressures.

Course outcomes
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Syllabus Unit-3

UNIT III Torsion

Torsion formulation stresses and
deformation in circular and hollows shafts
– Stepped shafts– Deflection in shafts
fixed at the both ends

Stresses in helical springs – Deflection of
helical springs, carriage springs
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Torsion
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Torsion equation
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Strength of shafts
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b) For Hollow shafts



Power transmitted
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If the torque fluctuates, the greatest torque must be used for 

evaluating the maximum shear stress due to torsion

On the other hand, for calculating power, mean torque 

should be used



Torsional rigidity
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Polar modulus 

• Polar modulus is defined as the ratio of 

the polar moment of inertia to the radius of 

the shaft. 

• It is also called                                           

as torsional section modulus.  

• It is denoted by Z p.

• Polar Modulus (Z p) is a Direct Measure of 
Torsional strength of a Shaft.
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Problem - 1
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Problem - 2
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Problem - 3
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Problem - 4
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Problem – 4 contd.
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Problem - 5
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Problem – 5 contd.

27-04-2021 Dr. B. Janarthanan 18



Problem – 6 

27-04-2021 Dr. B. Janarthanan 19



Replacing of shaft

• When a solid shaft is to be replaced by a 

hollow shaft or vice-versa, then the power 

transmitted by the new shaft should 

always be equal to the power transmitted 

by the shaft to be replaced
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Problem-7
• A solid steel shaft of 50 mm diameter is to be replaced by a 

hollow steel shaft whose internal diameter is 0.5 times outer 

diameter. Find the diameters of hollow shaft and percentage 

saving of weight.
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Problem-8
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Problem-8 contd..
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Composite shafts

• When a shaft is having two different 
diameters/sections it is referred as the 
composite shaft and it is subjected to 
torque at the different planes, then the 
angle of twist in the shaft is to be 
calculated by considering them in either 
series or parallel.
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Shafts in series
• When a shaft is having two different diameters cross 

section then two equal torques (T) are applied in 
opposite direction at both ends as shown in the figure. 
Then the shafts are said to be in series.

• The angle of twist is the sum of the angle of twist of the 
two shafts connected in series
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Shafts in parallel
• When a shaft is having two different diameters 

cross section then a torque (T) is applied at the 
centre (Junction of the two different section) and 
two opposite torques T1 and T2 as shown in the 
figure. Then the shafts are said to be in parallel.
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Problem-9 

• The stepped shaft as shown in Fig. is subjected to a 

torque of T at the free end and a torque of 2T in the 

opposite direction at the junction of two sizes. What is 

the total angle of twist at the free end, if the maximum 

shear stress in the shaft is limited to 70 MN/m^2? 

Assume the modulus of rigidity to e 84 GN/m^2.
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Problem-10

• A twisting moment of 2 kNm is applied to a shaft of 70 

mm diameter and 1.5 m length at a distance of 400 mm 

from one end. The shaft is fixed at both ends. Find the 

fixing couples at the ends, maximum shear stress setup 

and the angle of twist of that section where the twisting 

moment is applied. Take G = 84000 N/mm^2.
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Springs 
• Any elastic member which can deform when loaded 

and recover its original shape when the load is 

removed

• Energy absorbing devices

• Examples 

– Ball point pen – compression helical (open coiled 

helical springs)

– Spring balance – tensile helical (close coiled 

helical springs)

– Writing pad – torsion spring

– Shock absorber in automobiles, safety valves, 

clutches
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Springs 
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Close-coiled 

helical spring

Open-

coiled 

helical 

spring



Close coiled helical spring with axial load
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Laminated or leaf springs
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University question (Nov/Dec 2016)
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• A solid circular shaft transmits 75 kW power at 200 rpm. Calculate the shaft 

diameter, if the twist in the shaft is not to exceed 1° in 2 metres length of the shaft 

and shear stress is limited to 50 N/mm2. Take C = 1 x 105 N/mm2.

• A solid steel shaft transmits a power 20 kW at 60 rpm. Determine the smallest safe 

diameter of the shaft if the shear stress is not to exceed 40 N/m2 and the angle of 

twist is limited to 5° in a length of 3 m. Take G = 80 GPa

• A hollow shaft of external diameter 120 mm transmits 300 kW power at 200 rpm. 

Determine the maximum internal diameter if the maximum stress in the shaft is not 

to exceed 60 N/mm2.

• A closely coiled helical spring made from round steel rod is required to carry a load 

of 1000 N for a maximum stress of 400 MN/m2. The spring stiffness is 20 N/mm. 

The mean diameter of the helix is 100 mm and modulus of rigidity of the material is 

80 GN/m2. Calculate (1) diameter of the wire and (2) the number of turns required 

for the spring

• A laminated spring carries a central load of 5200 N and it is made of ‘n’ number of 

plates, 80 mm wide, 7 mm thick and length 500 mm. Find the number of plates, if 

the maximum deflection is 10 mm. Let E = 2.0 x 105 N/mm2.

27-04-2021 Dr. B. Janarthanan 47



Contact

Dr. B. Janarthanan

Professor & Head (Research)

Department of Mechanical Engineering

Mohamed Sathak A.J. College of Engineering

Email : vbjana@gmail.com, 

mech.janarthanan@msajce-edu.in

27-04-2021 Dr. B. Janarthanan 48

mailto:vbjana@gmail.com
mailto:mech.janarthanan@msajce-edu.in


STRENGTH OF MATERIALS FOR 
MECHANICAL ENGINEERS (CE8395)

UNIT-4

DEFLECTION OF BEAMS

by

Dr. B. Janarthanan

Professor

Department of Mechanical Engineering



Syllabus 

22-06-2021 Dr. B. Janarthanan           MSAJCE

• Double Integration method – Macaulay’s method –
Area moment method for computation of slopes and 
deflections in beams – Conjugate beam and strain 
energy – Maxwell’s reciprocal theorems.

Course objective:
To compute slopes and deflections in determinate beams by 
various methods.

Course outcome:
• After completion of this unit students should be able to:

Calculate the slope and deflection in beams using different 
methods.



Introduction 

• The cross section of a beam has to be designed in 
such a way that it is strong enough to limit the 
bending moment and shear force that are 
developed in the beam. This criterion is known as 
“strength criterion”

• Another criterion for beam design is that the 
maximum deflection must not exceed a certain 
limit and the beam must be stiff enough to resist 
the deflection caused due to loading. This criterion 
is known as “stiffness criterion”

• It is therefore necessary to predict the deflection of 
members under lateral or transverse loads
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Definitions 
(i)DEFLECTION   :-

• The vertical distance in transverse direction between positions of axis 
before and after loading at  the section of the beam, is defined as the 
deflection of beam at that section.

(ii) ELASTIC CURVE(OR, DEFLECTION CURVE):-

• The neutral axis in its deflected position after loading of the beam is 
known as its elastic curve or deflection curve

(iii) SLOPE:-

• The slope of the beam at any section is defined as the angle (in 
radians) of inclination of the tangent drawn at that section to the axis 
in its deflected position after loading, measured w. r. t.  the         
undeformed axis.

(iv) FLEXURAL RIGIDITY(EI):-

• The product of modulus of elasticity and Moment of Inertia is known 
as Flexural rigidity.
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DIFFERENTIAL EQUATION OF ELASTIC  
CURVE

• Radius of curvature

•
1

𝑅
=

ⅆ2𝑦

ⅆ𝑥2

•
𝑀

𝐼
=

𝐸

𝑅

•𝑀 = 𝐸𝐼
ⅆ2𝑦

ⅆ𝑥2
differential eqn. of flexure

22-06-2021 Dr. B. Janarthanan           MSAJCE



Relationship 
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ASSUMPTIONS MADE IN THE DEFLECTION:-

(i) Axis of the beam is horizontal before loading.
(ii) Deflection due to S.F. is negligible. It can be shown 
that the deflections due to shear deformations are 
usually small and hence can be ignored. 
(iii) ( a)  Simple Bending equation M/I=σ/y=E/R is                             

applicable   and  all  the  assumptions  made  in  
simple  bending theory are valid. 
(b) Material of the beam is homogenous, 
isotropic and obey Hook’s law ..
(c) The modulus of elasticity is same in 
compression as well as in tension.                                                                                     
(d) Plane section remain plane before and after 
bending
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Methods 

• Methods for finding slope and deflection of 
beams:

(i) Double integration method / Direct 
integration

(ii)  Macaulay’s method

(iii)  Moment area method

(iv) Conjugate beam method
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Double integration method
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Where C1 and C2 are constants of integration to be 

evaluated from the known conditions of slope and 

deflections for the particular value of x. 



Cantilever with a point load at the free 
end
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Cantilever with a point load at the free 
end
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Cantilever with a point load at the 
free end
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Concentrated load not at free end
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Concentrated load not at free end
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Cantilever with udl throughout the 
length
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Cantilever with udl throughout the 
length
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Cantilever with udl throughout the 
length
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2 marks questions
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Macaulay’s method
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Macaulay’s method
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Macaulay’s method

22-06-2021 Dr. B. Janarthanan           MSAJCE



Problem
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Problem
• A beam is simply supported at its ends over a span of 10 m and 

carries two concentrated loads of 100 kN and 60 kN at a distance of 
2m and 5m respectively from the left support. Calculate

I. Slope at the left support
II. Slope and deflection under 100 kN load. 
Assume EI = 36x10^4 kN-m^2
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Problem 
• In a beam shown in Fig. determine the slope at the left end 

C and deflection at 1 m from the left end. Take EI = 0.65 MN-
m^2
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• A simply supported beam of 8 m length carries two point loads 
of 64 kN and 48 kN at 1 m and 4 m from the left hand end. 
Find the deflection under each load and max. deflection E = 
210 GPa and I = 180x10^6 mm^4
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Moment area method
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Mohr’s first Moment area method

22-06-2021 Dr. B. Janarthanan           MSAJCE



Mohr’s second Moment area method
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Moment area theorems
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Cantilever carrying a point load at 
free end
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Cantilever carrying a concentrated load at any point
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Cantilever carrying a udl
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Simply supported beam with a point load at mid span
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A cantilever beam shown in Figure is subjected to a concentrated moment 
at its free end. Using the moment-area method, determine the slope at the 
free end of the beam and the deflection at the free end of the beam. EI = 
constant.



• A cantilever of length 2 m carries a point load of 20 kN at 
the free end and another load of 20 kN at the centre. If E = 
10^5 N/mm^2 and I= 10^8 mm^4 then determine, the 
slope and deflection of the cantilever at the free end.
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Conjugate beam method
• The slopes and deflections may be  obtained from 

various methods discussed earlier like double 
integration method, Macaulay’s method, moment 
area method etc.

• But these methods become laborious, when 
applied to beams whose flexural rigidity (EI) is not 
uniform throughout the length of the beam

• The slopes and deflections of such beams may be 
easily obtained by conjugate beam method

• Conjugate beam is an imaginary beam for which 

the load diagram is the 
𝑴

𝑬𝑰
diagram
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Conjugate beam method
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Conjugate beam method
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Conjugate beam method
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Conjugate beam method
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Conjugate beam method – Problem1
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Conjugate beam method – Problem1
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Conjugate beam method – Problem2
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Conjugate beam method – Problem2
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Conjugate beam method – Problem2
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Conjugate beam method – Problem2
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Strain energy in bending
Castigliano’s first theorem
• Castigliano’s theorem provides a means for finding

the deflections of a structure from the strain
energy of the structure

• If a structure is subjected to a number of point
loads (or couples) the partial derivative of the total
strain energy with respect to any load (or couple)
provides the deflection in the direction of that load
(or couple)

• Mathematically 𝛿𝑖 =
𝜕𝑈

𝜕𝑃𝑖

• Strain energy
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• Find the deflection at the free end of a cantilever 
which carries a point load at the free end
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• Determine the strain energy of a cantilever with 
uniformly distributed load . Also find the deflection 
at free end.
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• Determine the maximum deflection of a simply 
supported beam of span l carrying a load of w per 
unit length using strain energy method
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STRENGTH OF MATERIALS FOR 
MECHANICAL ENGINEERS (CE8395)

UNIT-5

Thin cylinders, spheres and thick cylinders

by

Dr. B. Janarthanan

Professor

Department of Mechanical Engineering



Syllabus 

Course objective:
To study the stresses and deformations induced in thin 
and thick shells

Course outcome:
After completion of this unit students should be able to:
Analyze and design thin and thick shells for the applied 
internal and external pressures
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Thin cylinders and spheres

• If the thickness to internal diameter ratio is 
less than 1/20, then it is thin cylinder
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Stresses acting on thin cylinder
• When a cylinder is subjected to internal 

pressure, three mutually perpendicular 
principal stresses will be set up within the 
walls of the cylinder
• Hoop or circumferential stress- tensile in 

nature, tends to increase the diameter

• Longitudinal or axial stress – tensile in nature, 
tends to increase the length

• Radial stress (radial pressure)– compressive in 
nature, its magnitude is equal to fluid pressure 
on the inside wall and zero on the outside wall if 
it is open to atmosphere
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Stresses developed in thin cylinders
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Cylindrical 
co-ordinate 
system



Stresses developed in thin cylinders
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Thin cylinder

• In case of thin cylinders subjected to low internal 
pressures, the radial stress is uniform over the 
thickness and hence ignored

• So the stresses considered here
• Hoop or circumferential 

• Longitudinal or axial stress
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Hoop or circumferential stress
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Longitudinal or axial stress
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Stresses in cylindrical shell

• Circumferential or hoop stress

𝝈𝒄 =
pd

2t
• Longitudinal or axial stress

𝝈𝒍 =
pd

4t
(Longitudinal stress = half of circumferential stress)
• Maximum shear stress 

𝜏𝑚𝑎𝑥 =
𝜎1 − 𝜎2

2
=

𝑝 ⅆ
2𝑡

−
𝑝ⅆ
4𝑡

2
=
𝑝𝑑

8𝑡
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Efficiency of the joint

• In the longitudinal joint circumferential 
stress is developed, whereas in 
circumferential joint longitudinal stress is 
developed

• 𝜎𝑐 =
pd

2t𝜂𝑙
Where 𝜂𝑙 - efficiency of longitudinal joint

• 𝜎𝑙 =
pd
4t𝜂𝑐

Where 𝜂𝑐 - efficiency of circumferential joint
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Strains in cylindrical shell
• Circumferential strain

𝜖𝑐 =
𝜎𝑐
𝐸
− 𝜇

𝜎𝑙
𝐸

𝝐𝒄 =
𝒑𝒅

𝟐𝒕𝑬
𝟏 −

𝝁

𝟐
• Longitudinal strain

𝜖𝑙 =
𝜎𝑙
𝐸
− 𝜇

𝜎𝑐
𝐸

𝝐𝒍 =
𝒑𝒅

𝟐𝒕𝑬

𝟏

𝟐
− 𝝁

• Volumetric strain

𝜀𝑣 =
𝛿𝑙

𝑙
+ 2

𝛿𝑑

𝑑
= 𝜀𝑙 + 2𝜀𝑐

𝜺𝒗 =
𝒑𝒅

𝟐𝒕𝑬

𝟓

𝟐
− 𝟐𝝁
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Effect of internal pressure on the 
dimensions of a thin cylindrical shell

• Change in diameter

𝜹𝒅 =
𝒑𝒅

𝟐𝒕𝑬
𝟏 −

𝝁

𝟐
× 𝒅 =

𝒑𝒅𝟐

𝟐𝒕𝑬
𝟏 −

𝝁

𝟐
• Change in length

𝜹𝒍 =
𝒑𝒅

𝟐𝒕𝑬

𝟏

𝟐
− 𝝁 × 𝒍 =

𝒑𝒅𝒍

𝟐𝒕𝑬

𝟏

𝟐
− 𝝁

• Change in volume

𝜹𝑽 =
𝒑𝒅

𝟐𝒕𝑬

𝟓

𝟐
− 𝟐𝝁 × 𝑽 =

𝒑𝒅

𝟐𝒕𝑬

𝟓

𝟐
− 𝟐𝝁 ×

𝝅

𝟒
ⅆ𝟐𝒍
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Problem-1 
• A cylindrical shell 3 meters long has 1 metre internal diameter and 15

mm metal thickness. Calculate the circumferential and longitudinal
stresses induced and also changes in the dimensions of the shell, if it is
subjected to an internal pressure of 150 N/cm2. Take E = 200x105 N/cm2

and Poisson's ratio = 0.3.
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Then also find the following
Change in diameter
Change in length
Change in volume



Problem-2 
• A cylindrical shell 800 mm inner diameter, 3 m long is

having 10 mm metal thickness. If the shell is subjected
to an internal pressure of 2.5 N/mm2 , find (i) the
change in diameter (ii) the change in length and (iii) the
change in volume. Assume the modulus of elasticity and
Poisson’s ratio of the material of the shell as 200
kN/mm2 and 0.25 respectively.
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Problem-3
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Problem-4 
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Thin spherical shell
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Thin spherical shell
• Hoop or circumferential stress

• 𝜎𝑐 =
pd
4t

• Strain in any direction

• ε =
𝜎𝑐

𝐸
− 𝜇

𝜎𝑐

𝐸

• ε =
𝛿𝑑

𝑑
=

pd
4tE

1 − μ

• Change in diameter

• 𝛿𝑑 =
pd2

4tE
1 − μ

• Volumetric strain

• 𝜀𝑣 =
𝛿𝑉

𝑉
=
3pd
4tE

1 − μ
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Problem (Thin spherical shell) 
• A spherical shell of 2 m diameter is made up of 10 mm thick

plates. Calculate the change in diameter and volume of the
shell, when it is subjected to an internal pressure of 1.6
MPa. Take E = 200 GPa and 1/m = 0.3.
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Thick cylinders and spheres

• Earlier we have analysed thin cylinders, which are 
basically used for low internal pressure

• The internal pressure was considered to be
negligible in comparison to the circumferential
stress and longitudinal stress

• Thick cylinders are designed to carry high internal 
pressure

• Hence radial compressive stress can not be 
neglected

• In addition, circumferential stress which was 
assumed to be constant, is no longer constant, but 
varies along the thickness
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Thick cylinders and spheres

• The problem of thick cylinders is some what 
complex in nature

• It was first solved by French scientist Gabriel Lame 
in 1833

• His analysis is commonly known as Lame’s theory 
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Thick cylinders – Lame’s theory
• Radial pressure

𝑝𝑥 =
𝑏

𝑥2
− 𝑎

• Hoop stress

𝜎𝑥 =
𝑏

𝑥2
+ 𝑎

• Where 𝑎 and 𝑏 are constants
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Lame’s 
equations



Thick cylinders – Lame’s theory
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Thick sphere – Lame’s theory

• Radial pressure

𝑝𝑥 =
2𝑏

𝑥3
− 𝑎

• Hoop stress

𝜎𝑥 =
𝑏

𝑥3
+ 𝑎

Where 𝑎 and 𝑏 are constants
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Lame’s 
equations



Thick cylinder – Problem-1
• A cast iron pipe has 20 mm internal radius and 50 mm metal

thickness, and carries water under pressure of 5 N/mm2.
Calculate the maximum and minimum intensities of
circumferential stress and sketch the distribution of
circumferential stress and radial pressure across the section.
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Formula:
Radial pressure
(max. at inner radius and zero at outer radius)

𝒑𝒙 =
𝒃

𝒙𝟐
− 𝒂

Hoop stress 
(max. at inner radius and min. at outer radius)

𝝈𝒙 =
𝒃

𝒙𝟐
+ 𝒂



Thick cylinder – Problem-1 contd..
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Stress distribution



Thick cylinder problem-2
• Find the thickness of metal necessary for a cylindrical shell of 

internal diameter 16 m to withstand an internal pressure of 8 
N/mm^2. The maximum hoop stress in the section is not to 
exceed 35 N/mm^2.
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Formula used:
Radial pressure
(max. at inner radius and zero 
at outer radius)

𝒑𝒙 =
𝒃

𝒙𝟐
− 𝒂

Hoop stress 
(max. at inner radius and min. 
at outer radius)

𝝈𝒙 =
𝒃

𝒙𝟐
+ 𝒂



Thick sphere – Problem-3
• A spherical shell of 60 mm inside diameter has to withstand an

internal pressure of 25 MPa. Find the thickness of the shell if the
maximum tensile stress is to be 75 MPa.
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Formula used:
Radial pressure
(max. at inner radius and zero at 
outer radius)

𝒑𝒙 =
𝟐𝒃

𝒙𝟑
− 𝒂

Hoop stress
(max. at inner radius and min. at 
outer radius)

𝝈𝒙 =
𝒃

𝒙𝟑
+ 𝒂



Thick sphere – Problem-3 contd..
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Thick sphere – Problem-3 contd..
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Thick cylinder – Problem-4
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Formula used:
Radial pressure
(max. at inner radius and zero 
at outer radius)

𝒑𝒙 =
𝒃

𝒙𝟐
− 𝒂

Hoop stress 
(max. at inner radius and min. 
at outer radius)

𝝈𝒙 =
𝒃

𝒙𝟐
+ 𝒂



Thick cylinder – Problem-4
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Revision problem-1
A thin cylinder of internal diameter 1.25 m contains a fluid at an internal

pressure of 2 N/mm2. Determine the maximum thickness of the cylinder if:

i) The longitudinal stress is not to exceed 30 N/mm2

ii) The circumferential stress is not to exceed 45 N/mm2

Hints:

• Circumferential or hoop stress

𝝈𝒄 =
pd
2t

(calculate t)

• Longitudinal or axial stress

𝝈𝒍 =
pd
4t

(calculate t)

Take the larger of two values of t
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Revision problem-2
A cylindrical thin drum 80 cm in diameter and 3 m long has a shell thickness of 1

cm. if the drum is subjected to an internal pressure of 2.5 N/mm2, determine

i) Change in diameter

ii) Change in length

iii) Change in volume

Take E = 2 x 105 N/mm2 and Poisson’s ratio = 0.25

Hints:

• Change in diameter

𝜹𝒅 =
𝒑𝒅

𝟐𝒕𝑬
𝟏 −

𝝁

𝟐
× 𝒅 =

𝒑𝒅𝟐

𝟐𝒕𝑬
𝟏 −

𝝁

𝟐

• Change in length

𝜹𝒍 =
𝒑𝒅

𝟐𝒕𝑬

𝟏

𝟐
− 𝝁 × 𝒍 =

𝒑𝒅𝒍

𝟐𝒕𝑬

𝟏

𝟐
− 𝝁

• Change in volume

𝜹𝑽 =
𝒑𝒅

𝟐𝒕𝑬

𝟓

𝟐
− 𝟐𝝁 × 𝑽 =

𝒑𝒅

𝟐𝒕𝑬

𝟓

𝟐
− 𝟐𝝁 ×

𝝅

𝟒
ⅆ𝟐𝒍
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Revision problem-3
A spherical vessel 1.5 m diameter is subjected to an internal pressure of 2 N/mm2.

Find the thickness of the plate required if maximum stress is not to exceed 150

N/mm2 and joint efficiency is 75%.

Hints:

𝜎𝑐 =
pd

4tη
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Revision problem-4
A spherical shell of internal diameter 0.9 m and thickness 10 mm is subjected to an

internal pressure of 1.4 N/mm2. Determine the increase in diameter and increase in

volume. Take E = 2 x 105 N/mm2 and m = 3

Hints:

• Change in diameter

• 𝛿𝑑 =
pd2

4tE
1 − μ

• Volumetric strain

• 𝜀𝑣 =
𝛿𝑉

𝑉
=
3pd
4tE

1 − μ

• 𝛿𝑉=
3pd
4tE

1 − μ × 𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑠𝑝ℎ𝑒𝑟𝑒

• Note: Poisson’s ratio 𝜇 =
1

𝑚
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Revision problem-5
Find the thickness of metal necessary for a cylindrical shell of internal diameter 150

mm to withstand an internal pressure of 50 N/mm2. The maximum hoop stress in

the section is not to exceed 150 N/mm2.

Hints

• Radial pressure

𝑝𝑥 =
𝑏

𝑥2
− 𝑎

• Hoop stress

𝜎𝑥 =
𝑏

𝑥2
+ 𝑎

• Where 𝑎 and 𝑏 are constants

22-06-2021 Dr. B. Janarthanan           MSAJCE



22-06-2021 Dr. B. Janarthanan           MSAJCE


