UNIT -1

PARTIAL DIFFERENTIAL EQUATION

A partial Differential Equation is an equation involving a function of two
or more variables and some of its partial derivatives. Therefore a PDE contains
one dependent variable and more than one independent variable. Hence the
main difference between partial and ordinary differential equation is the number
of independent variables involved in the equation.

The order of a PDE is the order of the highest partial derivatives
occurring in the equation.

FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS:
There are two methods to form a PDE.
1. By Elimination of arbitrary constants.
2. By Elimination of arbitrary functions.
1. Formation of PDE by elimination of arbitrary constants:

Let f(x,y,z,a,b) =0—————— () be an egn which contains two
arbitrary constants a and b. To eliminate this two constant we need atleast
three egn. Therefore partially differentiating eqn (1) w.r.to x and y, we get
two more eqn.

From these three eqn we can eliminate a and b. Similarly, for eliminating
three constants we need four equations and so on.
We use the following notations

:% :% }":aZZ S§= azz l‘:azz
P T o oy oy

PROBLEMS:
1. Form the PDE by eliminating the arbitrary constants from
Z=(x2 +a)(y2 +b)_
Sol:
Given z:(x2 +a)(y2 +b) (D)
Diff (1) partially w.r.tox and y
From (2) and (3) we get,



q:2y(x2+a) ..... (3)
e (4)
Zq—y=x2+a ...... (5)

P4
2x 2y
= pq=4xyz

. From a PDE by eliminating the arbitrary constants a and b from
log(az—1)=x+ay+b.
Sol:

Given 10g(az—1)=x+ay+b ...... (1)

Diff (1) partially w.r.tox and y

From (2)and (3),

@y (2)
az —1
Y9 _—a .. (3)
az—1
ap =(az—1)
=a= L (4)
—p
q=(az-1) ... (5)
Substituting (4) and (5)
g=——-1
Z—p
= q(z—p)=p

= plg+D)=zq



3. Form a PDE by eliminating arbitrary constants a,b,and c from
z=ax+by+cxy.

Sol:
Given z=ax+by+cxy ... )
Diff (1) partially w.r.to x and y,
p=a+cy ... (2)
gq=b+cx ... (3)
0°z
S:axay =C ... (4)

From (1), (2) ,(3)we cannot eliminate the arbitrary constants,
So diff (2) and (3) partially w.r.tox andy

Sub (4) in (3), we get
q=b+sx
= b=g—sx ... @)

Sub (4) in (2), we get
p=a+sy

=a=p—5y ... 8)
Sub (7), (8), and (4) in (1) , we get
z=(p—sy)x+(g—sx)+sxy.
4. Form a PDE by eliminating the arbitrary constants a and b from

(x— a)2 +(y —b)2 =z’ cot’ .
Sol:

Given (x—a)’ +(y—-b)’=z*cot ot ... (1)

Diff (1) partially w.r.to x and y



2(x—a)=2zpcot’
= (x—a)=zpcot’ a ... (2)

2(y—b)=2zpcot’ o
= (y—b)=zpcot’ a.....(3)

Sub (2) and (3) in (1), we get
z2p2 cot’ a+ z2q2 cot' a=z"cot’ o
:>p2 +c12 =tan’ &
5. Find the PDE of all planes having equal intercepts on the x and y axis.
Sol:

X y z
i is —+=—+—=1 ... 1
Equation of such plane is PR (D
Diff (1) partially w.r.to x and y
l+£_0
a b
= p=—— .. (2)
a
49 9
a b
-b
=>g=— ... (3)
a
From (2) and (3), we get
pP=9q.
6. Form the PDE from z=ax" + by’
Sol:
Given z:ax3+by3 ..... (D)
Diff partially w.r.toxand y
p=3ax’ = az% ..... (2)
3x
=3by’ =4
q=3by" = b=—5 .. (3)
3y

sub (2) and (3) in (1)



px +qgy =32

> Form the PDE from z=ax" +by”

Sol:
Diff partially w.r.tox and y

p=3ax” =a=—L_ . 0)
_ n—1 _ q
q=3by" =b=—7 . 0)
3y"
sub (2) and (3) in (1)
px+qy=zin
8. Form the PDE from 2=(2x” +a)(3y —b)
Sol:
Given z=(2x* +a)3y—b) (D)

Diff partially w.r.toxand y

p=Gy—b)dx :>(3y—b)=4£ ..... )
X

g=2x* +a)(3) = (2% +a)=3—‘12 ..... 3)
y

Sub (2) and (3) in (1)
12 xz = pq

9. Find the PDE of all planes having equal intercepts on the x and y
axis.

Sol:
X Z

The Plane is TiXeia 1)
a b c

Diff partially w.r.toxand y
LN (2)
a ¢
1 ¢
—+—=—=0 ... 3
PR (3)

From (2) and (3) ,we get



P
q
=p=q

Formation of PDE by elimination of arbitrary functions:

The elimination of one arbitrary function from a given relation
gives a PDE of first order while elimination of two arbitrary function
from a given relation gives a second or higher order PDE.

10. Form the PDE by eliminating the arbitrary function from Z=f(X2 — yz).

Sol:
Given Z=f(x2—y2) (1)
Diff (1) partially w.r.tox and y
p=1 (" =y*)2x)

= fle-y)=L (2)
2x
g=f (¥’ =y*)-2y)
==y )==2 (3)
2y
From (2) and (3), we get
P _~9
2x 2y
= py =—gx
py +gx=0.

l

11. Eliminate the arbitrary function f from ZZf( j and form the PDE.
Z

Sol:
Given z= f[ﬂj

<



p=f'(%j.zy_fy‘p ..... 1)

Vé
q:f'(ﬂ}”_fm ..... )
Z Z
(1):>f'(ﬂj= pz__ 3)
z) zy—xyp

Sub (3)in (2), we get
pZ  x—xyq _ pxz—yq)

q= . 5 =
y—Xyp 2 Yy—Xyp
qzy —Xypq = pXz—Xxypq
= px=qy

12.Form the PDE by eliminating the arbitrary functions f and g from
z=f(2x+y)+g(Bx—y)

Sol:Given z=f(2x+y)+g(B3x—y) ... (1)
p=2f"2x+y)+3gCBx—-y)
p=2f4+3g'" .. (2)
g=f"2x+y)—gBx—y)
qg=f'-g'" .. (3)
r=4f"49g" .. (4)
s=2f"-3g" . (5)
t=f"+g" .. (6)

Eliminating f” and g” from (4) , (5)and (6) , we get
4 9 r
2 =3 s|=0
I 1 t

4(-3t—s5)—-9Q2t—s)+r(2+3)=0
—12t—-45—-18t+9s+5r=0
5r+5s—-30t=0

=r+s5s—6t=0.



13. Form the PDE by eliminating arbitrary function f from z=e" f(ax+by).

Sol:
Given z=¢€" f(ax+by) (D)
p=e® f'(ax+by)a ... )
g=e” f'(ax+by)b+ f(ax+by)e®a ... R))
)= f(ax+by)=;y ..... @)
@)= f(ax+by)=—L— . )
ae®
Sub (4) and (5) in (3) , we get
Q=be“yi+ ‘6" a
ae” e®
p:b—p+az
a
2=f(2x—6Yy)
14. Form the PDE from
Sol:
z=f(Q2x—-06y)
Given
Diff partially w.r.toxand y
p=F"(2x—6y)2 2

g=F'(2x—6y).6) ... 3)
From (2) and (3), we get

r_ 2
q -6
= 3p=—g
15.Form the PDE from Z=f(x2 +y2)
Sol:
2 2
- 2=f(x"+y") (D)
Given

Diff partially w.r.toxand y



p=f'"(x>+y>H2x ..
g=f'(x>+y»H2y ..

From (2) and (3)
py —gx =0

16. Form the PDE from X

Sol:

7= f(lj ..... 0
Given X

Diff partially w.r.toxand y

p=Ff (_—zyj ..... )
X

g= f',(lj ..... 3)
X

From (2) and (3) we get
p_ -

q X
= px +qy =0

17. Form the PDE from X+y+z=f(x" +y’ +z°)

Sol:
Given Xx+y+z=f(xX*+y* +2°)
Diff partially w.r.tox and y

1+p=f'(x2 +y2 +zz)(2x+2zp)
l+g=1'(x"+y* +2°)(2y+2z9)

From (2) and (3)
I+p x+2zp
I+qg y+zq
(y—2)p+(z—x)g=x—1Yy




2 2 2
18. Form the PDE from ax+by+cz=@x"+y" +z7°)

Sol:
Given ax+by+cz=¢)(x2 +y +2%) D
Diff partially w.r.toxand y
a+cp=¢' (X +y* +2°) 2x+2zp) 2
b+cq=¢' (x* +y* +2)(2y+229) .3)
From (2) and (3)
atcp x+zp
b+cq_y+zq

(a+cp)y+(aqg+bp)z=(b+cq)x

19. Form the PDE by eliminating the arbitrary functions from
7=f(2x+3y)+g(2x+y)
Sol:
Given 2=f(2x+3y)+g(2x+y) ... 4]
Diff partially w.r.toxand y
p=f"2x+3y).2+g'(2x+ y).2

g=f"2x+3y).3+g'2x+ y).1
r=f"2x+3y)4+g"(2x+y)4 )
s=f"(2x+3y)6+g" (2x+y)2 ...00
t=f"2x+3y)9+g"(2x+y) Y
Eliminating f and g from (2), (3),(4)
3r—8s+4t=0
20, Form the PDE from z=x2f(y)+y2g(x)
Sol:
Given z=x" f(y)+y’g(x) ()
Diff partially w.r.toxand y
p=2xf(N+y*g'(x)
g=x"f'()+2yg(x)



r=2f(y+y’g"(x
s=2xf'"(y)+2yg'(x)

t=x"f"(y)+2g(x)
Eliminating f and g from (2), (3) and (4)

4z =2yq +2px — sxy
21. Form the PDE from z=f(y)+@(x+ y+2)
Sol:

Given Zz=f(V)+dx+y+2)  ....(1)
Diff partially w.r.toxand y
p=1+p) ¢ (2
q=(+q) ¢ .3

r=¢".(r)+(1+p)’ ¢"
s=¢".(s)+(1+p)l+q) ¢"
t=f"+.¢9'+(1+q) ¢"

r_ 9.(N+(+p)ie"

s 9.(s)+(1+p)l+q)p"
(I+qg) . r=010+p).s

22. Form the PDE from 2=/ (x+1)+g(x—1)
Sol:
Given z=f(x+1)+g(x—1) A1)
Diff partially w.r.toxand y
p=f'+g
q=f"-g
r=f"+g"'" .. (2)
s=f"-g" ... (3)

t=f"+g" ... (4)
From (2),(3) and (4)



=f'+g"=f"-¢"
0

Formation of PDE by eliminating the function @ from @&u,v)=Owhere u
and v are functions of x, y and z.

Let du,v)=0 ... (1) be a given function of u and v.

Diff (1) partially w.r.to x and y we get,

%%Jra_‘b@: ..... )
ou dx OJv dx
9pou_ dpov_, 3)
ou By dv dy
To eliminate ¢, it is enough to eliminate o9 and 9
Ju ov

Eliminating ¢from (2) and (3) , we get

a_u ov
dx  ox
a_u v =0 .. (4)
dy dy

The above four partial derivatives can be derived from u and v.

23. Form the PDE by eliminating f, from fOy+2 x+y+2)=0.

Sol:
Given f(xy+z> ,x+y+2)=0 ... @)
~ (1) is of the form ¢(u,v)=0

Let u=xy+z2 and v=x+y+z

ou ov
—= 2 —=1
0x yTew ox TP

ou v
Zex+2 o1+
dy rred dy 1

Sub the above derivativesin (9, 9Jv|™




y+2zp 1+p
y+2zg l+¢
(1+g)(y+2zp)—(1+ p)(y+229)=0
(2z-=x0)p+(y—2z)g=x—y.

24. Form the PDE by eliminating f, from f(Z2—xy,f)=0-
Z
Sol:
. 2 X
Given f(z"—xy,—)=0.
Z
~ (1) is of the form @u,v)=0

X
Let u=2"—xy and v==

Z
ov z—px
ax Py Bx Z2
%:2Zq—x @:_fq
dy dy
v
o |dx dx|_g
Sub the above derivativesin (9, 9Jv|™
dy dy
Z— pX
2zp—y 2p
7 =0
2729 —x _)iq
Z

— X 7—DpXx

(ZZp—y)( 2q)—( 2p j(qu—x)zo
Z Z

multiplying by z°

(2zp = y)(=xq)—(z— px)(22g — x)=0
px’—q(xy—2z")=zx.

25. Form the PDE by eliminating f, from f(X2 +y2 +z2,xyz)=0.



Sol:
Given f(X2 +y2 +7° ,xyz) =(.
~. (1) is of the form @&u,v)=0

Let u=x"+y’+z° and v=xyz

%:2x+2zp %=y(xl9+z)

%=2y+2zq %=X()’(I+Z)
ou Jv

S A,
ub the above derivativesin |9, 9y
oy oy

2x+2zp y(xp+2)
2y+2zqg x(yq+7)
2x+2zp)x(yq+2z2)—(2Ly+2zq)y(xp+2)=0
px(z* = y*) +qy(x® —z2*)=2(y* —x*)

=0

2, .2, .2
26. Form the PDE from AX +y +2 ,lx+my+nz) =0
Sol:

Given eqn is of the form @u,v)=0
u=x"+y*+z° ,v=lx+my+nz

u =2x , v, =l

l/ty=2y ,vy =m

u,=2z V. =n
2y m

P= =2ny —2mz = 2(ny —mz)
2z n
2z n

0= =2zl —2xn=2(zl — xn)
2x
2x

R = =2xm — 2yl =2(xm — yl)
2y m

The solutionis Pp + Qg = R



(ny—m2) p+(zl—xn)g=(xm—yl)

)
27. Form the PDE from ¢{X+y+Z,X2 ty —2 )=0
Sol:
Given eqn is of the form @u,1)=0

u=x+y+z v=xX"+y"+7

szl ,Vx=2x
u, =1 WV, =2y
MZZI ,VZZZZ
I 2y
P= =—2z-2y=-2(z+y)
I -2z
I -2z
0= =2x+2z2=2(x+72)
I 2x
1 2x
R= =2y-2x=2(y—x)
1 2y

The solutionis Pp + Qg =R
(y+2)p—(x+2)g=(y—x)
28. Form the PDE from f(x2 +y2 +Z2 ,XY2)

Sol:
Given eqn is of the form @(u,v)=0
u=x>+y>+z> ,v=x72
u =2x sV, =W
u,=2y sV, = X2
u,=2z »V, =Xy
2 Xz
p=[" =2xy’ - 2xz” =2x(y’ - %)
2z xy
2z xy 2 2 2 2
Q= =2yz°=2yx"=2y(z" = x7)
2x yz
2x w2 2 2 2 2
R = =2z —2zy"=2z(x" = y°)
2y xz

The solutionis PP+ 0g=R



Xy’ =2 )p+ 2’ —x)g=z2(x" - y*)
29. Form the PDE from ¢(x_an+y+Z)=O

Sol:
Given eqn is of the form ¢(u, v)=0
U=x-—y ,V=X+y+2Z
u =1 v, =1
u, =—1 v, =1
z:O ’vz :1
-1 1
I
o=" "Yoosi=1
=1, s =
1 1
R = =1+1=2
‘—1 1
The solution is Pp + Qg=R
—p—q=2
p+q+2=0
TYPES OF SOLUTION

COMPLETE INTEGRAL (OR) COMPLETE SOLUTION:

A solution in which the number of arbitrary constants is equal to
the number of independent variables is called Complete Integral (or)
Complete Solution.

PARTICULAR SOLUTION:

In Complete integral if we give particular values to the
arbitrary constants we get Particular Solution.
SINGULAR SOLUTION:

Let f(%y,2,p,9)=Obe a PDE whose complete integral is

Ax.y,2,a,0)=0 .....0)
Diff (1) partially w.r.to a and band then equate to zero, we get



=0 (2)
99 _
L0 (3)

Eliminate a and b from (1), (2)and (3). Eliminant of a and b is called
Singular Solution.
TYPE 1:

EQUATION OF THE FORM F(p,q)=0:

In this type we are having only p and g and there is no x, y, and z. To
solve this type of problems, let us assume that z:ax+by+c be the
solution of the given differential equation.

30. Solve pg = 1.
Sol:
Givenpg=1 (1)
This is of the form F(p,q)=0
Let z=ax+by+c ... @) be the solution of (1)

Diff (1) partially w.r.to x and y
= p=a,q=b ... (3)

1
From (4), we get a=_ e &)

1
Eqgn (2) Z=Zx+b)’+c is the complete solution of (1).

31.Solve p°+¢q°=npq.

Sol:

Given p>+q =npq ... (D

This is of the form F(p,q)=0

Let z=ax+by+c ... ) be the solution of (1)

Diff (1) partially w.r.tox and y
=p=a,q=b ... 3)



Sub (3) in (1), we get
—a’+b*=nab ... @)

—a* —nab+b*=0

From (4), we get

g _nbi\/nzb2 —4b*
2
= azg[ni\/n2—4] ..... )

Sub (5)in (4), we get
b 2,
Z=§[ni n’ —4]X+by+C is the complete solution.

32. Solve the equation pq+p+q=0.

Sol:
Given pq+p+g=0 ... D)

This is of the form F(p,q)=0

Let z=ax+by+c ... 2) be the solution of (1)

Diff (1) partially w.r.tox and y

=>p=a,q=b ..... 3)
Sub (3) in (1), we get
=ab+a+b=0 ... é)

ab +b+a=0
b(a+1)+a=0

b(a+1)=—a
—a
b_a+1 ..... (5)

Sub (5) in (1), we get

a
Z=ax———Yy+cCis the complete solution.
a+l1



33. Solve p'+q =4

Sol:

Given p>+q¢°=4 ... )]

This is of the form F(p,q)=0

Let z=ax+by+c ... (2) be the solution of (1)

Diff (1) partially w.r.to x and y
= p=a,q=b ... 3)

Sub (3)in (1), we get = a’*+b*=4 .. 4)

From (4), b=t.4-a> ... 5)

Sub (5)in (1), we get z=axty4—a’ +c ... ©)
To find Singular integral:
Diff (6) partially w.r.to a and c and equating to zero, we get

0z 1
—=xt——-(-24)=0
da p N

%=1=0

oc

Here 1 = 0 is not possible. Hence there is no Singular solution.

\/;+\/3=1

34. Solve
Sol:
Jrea=1
Given
Let z=ax+by+c ... (1) be the solution.
fla,b)=va+b-1=0
Jb=1-+a
p=(—vaf . 2

Sub (2) in (1)
z=ax+(1—«/5)2y+c e (3)



This is the complete solution
To get singular solution:
Diff w.r.to c, both sides
0=1 (impossible)
~.No singular solution.
To get general solution:

Put c=¢@(a) , = z=ax+(1—«/;)2y+¢(a) ..... 4)

Diff w.r.to a, we get

-1
O=x+2(1—«/;)(—)y+¢'(a) ..(5)
20a
Eliminating a from (4) and (5) , we get the general solution

35.Solve ¢ +sin p =0

Sol:
Given f(p,q)=g+sinp=0 ... ()]
Let Z=axtbytc ... be the solution
f(a,b)=b+sina=0
b=—sina
Zz=ax—(sina)y+c ... 3)

This is the complete solution.
Diff (3) w.r.to c
0=1 (impossible)
. No singular solution.
Put c=¢(a) in (3)

z=ax—(sina)y+¢(a) ... 4)
Diff w.r.to a
O=x—(cosa)y+¢'(a) .. (5)

Eliminating a from (4) and (5), we get the general solution.
TYPE 2: CLAIRAUT’S FORM

EQUATION OF THE TYPE Z=px+qy+f(l?,q)
Assume that z=ax+by+ f(a,b) be the solution. This is solution is

obtained by putting p=a and g=b.
TO FIND SINGULAR INTEGRAL:



The Complete integral is z=ax+by+ f(a,b) ... D
Diff (1) partially w.r.to a and b, we get

0= yq Y@b) 2)
da
_ of (a,b)
0=y+52" (3)

Eliminating a and b from (1), (2) and (3) gives the Singular Solution.
NOTE:

The above complete solution gives a family of planes. The singular
solution (if it exist) is a surface having the complete solution as its
tangent planes.

36. Find the singular integral of Z=pXxX+qy+ pq.

Given z=px+qy+pg ... )]
It is of the form z=px+qy+f(p,q)
The complete solution is z=axtby+ab ... Q) [pur p=a,q=b]

Diff (2) partially w.r.to a and b, we get
O=x+b=>b=—x ... 3)
O=y+a= a=—-y ... 4)
Sub (3) and (4) in (2) , we get
Z=—Xy—Xy+Xy
7=—Xy

Is the singular solution of (1).

7= px+qy+(1—p}
37. Solve p
Sol:

Given % =Px+qy+£%—l9)

This is of Clairaut’s type.

o b
The complete solution is z=ax+by+ Pl IR )



To find the singular solution:
Diff (1) partially w.r.toaand b

0=x-2 -1 .2
a

O=y+t . (3)
a

B)=>a=— ... (4)
Yy

Sub (4) in (2), we get

Sub (4) and (5) in (1), we get
-x x-1 x-1 1
7=—+ — +—
y y y y

_—x+x—l-x+1+1
y

y=1—x
38. Solve Z=px+qy+2 pq

Given z=px+qgy+2|pgq
This is of Clairaut’s form.
The complete solution is z=ax+by+2«/% ..... @

To find the singular integral:
Diff (1) partially w.r.to a and b, and equating to zero ,we get



Eliminating a and b from (2) and (3)

39. Solve (I=0)p+(2—y)q=3—z.

Sol:
Given (1-x)p+(2—-y)g=3—-z
p—px+2g—qy=3—-z
z=px+qy—p—2q+3
The complete solution is z=ax+by—a—2b+3 ..., §))
To find singular solution:
Diff (1) partially w.r.to a and b, we get
x—1=0 = x=1 ... (2)
y—2=0 = y=2 ... (3)
To find the singular solution we have to eliminate a and b from (1), (2)
and (3).
Sub (2) and (3) in (1) we get z = 3.
TYPE 3:
EQUATIONS OF THE FORM F(z, p,q)=0

Given F(z,p,q)=0 ..... (D [In this type x and y do not appear explicitly]
Let z=f(x+ay) be the solution of (1).

Put x+ay=u ....Q2)

Then z=f(u) ..... 3)

Diff (3) partially w.r.to x and y we get



ety ()
ox duox du ax
_%_dz ou_dz ( @:a)
dy dudy du dy
_dz _dz
i.e., P—d— 5 6]—@@

d d
If we substitute p=ﬁ ) 61=ad—i in (1), then we get an ordinary diff eqn

of the form
dz dz . .
f Z,—,a—u =0, which can be solved by method of variable seperable.

The solution of this diff eqn gives the complete integral of (1). General
and singular solution can be obtained as usual.

3_
40. Solve P =4%
Sol:

Given p3 =qz ... (D)
This is of the type F(z,p,q)=0
Let z=f(x+a)) be the solution of (1).

Put x+ay =u

dz dz
= , g=a— .....
du 1 du ©

Sub (2)in (1), we get
(dz )3 dz
- = a —Z
du du

dz \’
dT = az

p

% s a7
du

A * ~adu
NI

Integrating , we get



dz

—= \/E du
e i
2Nz =+ a(u)+b
Squaring on both sides

4z=a(u+b)? where b=——

Ja

The general solution is 4z=a(x+ay+b)’.

2 2 2
Z=p +q +l
41. Solve b
Sol:
Given 2. =P +q’+1 ... o)

This is of the type F(z,p,q)=0
Let z=f(x+a)) be the solution of (1).
Put X+ay=u
dz dz
=— , g=a— ..... 2
a0

Sub (2) in (1), we get
2 2
Z2=(d—z) +a2(d—Z) +1
du du

2

dz ) -1
du 1+a’
dz: 1 ]

du  1+a’
_[ dz :J' du
Ji-1 P A1+a’

P




TYPE 4:
EQUATION OF THE FORM F,(x, p)=F,(,9)
Let F(x,p)=F,(y,q)=k (say) ... 1))
From (1) we get p=f,(x.k), g=f,(y.k) ..... )
We know that
dz=pdx+qdy ... 3)
Sub (2) in (3) we get
dz= f,(x,k)dx+ f,(y,k)dy
Integrating we get z=Iﬁ(x,k)dx+J.f2(y,k)dy+b is the complete

integral.
2.2
42.Solve P~4=X Y.

Sol:Given p—q=x2+y2.
p—x'=q—y =k(say)
p—x"=k , qg—y’ =k
p=k+x> , g=k—y°
Z=J.pdx+J.qdy
=[ +h)doer [ (k—y"xdy

3 3

X y
=—+kx+ky——+a

3 4 3

Z=%(x3 — V) +k(x+y)+a



43. Solve ﬁ+@=x+y.
Sol:
Given p+ﬁ=x+y
Jp—x=y—Jg=k(say)
\/;—xzk ,y—\/azk
\/;:k+x ,\/QZy—k
p=(k+x)" , g=(y=k)’
We know that
z=[ pdx+ [ qdy
:I(k+x)2dx+j(y—k)2dy

3 3
_k+n)' 0=k
3 3

44, Solve pe =qe .
Sol:
Given pée’ =gé'

L =T~ (say)
e’ e’

p =ke* , g=ke’
We know that
z=[ pdx+[qdy
:Ikex dx+jkey dy

=k(e"+e’)+b

2 2
45. Solve P T4 =X+

Sol:



Given p>+¢ =x+y
p'—x=y—q’=k
pr=k+x g’ =y—k
p= k+x,q=J;:E

We know that
Z=Ipdx+jqdy

=I\/m dx+ I \/ﬁ dy

3 3

2 o2 o
=—(k+x)*+=(y—k)?
3( ) 3(y )

TYPE 5:
EQUATION OF THE TYPE F(X"p,y"q)=0andF(z,x" p,y"q)=0.
CASE 1: If m#landn#1,thenput X" "=X,y™"=Y ... Q)
dz _dz dX - X d
—=——=P1-m)x™" 2 = myx™ and 2=
Now % OX o ( ) { N (A-m)x™ and X P}
p=P(l-m)x™
xX"p=0-m)P ... (2)
0z 9z 9Y _ oY d
. R_TZ I _od=n)v" LOY 9z _
Similarly T Q(1-n).y { 5 (1=m)y™ and = Q}
q=0(1-n)y™ 3 3
" where P=—  0=—=
yig=>1-mQ ... ©)) oX oY

Sub (2) and (3) in the given egn we get a diff egn of the form F(P,Q)=0(Type 1)
and F(z,P,0)=0 (Type 3) which can be easily solved.
CASE 2: If m=n=1, then

Put logx=X ,logy=Y



_ 0z 0z 0X

P=ox ax Tox
pepl [-.-Pzﬁ, al:l}
X 0X ox «x
xp=P ... (4)
. 0z
larl = = ... 5
similarly yg=Q [q BY} (5)

Sub (4) and (5) in the given egn we get a diff eqn of the form F(P,0)=0 and

F(z,P,0)=0(Type 3) which can be easily solved.

x2 y2
46. Solve —+—=z2
P 4
Sol:
. . i 1
Given equation can be writtenas —5/—+——=2  ..... O
X p ydq
This is of type F(z,x" p,y"q)=0.
Here m=-2andn=-2
=X =2X=x
yl_(_z) =Y =Y :y3
x p=3P
yg=30 .. Q)
Sub (2)in (1), we get
P 0
P+0=3zPQ ... %))

This is of F(z,P,Q)=0(type 3)

Let z=f (X +aY) be the solution of (3)



Sub (4) in (3) we get

dz = dz (dz)( dzj
—+a—=3z| — | a—
du du du du
2
d—z(1+a)=3az(d—zj
du du
g£_1+a
du 3az
ZdZ:1+adu
a
1+a
Izdz=f du
a
= u+b
= (X+aY)+b

7> l+a
2 3a
72 l+a
2 3a
22 l+a
2 3a

Solve P X+q’y=z.
47, Solve

2 1
j +(qu

Sol:

1
Given (sz

(X’ +ay’)+b

This is of the type (5), F(z,x"p,y"q)=0.

Here



x2=X ,y=Y

L
X‘p=—
P=3
L
yzngQ ..... (2)

Sub (2) in (1), we get

GPJ +6Qj =z =P+0’=4z

Let z=f(X+aY) be the solution of (3)

Put
X+aY=u
z=f(u)
dz dz
=—,0=a— ... 4
du 0 du @

dz ? ( dz jz
— | +|la— | =4z
du du
dz ? )
— l+a")=4¢
I ( )
2
dz _ 4z
du l+a’
d _ 24z
du  \1+a?

dz 2d

u
\/? l+a’

.....



dz 2du

JZ' \/1+a2
oz 2 (u)+b
1+a?

N (X +aY)+b
1+a’

2 1 1
24z = (x2+ay2J+b

Vi+a?
Take the transformation
X =logx Y=logy Z=z
x_1 w1 oz
ox x ay y 0z
R L Y
ox 0X dy 0
B_Z +a—Z:1 ..... )]
oX dY
P+0=1
Llet z=aX +bY +¢c ... (2) be the solution.
flab)=a+b-1=0 =b=1-a ... 3

Sub (3) in (2)
z=aX +(-a)Y +c
z=alogx+(—-a)logy+c
TYPE 6:
EQUATION OF THE FORM F(z’"p,z’"q)=0 andF(x, z’"p)=F (y,z’"q)
CASE 1:If m#—1, PurZ=2z""
0Z 0Z 0z
dx dz Ox (m+Dp
P =
m+1

Q =z"q .. (2)
m+1

P




Sub (1) and (2) in the given equation we get a PDE of the form
F(P,0)=0(on F(x,P)=F(y,Q)which can be easily solved .
CASE 2: If m=—1, Put Z=logz

0Z dZ oz 1

o oz ax T

0Z dZ dz 1
g—a—z.a—;q—z q
P=z"p .,0=z"¢9 .. (1)

Sub (1) in the given equation we get a PDE of the form
F(P,Q)=0(or) F/(x,P)=F,(y,0) which can be solved easily by using type
(1) or tyoe (4).
40. Solve P+q =Z(x2+y2)_
Sol:
Given p°+q> =z(x’+y?) ... ()]

2 2

P q _» 2
—2+—2—X +y
Z Z

(z_lp)2 +(z_lq)2 =x"+y> .. 2)
This is of type (6).
putZ =logz
d0Z oz _p dZ 0z
oz x z dz dy
Sub (3)in (2), we get
P +Q>=x>+)>
P2 _ 2 =y2—Q2=a2
P2 x?=q2 ,yz—Q2=a2
P2=a%+x° ,Q2:y2—a2

P=va’+x* ,0=4y’—-a*> ... (4)

We know that



dZ = Pdx+Qdy

dZ=Na’+x* dx++y*—a’ dy

Onintegrating

Z:j\/a2 +x° dx+v|‘w/y2 —a’ dy
2 2
logz =§\/ @+ +%sinh‘1 (fjﬂm —%cosh‘l(1j+b

a) 2 a
41. Solve Z(p*+q)=x+y.

Sol:
Given Z2p2+z2q2:x+y
(zp)’ +(z9)* =x+y ... @)
This is of the type (6)
Z=7
=3—i=2zp ,Q=%=2zq ..... Q)
Sub (2) in (1), we get
P +Q* =4(x+y) ... 3)
This is of type (4).
PP +Q°=4(x+y)=4k
P> —4x=4y-Q*=4k
P> —4x=4k ,4y-Q*=4k
P> =4x+4k , Q*=4y—4k
P=2Jx+k ,0=2Jy—k .. @)
We know that
dZ = Pdx+Qdy ..... )
Sub (4) In (5) ,and integrating we get

[dz=2[x+kdx+2[|y—kay

P



3 3
=g(x+k)2 +g(y—k)2 +b

3 3
=g(x+k)2 +g(y—k)2 +b

LAGRANGE’S LINEAR EQUATIONS :

The equation of the form Pp+Qg=R ..... (D is known as Lagrange’s linear
equation, where P,Q and R are the functions x,y and z. To solve this equation to
solve the subsidiary equations

dx dy dz
P QO R

If the solution of the subsidiary equation is of the form
u(x,y)=c,and v(x,y) =c, then the solution of the lagrange’s equation is @u,v)=0.

To solve the subsidiary equation we have two methods

1. Method of grouping, 2. Method of multipliers

1. Method of grouping:

dx dy a’Z
Consider the subsidiary egn 7 =5 R . Take any two members say
first two members or last two members or first and last members.

d d
Now consider Fx =9 )

Q

If P and Q contains z, try to eliminate it and on direct integrating we
get u(x,y)=c,.
dy d
Similarly take — 0 R . If Q and R contains x, try to eliminate it and on
direct integrating we get v(x,y)=c,. .. The solution of Lagrange’s eqn is
given by @u,v)=0.
2. Method of multipliers :

Choose any three multipliers [,m,1n which may be constants or
functions of x,y, z.

dx dy dz ldx + mdy + ndz

P 0 R IP +mQ +nR




The expression [P+mQ+nR=0. Hence ldx+mdy+ndz=0. Now on

direct integration we get u(x,y,z)=c,. Similarly choose another set of

multipliers /',m',n"' such that in
dx_dy dz_l'dx+mdy+n'dz

P Q R [I'P+mQ+nR

The expression [' P+m'Q+n'R=0. .-1I'dx+m'dy+n'dz=0 on direct

integrating we get v(x,y)=c,. . The solution of Lagrange’s eqn is given

by @u,v)=0.
NOTE :

For the same problems we can apply both method of grouping

and method of multipliers.

42. Solve pxz+q); :Z2

Sol:
o _ dx dy dz
The subsidiary equationare —5=—F%=—
X y Z
Taking 1°" two members , we get
dx _ dy
2T 2
X y
Integrating we get
-1 -1
—=—+c
X y

Taking last two members , we get
dy _dz

2 T 2

y Z
Integrating we get



¢(u,v)=0

43, Solve pxX+gqy=z

Sol:
Given px+qy=2

The subsidiary equationare — = ——
X Yy

dx _dy

Taking 1° two members , we get
dx _dy
Xy
Integrating we get
log x=1og y + log c,
log x —log y=log c,

log (iJ: log c,
y

Taking other two members , we get
dy _ds

y Z
Integrating we get

dz

<



log y=1log z+ log c,
log y —log z=log c,

log (ljzlog c,
Z

(-
(2

The complete solution is

¢)(u,v)=0

i)
y z

44. Solve xp—yq:yz—xz

Sol:
. 2 2
Given Xp—yq=y —X
dx_dy _ dz

The subsidiary equation are X __y V=

Taking 1° two members , we get
ax _ dy

x - Y
Integrating we get
log x = —log y +log ¢,
log x +1log y = log c,
log( xy) = log c,
Xy =c,
u=xy=c,
Taking x, y,1 as multipliers, we get



dx dy  dz _ xdx+ydy+dz

X _y_yz_xz xz—y2+y2—x2
_ xdx+ ydy +dz
0

xdx + ydy +dz =0
Integrating we get,

2 2

.,
2 2

v=x’+y>+2z=c,
The complete solution is
¢(u,v)=0
¢(max24—y2—k2z)=0
45 Solve XY—2P+Y(2—x)g=2(x~y)
Sol:
Given X(y—2)p+y(z—x)g=2(x—y)
dx dy dz

The subsidiary equation are = =
Xy—XZ YI—YX XZ—2Zy

Choosing 1,1, 1as multipliers, we get

dx+dy+dz _dx+dy+dz
Xy—XZ+ yZ—yX+Xxz7—2y 0
d(x+y+2)=0

Integrating we get
u=x+y+z=c

111
Choosing ——>— as multipliers, we get
Xy z

ldx+ldy+ldz ldx+ldy+ldz
X y Z _ X y Z

y—z+z—x+x-—Yy 0

dx  dy  dz_
X 'y z

0

Integrating we get



logx+logy+logz=Ilogc,
log(xyz) =logc,
XyZ =€,
The complete solution is
¢(u,v)=0
¢(x+ Y+ 2z2,xy2 )=0
46. Solve YFIPH(EZ+Ng=x+y

Sol:
Given (y+2)p+(z+x)g=x+y
o ) dx dy dz
The subsidiary equation are = =
y+z z+x Xx+Yy
dx—dy dy—dz dx+dy+dz
y—Xx - =y _2(x+y+z)
dx—dy dy-—dz
y—X - <=y
dx-y) _d(y—2)
—(x—y) —-(y—-2)
Integrating we get
pr+q =z(x*+y) ... )
cﬂx—y):cﬂx+y+z)
—(x=y) 2x+y+2)
Integrating we get

—loglx—y)= %10g(x+ y+z)-logc,

%10g(x+ y+z)+log(x—y) =logc,

log(x—y)\/x+y+z =logc,
v=(x—yh/x+y+z =c,

The complete solution is



¢(u,v)=0
¢(y—z J(X=YJx+y+z ]zO

X=y
47. Solve ptanx+qtany=tanz.
Sol:
Given p tanx +q tany = tanz.
Auxillary equation is
dx dy dz

tanx tany tanz
Taking 1 and 2" egn
dx dy

tanx tany
cotxdx=cot ydy
jcotxdxzjcotydy
logsin x =logsin y +logc,
logsin x—logsiny =logc,

log( s%n x] =logc,
sin’y

sin x
u:

: =q
sin y
Taking 2™ and 3" eqgns
dy dz

tany tanz
cotydy=cotzdz

Icot ydyzjcotzdz
logsin y =logsin z+logc,

logsin y —logsinz =logc,

log(sfnyj =logc,
sin z

sin
V: y =

sin 7
The solution is



o(u,v)=0
¢(§nx’§ny]20
siny sinz

48. Solve (y2+z2 —xz)p—nyq+2zx=0
Sol:
The auxillary egn is

dx _dy  dz
y+7P—x" —=2xy -2z

Consider first set of multipliers as (x,y,z)
dx _dy  dz  xdx+ydy+zdz
y:i+z72 =X - —2xy 2 —x(x*+y*+27%)
dy  xdx+ ydy+ zdz
—2xy - —x(x*+y*+27%)
dy  xdx+ ydy+ zdz
Z_y_ (X*+y*+2Y)

integrating

log(x* +y* +z*)=log y +logc,
log(x* +y* +z%)—logy =logc,

2 2 2
10g(uj =logc,
y

2 2 2
X +y +z
u:—y =
y

¢

similarly take



dz  xdx+ ydy + zdz
—2zx_—x(x2+y2+z2)
dz  2xdx +2ydy +2zdz
7_ (x2+y2+z2)

int egrating
log z =log(x* + y> +z°)+logc,
log(x* +y*+z°)—logz=logc,

2 2 2

+yi+

logl =Y T2 |-1oge,
z

Xty 7

4 2

Z
The solution is

P(u,v)=0
2 2 2 2 2 2
¢[x +y +z7° Xy +z ]:O

b

Yy Z
HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATION:

A homogeneous linear PDE is of the form
a +a +a +....4+a =F(x,y)
‘ox" ox"dy  Cox"?oy’ Y

where a,,q, ,a,, ... a, are constants

Egn (1) can be written as
a, D' +a, D7 D+a, D> D+ ...4a D" i=F(x,y)  ...0)
Where D=i , D' =i-
ox dy
The complete solution of homogeneous PDE consists of
1. Complementary Function
2. Particular integral
1. To find the complementary function(C.F):

The C.F is the solution of the egn
(¢, 0" +a D" D+a, D> D*+ ....4+a D" )z=0 ....0)

In this eqn, put D=m and D'=1, then we get the auxillary eqn.



—1 -2
a,m'+am" +a,m" "+ ..+a,=0

Let the roots of this eqn be m ,m,,m,, ....m,

Case 1:If the roots are real (imaginary) and different then
z=f,+mx)+f,(y+mx)+...+ f, (y+m x)
Case 2: If the roots are equal m, =m,=m
2= f(y+m)+x f,(y+m)+ f,(y+mx)+...+ f, (y+m, x)
Case 3: If the roots are equal m,=m,=m, =m

Z =f1(y+m)0+xf2(y+m)d+x2f3(y+m)b+....+fn(y+mnx)
NOTE :
If in a homogeneous PDE the RHS is zero then the C.F. gives the
complete solution, and we need not to find particular integral.
2 2|
45, solve (2D +5DDH2D? )z=0
Sol:
Auxiliary eqn is
2m* +5m+2=0 put D=m ,D'=1
(2m+1)m+2)=0
-1

m=—,=2
2

The roots are different.
The solutions is

Z=f1(y—%xj+f2(y—2x).

2 2|
50. Solve (D?-6DD+9D”)z=0

Sol:
Auxiliary eqn is



m>—6m+9=0 put D=m ,D'=1
(m—3)>=0
m=3,3

The roots are equal.

The solutions is

z=1(y+30)+x £, (y+3).

51. Solve (D4 -D" )z=0.

Sol:

Auxiliary eqn is
m*—1=0
(m>=1)m>+1)=0
m?’=1=0 , m*>+1=0
m=*1 , m==%i

The roots are different.

The solutions is

2= f(y+X)+ (=20 + f,(y+ix) + £, (y=ix).
52 Solve (p*-2D*D'+2DD" - D'4)z=0_

Sol:
Auxillary eqn is
m*—=2m’+2m-1=0
(m+1(m—-1)°=0
m=-1,1,1,1
The solutions is
z=f1(y—x)+f2(y+x)+xf3(y+x)+x2f4(y+x).
To find the Particular Integral:
Case 1: If the RHS of a given PDE is F(x,y)=e™"™ | then



1
" ¢(D,D)
:L. ™ providedd a,b) 20

#ab)
If Aa,b)=0, then multiply the Nr by x and differentiate the Dr w.r.to
D, then apply the

ax+by

P.1

Above procedure.

2 ' 12 o x+

Sol:

The auxiliary egn is
m>—=5m+6=0
m=2,3

CF=f(y+2x)+ f,(y+3x)

e\,
D™ -5DD+6

1
= e
1-5+6
1

5ty

2

X+y

* (D=1, D=1

1 ey
The complete solution is z=f1(y+2x)+f2(y+3x)+§e !

3 2y 3 x+2
54. Solve (D —3D"D+4D )z—e .

Sol:
The auxiliary egn is



m’=3m* +4=0 —=>m=—1,2,2

CF=f(y—x)+f,(y+2x)+x f;(y+2x)
1

Pl.= et D=1,D=2
D’ -3D*D'+4D" ( )
— 1 x+2y — L x+2y
1-6+32 27

The complete solution is z = C.F. +P.I

Z=f1(y—x)+f2(y+2x)+xf3(y+2x)+2i7 o

55. Solve (D +2DD+D" )=
Sol:
The auxiliary egn is
m*+2m+1=0
m=-1,—-1
CF=f(y=x)+xf,(y—x)
1
e
D’ -2DD'+D"
1
e
1-2+1

PI. = 7y (D=1,D'=-1)

x=y

e’
2
=—ce

2

2
X
0

x°

2

Z=f1(y—x)+xf2(y—x)+x7ex_y



Case 2 : If given RHS is of the form F(x,y)=sinnx+ny) or cosnx+ny)

P.l.= sin(mx+ny) or cos(mx+n
AD.D) ( y) ( y)

Replace D* by—m’ , D* by—n”and DD=—mn in ¢(D,D') provided the
denominator is not equal to zero. If #a,b)=0, then multiply the Nr by
x and differentiate the Dr w.r.to D, then apply the above procedure.

56. Solve (D 2DD+D? fr=costr—3y).

Sol:
The auxiliary egn is

m* —2m+1=0
m=1,1
CF=f(y+x)+xf,(y+x)

1 2 2
P.l.= cos(x—3 D*=-1,D"=-9,DD'=-3
D’ -2DD'+D" (x=37) ( )

= cos(x—3
1 6_9 (x=3y)

-1
=—cos(x—3
T ( y)
The complete solution is

z=CF+PI

:fl(y+x)+xf2(y+)c)z—61 cos(x—3y)

0’z 9%z
— +——=cos2x cosy
57. Solve dx”  dy

Sol:
The given eqn can be written as

(D2 +DD)z=% [cos@x+ y)+cos@x—y)]

Auxiliary eqn is



m*+m=0

m(m+1)=0

m=0,m=-—1
CF=f(y+0x)+ f,(y—x)
P.I.=% [P1,+PL]

1 >
Pl =——— cos@x+ D=4 ,DD=-2
=D pp ST ( )

~1
COoS(Zx+ =—cCoSZx+
5 Cx+y) 5 2x+y)

1 ,
Pl, =—— cos@x— D=4, DD=2
= COSQE) ( )

1
= COS(LX— =—COS(LXx—
12 2x—y) 5 2x—y)

1 1
7= fl(y+0x)+f2(y—x)—gcos(2x+ y) —Ecost—y)
Case 3:

If the RHS of the form F(x,y)=x"y"then
1

E—————— X
$(D.D") |

= lp(D, DO x"y
Expand [¢(D,D')]_1 by using binomial theorem and then operate on

m n

Xy

m n

y

Here % denotes the integration w.r.to x and % denotes the
integration w.r.toy.
(D2 DDv 3OD12) _ 6x+y
58. Solve \W ~HPT Z=Xyres .

Sol:
The auxiliary eqn is



P.I

2 =

m* —m—-30=0

m=6,-5

CF.=f(y+6x)+ f,(y—5x)
PIl=PlI + Pl,

1
P.I = X
'~ D*_DpD—30D"
o ' 12
pif D _30D
D D

I+—+

l)v 3()1)12 l)v
3 +
D D

1
D?
—L_1+£x
D*? D Y
1

X
= +”__
DZ[xy D}

g—uw —;u)
X

_y
6 24

1
D?>-DD'-30D"

~ 1
36-6-30
1

=—e

0

6x+y

6x+y

6x+y




_ X
2D-D

_ X
12-1

— ﬁ e6x+y

11

€6x+y

6x+y

y x x Ox+
+6x)+ —5x)+ e
z = fi(y+6x0)+ f,(y—5x) <t 4 -

59. Solve (DQ_ZDD')Z:eZ“fx Y,
Sol:
The auxiliary eqn is
m* —2m=0
ml=0,2
C.F.=f(y+0x)+ f,(y+2x)
Pl=Pl +PlI,
1 2

P'Ilzz—e
D" -2DD'

N S
D?*-2DD'

1 3
: 2(—”‘)”
(x y——(x ))

+
20 60

PI,= y

S

>< w‘H w‘H

er x y x
= +0x) + +2x)+ —+—
=00+ L+ 20+ =5 Yo




60. Solve (D* +4DD'=5D")z=3¢ +sin(x—2y)
Sol:
Auxillary eqn is
m* +4m-5=0
m=1,-5

CF=f(x+y+f,(x=5y)
1

P.I= 3e?Y
D2+4DD4D”( )

1 |
— 3 2x—y
ig+1¢ )

= %1(3.92”)

1
Pl= sin(x—2
D’ 4DDsp? = 2Y)

=—sin(x—2
-1+8+20 ( )

1
= sin(x—2
27sm(x y)
The complete solution is
1 N B
Z=f1(x+y)+f2(x—5y)—§(3ezx y)+2—751n(x—2y)

61. Solve (D> —2DD'+D"); =8¢*>
Sol:
Auxillary eqn is
m* —=2m+1=0
m=11
CF.=fi(x+y)+xf,(x+y)
Pl=— ! 5 8e %
D" -2DD'+D'
— 1 86x+2y
1-4+4

— 86 x+2y

The complete solution is

7= f,(x+y)+xf,(x+y)+8e">



62.Solve (D2 _DD_ZD'Z)Z:()’_l)ex.

Sol:

The auxiliary eqn is
m2 —m—2:O
m=-1,2

CFE=f(y—x)+f,(y+2x)
—
D" —-DD-D'

(y—De*

1
(D—2D')(D D)

(y=De’

[e+x-ne dx

(D 2D")
:(D—zD')Icexd’”j("‘l)exdx
= ! [cex +xe" —e* —e"]
(D-2D")
= ! [cex +xe* —2e"]
(D—2D')
(D D) [(y x)e* +xe" —Ze] (e=y—x)
(D D) [y —xe" +xe' —2e" ]
(D 2Dv [(y_ )e]

:I(Cl —2x—2)e" dx (- y=c,—2x)
=clje" dx— 2_[ xe* dx—2 j e dx

=c,e" —2xe" +2e" —2e"

=(y+2x)e’ —2xe" +2e" —2e¢*

=ye"

z= [L(y—0)+ f,(y+2x)+ ye'



UNIT-II
FOURIER SERIES

Periodic Function:

A function f(x) is said to be periodic function if f(x+T) = f(x) where
T is the positive constant for all x which is also called period.
Example:

£ (o +211) =sin(x + 21T) = Sinx
£ (o +4T1) =sin(x + 41T) = Sinx
o Period T =211>0

Drichlet’s conditions :

A function f(x) can be expanded as a fourier series in an interval

¢ <x<c+2 If the following conditions are satisfied

(1) f(x) 1s periodic with period 21 in (c, ¢ + 21) and f(x) is bounded.

(i1)The function f(x) must have finite number of maxima and
minima.

(i11) The function f(x) must be piecewise continuous and has a finite
number of finite discontinuities.

Fourier Series:

A periodic function f(x) which satisfies Drichlet’s conditions can be
expanded , as cosine and sine series of the form



flx)= a—0+ian cos nx + ibn sin nx
n=1 n=1

2
Fourier coefficients:
1 c+.21
a, = 7 f(x) dx
a = ! T f(x) cos (@j dx
"] g L
c+21 NIrx
_[ f(x) sm( 7 jdx

Complex Form of Fourier series:

f6) = S cne =T

c+21 ATX

Cp = fye ™ T

Root mean square value :

y = b a f f (x)zdx Root mean square value
— 1 b
yz = hea’a yz dx Effective value

Parseval’s Identity:

— ap? . 1w 2
y? =+ 5 2n=1(an”® + by”)



Problems on Fourier Series of Functions With
Period 27

1. Find the Fourier series Expansion of
f(x)=x>,0<x<21

~ 1 1 1 1
Hence deduce that, (i) ~~ = >t o+ 7t 7t

7’ 1 1 1 1
i) o ~ "2t T

o~ _ (1,11
(iii) ] 12 32 g2
Solution :

We need to find q,,q,,b, where the formulas are given by

1 27 1 27 1 27
a=— j f(x) dx, a,=— j f (@) cosnx dx, b, =— j £(x) sinnx dx
0 0 0

127z 127z
ao——jf(x)dx:—szdx
70
_lx_327r
7| 3 0
82




1 2 1 2
anz—j f(x)cosmca’xz—jx2 cos nx dx
V4 T
0 0
applying Bernoulli's formula

A2 of =) o
{(4ﬂ2)(s1nn27zj (47 )[ cosn27zj (2)£ smnzyzﬂo ~

T %{(0 )(smnoj (0)( cosnO) (2)( s1nn0ﬂ0

_7[47[7/1_2

_4

n2
127r 127z

b, =—_[ f(x) sinnx dx =—j x” sin nx dx
r )

applymg Bernoulli's formula
2r

:;_{(xz)(ﬂj (22 )(M}(z)("";}”ﬂo
e oo of e
{(02)(—c0sn0j (0)( sman (2)£co,1s}noﬂ}

Hence the Fourier series expansion is given by,



ay =X X .
——+ > a, cos nx + » b, sin nx
2 =1 n=1

2

n

o 4 © 4z
x° = + Y 5-CoS  nx + > -
3 n:ln n=1 n

f(x) =

sin nx

Deduction 1:
Put x = 0 (1s a point of discontinuity at end point ) in the above

Fourier series
2 © ©
SO)+ f(27) = 473[ +2 izcosn0+z —4—7[Sin no0
n=1 n

2 ! n
2 2 o0
_ 0+dn’ _ 4z +Zi2
2 3 n=1"
2 o0
BT LA,
n=1
27t X 4
= 3 = Z n2
n=1
o0 2
1 T
f— =
nzzl n’ 6
o0 2
1 T
Hence,nzlnz - 6
' > 1 PR B S
L€ 6 12 22 3?2 42

Deduction 2:
Put x= 7 (is a point of continuity) in the above Fourier series




, 4r? &4 © Ax

TS = ——+ —2cosn7z+ ———sin nrxr
3 n=17 n=1 n
2 o0
:>7z2:47[ +> 42(—1)”
3 n=171
4’ &4
= 22 sy
3 n=11
2
SN S I
3 2
n=171
2
_ © 1
— =Y (-
12 = n
-7z 1 1 1 1
12 1> 22 3 4

Deduction 3:

x value substitution (such as 0, %, 7, 2 ) will not give the deduction.

So, let us add the above two series ( given in the above two

deductions),




T _ (L R N )
Hence 3 12 32 g2

2. If f(x) = % (r — x) find the fourier series of period 27 in the

/4

interval (0, 2mr).Hence deduce that 1 — % + i — % + .= "

Solution:

(0 0) (0]

a

f(x) = 70 + Z a,cosnx + Z b, sinnx
n=1

n=1

2T

1
Qo =— . f(x)dx

1 (%™1
=—J —(mr — x)dx
)y 2

1] 22"
= —|TTX — —
2m | 2 0
1[(, , Am?
Z% 2T —T —(0—0)
1
=%[2TL’2—2TE2]
=0
1 2T

a, = - f(x)cosnxdx
0

1 21
= Efo 5 (m — x)cosnxdx



2T

_ i [(TL’ . X) si7:lnx . cosnx]

2m n? lo
_ 1 '( )SinZnn cos2nmt 1
- 2ml & n n2 n2
B 17 1 N 1
 2ml n?2  n2

1 21T
b, =—1| f(x)sinnxdx
T Jo

1 (%"1
j — (T — x)sinnxdx
0 2

21

1 —co sinnx
= 5| =0 ==+ 2]

n2 0

_ 1l cos2nm SinZnn_l_ T
] n? n2
_ 1 T[+T[]
“2tln m
_1
n

1
a,=0,a,=0, bn=£



sin2x sSin3x

f(x) = sinx + >t 3 + e

Letx = g this point is continuous point

_n2
3. Expand the Fourier series for f(x) = (%) ,0<x<2

1 1 1
Hence deduce that P + 7z + 32 oo
Solution:

The Fourier series 1S

f(x) = 70 z a,cosnx + z b, sinnx

= n=1

2T

1
Qo =— . f(x)dx

1j2"(n—x)2
= — —dx
T Jy 4

~ (7'[-3()3 21
_4n[ -3 L



:___3_ 3
oa T

a0—6

1 2T

tn = — f(x)cosnxdx

0

1 21 (m—x)?
s

_n 4

= |- 0? T - 2 - (-1 (- 5

n3

_ i . 2 sinnx
- 41 [(T[ x) n

(2)(1) (—sinnx)](z)”

_ 1 2n 2T
= E _ﬁCOSZTlTL’+ﬁ
B 1 4w B 1
4 n2]l T n2

1 2T

cosnxdx

. 2(7_[ . x) (co:nx) _9

cos(

b, = - f(x)sinnxdx

0

_ 1f27t (m—x)?
Y0 4

sinnxdx

=—|m-20? (- =) - 2 - )(-1) (-

n3

(2)(1) (cosnx)](z)”

sinnx

n2

)+



2T

=— [—(n — x)? CO; — 2(m — x) (smnx) +2 (Cosnx)]

4T n? n3 0
17 5 cos2nm cos2nm 5 cos0 cos0
= —|—-T + 2 +7 - ]
4| n n3 n n3
1 2 N 2 +TL'2 2
47 n nd n nd
=0
2 1
a0=?,an=ﬁ, bn=0
12 < cosnx
=—+
fe) =1 Z 2
n=1
() = 2 N CoSX N coS2x N cos3x N )
R =+ 22 32 ' (1)

Let x = 0 this point is discontinuous point

f(0)+f(2m)
f (@) = LOCD

2 TC2
2t _
fxm0 =25 =5
T T 1 1 1
W=T=5+ atatat ]

4.If f(x)=x(2r—x) for 0<x<2m, prove that

S () =3 12 2’ 32

Solution:

272 [cosx cos2x cos3x }
-4 + + +...



The Fourier series is

a
f(x) = 70 + a,cosnx + Z b, sinnx
n=1 n=1
1 2
a, =— j F(x)dx
0
1 2
=— I(27zx—x2)dx
0
_ l—ﬂxz _i 2
7| 3,
1 4ps 87
7| 3
B 127% — 877 B 4’
3 3
4r*
a, = 3

2
a, = L I f(x)cosnxdx
7 0

2
1 j(27zx — x”) cos nxdx

0

_ l{(Z;zx _xz)(sin nxj _Qr- 2x)(_ cozs nxj N (_2)(— sin nxﬂzﬂ
T n n

3
n 0




. . 2r
_ l{(Zﬂx B xz)(sm nx) fQr- Zx)(cosznxj N 2(sm3nxﬂ
r n n n .

1[—27z 2;1
=— cos22nmw ———

2 2
T n n

2 4
L l+1]=——
n

27
b, = L j f (x)sin nxdx
7 0

2z
= L I(27zx — x*)sin nxdx
7 0

- . 2
_ 1 (zﬂx_xz)(—cosnxj_(zﬂ_2x)[—s11:nxj+(_2)(cos3nxﬂ
7| n n n o
r . . . 2r
_1 _(zﬂx_xz)(smnx]+(27[_2x)(sm2nx]_2(sm3nxﬂ
7| n n n o
=l —2—chos2n7z+2—fcos0}
7| n n
:l —2—7;4-2—73[j|:0
7| n n
a, =0
27t & 4
f(x)= dd —Z —-cosnx
3 7/
27t COS cos?2 cos3
fo) =Ty R TP TR
3 1 2 3

5. Find the Fourier series expansion of f(x) = x sin x in ( 0, 2 7).

Solution:



Since the interval is 0 to 27 we need to find all the three fourier

constants.
1 27 1 27 1 27
= — I f(x)dx, a, = — I f(x) cosnx dx, b, = — I f(x) sin nx dx

1272' . 1 . 2
a():; I X sin x dx:;[(X)(—COSX)_I(_SIHX)]O
0

1
= ;[27[(—1)—0—0+ 0]

a,=—2

1%F 1%F
a=— If(x)oosnxdx: — J.xsinxoosnxabc
70 70

dx ,Providedn+1

2r . .
:l Ixsm (n+1)x —sin (n—1)x
7 0

= 2%[ ﬁrxsin(nﬂ)xak — Tx sir(n—l)xdx}

0

_ 1 ( oos(n+1)x 1 sin(n+1)x (x)( oos(n—l)xj sin(n—1)x
_27z n+l (n+1y n-1 (n—1y

provided n+#1

:i 2”— 2 , provided n#1
271 n+l n—l1

= 127[ b1 , provided n #1
2 n+l n-1

Q
Il

, provided n #1
n -1



When n=1,we have

27z 27z
=— j (x sinx) coslx dx = — j (x sin2x) dx

o= ]

j (x) sinnx dx
0
2

T
1 )
= — I xsin x sin nx dx
T
0

2
zl . cos(n—1)x—cos(n+1)x &
Ty 2

:i Txoos(n—l)x dx — Txoos(nﬂ)x dx}

L0 0

At et

provided n#1

:i{ N 2H L1 2}} provided n#1
2 || (n=1)" (n+]) (n=1)°" (n+1)
=0, provided n#1




2r
I (x) sin nx dx

1
70

sin x sin 1x dx

N |-

- 2
I-cos 2x .

k\|r—a

I
)

1 T
=— J. dx — J.x cos 2x dx]
2z 0

e
T

=— O+——O+O—l =7
27z 4 4

Hence the Fourier series 1s

a = : c .
f(x)= 70 +a,cosx+ ) _a, cos nx + bsinx+ Y b, sin nx
n=2 n=2

1 2

xsmx——l—g cosx+ COS nx+rsinx

-1

I, O<x<rx
6. Find the Fourier series of f (x) = . Hence evaluate
2, T<X<2r
: ! + ! + ! +
the value of the series 12 22 32

Solution:

Here the interval given is 0 to 2w So, let us find all the three fourier
constants.



127 127 |27
——ff(x)dx a =—jf(x)cosn.xdx b =—jf(x)s1nnxdx

70 70
1272’
= Jf(X)dx

1 [7[ 2

[ldx+ [2dx
0 T

;[7[+27r]

=3

127
j f(x) cos nx dx
4= 7 g

1 T 27[
=—| [ cosnxdx+ [2cosnxdx
4

0 T
1 (sinnxjﬂ ( sinnszn
=— +|2
=0
1272'
b == [ f(x)sin nx dx
n
0
117 2
= —| [ sinmxde+ | 2sinnx dx
an T

—1
|
[
S | =
~
S
+
I | =
N~
+
Vo
|
S|
+
[
S
A —g
L



—, if nis odd
0, if niseven

a © X i
f(x)= ?0 + > a, cosnx+ Y b, sinnx
. . . n_l }’l_l
Hence the Fourier series 1s 3 o 7
f)==+ > ——sinnx

2 n=135,.. N7

Deduction:

When we put x = 0, % , T, 2 T we don’t get the series ( As the

denominator of the series is #° and the denominator of the Fourier series
is only n). so, let us apply Parseval’s identity for full range series.

a 00 127[
70+ z (a2+b3):; (j)[f(x)]z dx

n=1

9 o0 4 1 T 2 272' 2
= —+ )y > = [1%dx + | 2° dx

2 jp=1,3,5.n°x 7|0 T

9 4 (1 1 1 P 27:}
>—+ —F| +t—=+—F+...|=—|(x)y +(4x

2 72'2[1 32 52 ] ”[( o + ()
:>2+i L+—+—+ =35

2 22112 32 52
ji(;;; j_5_2_1

212 32 52 2 2



. . . . 1 forO<x<rm
7.Find the Fourier series expansion of /(x)=
2 for m<x<2rxw

Solution:
Here the interval given is 0 to 2m. So, let us find all the three

fourier constants.

1272' 1272' 1272'
a=— | f(xX)dy,a =— [ f(x)cosnmxdx, b =— [ f(x)sin nx dx
0 7 n n r
0 0 0
1272'

aozﬂ(f)f(x) dx
1{7[ 2r }
=—| [ldx+ [2dx
710 T

= 71[ (x)g + (2x)72[7[]

= l[7[-1—27[]
7

=3

2
a,=— [ f(x) cos nx dx

70

1 /A 27[
=—| [ cosnxdx+ [2cosnxdx
T O T

1 (sinnxjﬂ ( sin nszﬂ
=— +12
7 n o Jo n )y
=0
2

b =177 £(x) sin nx d
n 7[0

117 2
= —| [ sin nx dx+ [ 2 sin nx dx

an T



1
T

l( s nxj;z ) (_ £ nxji’f]
e

Hence the Fourier series is

N | =

a & < :
fx)=-2+>a, cosnx+ >b, sin nx

n=I1 n=1

f(x)=§+ i —isinnx

n=13,5,.. NI

Fourier Series of f{x) in the interval (—m, )

1+2,—7z<x<0

_ T
S =
1—2,0<x<7z
V4

1. In the Fourier series expansion o

in (-m,m), find the coefficient of sin nx.
Solution:
Since the interval is (-7,1), let us verify whether the function is

odd or even
1+2(_x), —r<-x<0
fx) =y ”
1_2(—x), O<—x<nrm
L T
—@, O<x<rm
_ T
1+2(_x)’ - <x<0
T
= f(x)

Hence the function is even. So, the coefficient of sin nx that is b, = 0.




2. Find a. in expanding ¢“ as a Fourier series in (-r,n).
Solution:

1k nx
a =— x)cos| — |dx
; Liﬂ) (Lj
1 f —ax
=— Ie cos nx dx
T _x

—ax

1

e :
=— (—) —a cos nx + n sin nx
:%H;erzj(—a cos n +0) —[aze+b2j(—a oS n7r+0)}

1 a _
=——5——cosnx (e —e™")
T a +b
2 a .
a, =————7(-1)"sinhar
Ta +b

3. What is the constant term ay and the coefficient a, in the
Fourier series expansion of f(x) = x -x° in (-%,n).
Solution:
Since the interval is (-7,7), let us verify whether the function is odd or
even
f(x) =-x-(x) =-x + x¥*=-(x -x* )=-f{x). The given
function is odd.
Hence, the coefficients ap and a, are zero.

4. Find the constant term in the Fourier series corresponding to
f(x) = cos® x expanded in the interval (-w, 7).

Solution:

Since the interval is (-7,71), let us verify whether the function is odd or
even.

f (- x) = cos? (-x)= cos’x = f(x).



Hence the function is even.

a, :zjcoszxdx
7
zz]r-1+cos2xdx
) 2
1[ sin2xT
=—|x+
T 2,
1
=—|x
L
a, =1

. ) . . a |
Hence the constant term in the Fourier expansion is 70 =—

5. If the Fourier series of the function f(x) =x + x?, in the

2
X 4 2 .
interval (-m,m) is % + > (=" [—2 cos nx — — smnx} , then find the
n

n:l n

| 1 1
value of the infinite series 1— + 2— +—+..

32
Solution: Put x = wt, which is an end point discontinuity. So,

fen)+ /(@) _ ﬂ2 Z( 1){ 2 4

COS T —— SInnm
2 n

:>—7r+7zz+7r+722 722 2 {—(—1)}

5 Z(—l)



7’ = 4
j— = — —_
aeird
=1 ] T
= 4 — | = ——+7r2
; n’ ] 3
=1 ] 27?2
= 4 — | =
; n’ ] 3
© 1 72_2
= — | = —
2l l- %
:L 1_+L+1_+ i
1?2 2% 3% 4° 6

6. Find ay if f(x)=

Solution: Since f(—x) =

(-m,m).

=|x| = f(x), the function is even.

a, =%]£|x|dx=%jfxdx

5

2
T

2
VA

a, =7

7. Find the Fourier constant b, for f(x) = x sin x in (-n,n).
Solution: f'(-x) = (- x) sin (- x) = x sin x = f(x) the function is even.
Therefore, the coefficient b, = 0.

8. Find the Fourier constant b, for f(x) = x? in (-n,m).
Solution: f( - x) = (- x)? = x?= f(x) the function is even. Therefore,
the coefficient b, = 0.




9. Find the Fourier series expansion of f(x) = | sin xl in

-T< X< 7.

Solution: Here the interval givenis -z tox. So, let us verify
whether the given function is odd or even.

f(x) = |Sm (-x) | |-Sinx| = §in x= |Smx| f(x). Hence the
function is even. So, let us find the fourier constants ay, a, . (b, = 0)
2 T
a, = — | f(x) dx
0 N
= AJ‘ |sin x| dx
T 0
= i_[sin x dx
4 0
2 7
= ;[— COS X]O
_ 2

[1+1]

{
Il

f(x) cos nx dx

=

NN e a|4>§

O ey O —

|sin x| cos nx dx

T
J.sinx cos nx dx
0

2
T

B ijism (n+1)x — sin(n—1)x dx
7T 0



_ L (_Mj —(—COS (n—l)xj , provided n # 1
T n+1 n-—1 0
n+l1 n-1
= L{[_ (=1 + ! ] - [— (=1 + ! ]},provided n#l
T n+1 n+1 n-1 n—1
= L{[_ ~(=1) + ! ] - {— — (1) - ! ]},provided n#1
T n+1 n+1 n—1 n-—1
_1 (_1)"(1 _ 1}{1 _ IJ , provided n#1
T n+l n-1 n+l n-l1

(1 1 " .
:;(ﬁ _Ej((_l) +l), provided n+1
_1( 2 j if nis even
2\ Al 0, if nis odd

When n =1, we have

a, :%J.f(x) cos lx dx

Il
3 |l\)
Oy O

|sin x| cos 1x dx

T
Ism x cos lx dx
0

sin 2x

|

0

[ cos Zx}”
0

a|~ N|N a|m

Hence the Fourier series 1s

|Sinx|= 2 i[ OZO ! cosnx}.
/4 "=

T n=246..n%—1



10. Find the Fourier series expansion for the function f(x) = x + x?
in —z<x<r
Solution: Here the interval is —z< x<xz. So, let us verify whether
the function is odd or even.
f(x)=x+ x?

~f()=—(x+x%)

which 1s neither odd nor even. So, Let us find all the three constants.

J(=x) =(—x)+(—x)2 =—x+x° ¢{

G = [fd




a, = L If(x) cosnx dx
T -

T

-

= l{(x+x
T

,. Sinnx

)

=— I(x+x2) cosnx dx

—(1+2x)(

COS nx
2
n

j+2(_

_ l{{o —(1+27) (— Cosz’”’j + 0} - {0_ ) (_
T n

2

T n

_l(_ cos nx

j(—1—27r+1—27r)

sin nx

3
n

cos nw

2
n

)

]



bn

1 If(x) sinnx dx
4 -7

:l j(x+x2) sinnx dx
V4

j—(l+2x)(—

1 5 coSnx
;{“‘” >(‘ p
] —(1+27) (—

sin

n

Hence the Fourier series is of the form

sin nx

)—(1—27[)(+

7Z'2 0 (_l)n (_1)11
x+x' =" +4
3 ,,Z:; n

2

o0
COS nx — 22
n=1

n

nx
2

sin nﬁ) N
2
sin nrx

2
n

J+

cosnx

n3

d
d

J.
-
)

cosnrzw

I’l3

cosnzw

n3

11.0btain the fourier series for the function f(x)=|x in -z<x<=z

2
T
also deduce that ?

at 3% .
Sol :

S =]

S(=x)=|-x

= f(x)= f(=x) it isaneven function
Hence »,=0

Fourier series becomes



f(x) = a2—°+ > a, cos nx
n=1

2
a, =—
Vs

:gﬁx‘dx '."x‘: —x —mr<x<0
Ty, x O<x<rm
222 )
Ty 7\ 2 o
_2 7[—2—0 =7

=13 =

a, = ij.f(x) cos nxdx
4 0

]Z f(x)dx

2 % 2 %
:—I|x|cos nxdx = —Ixcos nxdx
7 0 T 0

. V4
2| xsinnux CcOSHX
= — —+ 5

Vs n n 0
_ 21 (D" 1
a,=— 2 2
T| n n
— 4 ‘nis odd
a, = 727’12
0 ‘nis even

Hence Fourier series becomes



f(x):l—i i COS nx

2
2 T p=1,3,5,. N

Put x = 0 (continuous  po int)

= f(0)=0

s> fo=2-2 %

2 1> 3* 5°
3[L+L+L+ jzi

1> 3* 5?7 8
© 1 B T 2
;(2;4—1)2 8

12.Find the Fourier series of f(x)=|cosx|in (—7,7)
Sol:

Here f(x)= f(~x)

S fx) = ‘cosx‘ iseven function. Henceb, =0

qy

Fourier series is f(x) = 5

o0

+ Z a, cosnx
n=1

a 0o =

f(x)dx
|

7
=
%]; cos x|dx



T
cos xdx + j—cos xdx

a

2

Il
N |
S =0 [N

2 . z
;[(smx) —(smx)ﬂ/z}
2
;[(1—0)—(0—1)]
4
a, =—
T

2 T
a, = —j f(x)cosnxdx
T
‘cosx‘ cosnxdx

]{

0
/2 T
I cosnx.cosxdx— _[cosnxcosxdx
0 /2

— [”I cos(n+1)x +cos(m—1)dx — ]icos(n +1)x+cos(n— l)xdxﬂ

0 /2

sin(i-+1)x _sin(1— 1)xj’”2 ) (sin(n +Dx _ sin(r— 1)xJ” }
0 /2

n+l n—1 n+l n—1



sin(n + 1)72’ sin(n—1)% sin(n + 1)72’ sin(n — 1)72’

When n = 1 we have

2

7/ T
J COS Xx CcOs xdx — Jcos X CcoS xdx
0 /

/2
/2

T
I cos > xdx — Icoszxdx}
0 /

2

N|N é\|t\)

a

/2

( sm2x /2 ( sin2xj”
- x+
2 /2
[1—7[+—}=0
2
2z
T

f=2+Y nz

> COS COS nx
n=2,4,. ”(n - 1)

/2 T
zg{j(l—kcosbcjdx_I(l+cos2xjdx}
T 2

h1|~

~>1|»—




13. Find the Fourier series expansion of ( 7 - x ),
in -7<x< 7z .Hence deduce that

111 7
UNTIEAETE
1 1 1 Vi
(ii) 1—2+? +? +"":Z

Solution:
Since the range is -7 <x < .
So, let us first verify whether the function is odd or even.

J&=) :(77 —(—x))2 =(7T+X)2 which is entirely different function.
So, we have to find all the three fourier coefficients.

1
a =

T

T 1 /4 1 T
[ @y a,== [ £() cosn b, =~ [ f(x) sinme i
o T o



1% L
:;_J;Tf(x)dx =;_£Z(ﬁ—x) dx
1=y
e
21_0—@}
7Z'_ _3

8
3

a,= ;Zj;f(x) cosx vbc%,jf;(”"‘f cose
L (222 o) () (22 022
= }[{[o ~0+0] - {(4%)(0)+47z[_(n;21)n] + 2(0)}




1 2( —cos nx —sinnx COS 71X "
1 e (222 o) o )
:l{[0—0—20053n7[} B {4722 (—cos nﬂ}—2(27z) sin;erzcos:m }}

n n n

Hence the Fourier series 1s

a > - :
f(x)==2+>a, cosnx+ > b, sinnx

n=1 n=1

2
n=1 n n=1 n

2 0 1\ 0 1\
(z—x)* = 4% + 24ﬂ cosnx — Z47rﬂ sin nx
Deduction (1):
Put x = 0 ( which is a continuous point)

T —T'F 24 3

n=1 n

© 1\ 2
:>Z4( ) =—4%+7z2

n=l1 n2

0 1\ 2
:>Z4( 12) T

n=1 n 3

1 1 1 7

Deduction (i1):
Put x = 7 ( which is a discontinuous point)




2 3 n=1 n
2 0
= 272 _ A 24%
3 n=1 1
o 2
— 24_ — 272-2 _4L
n=1 N 3
o 2
— 24_ ZZL
n=1 N 3
o 1 72_2
=) — ="
2
n=1" 6

x—1 for—-m<x<0

14.Find the Fourier series expansion of S(x) :{ x+1 for 0<x<z

Solution:
_ x—1 for—nm<x<0
/= x+1 for O<x<rx
_ —(x+1) forO<x<nm
f(_x)_{—(x—l) for—-r<x<0
)= x—1 for—-mr<x<0
%)= x+1 for O<x<x
/()

f(x) is an odd function

sa,=a,=0

f(x):ibn sin nx



b, = 2 f f(x)sinnxdx
T 0

27 )

= —J(x+ 1)sinnxdx
T

_ % { e+ 1)(_ COSnx N smznx}
T n no

(1)

2
T n_

, 2 [l—(1+7z)(—1)”}
T

n
n

P ——Z [ 1~(+2)CD) }Smm

n

n—l

11. Obtam the fourier series for f(x) =1+ x + x2 in (-7, )

Tl.'

Deduce that — + + —
(00]

f(x) = 70 cosnx + Z b, sinnx

n=1

1 T
ap = Ej_ f(x)dx

1 A
=—j (1+ x +x%)dx
TJ_g

1 x2  x3]"
= |x+=—+=
n[x 2 3]_



1 +T[2+T[3+ 7T2+T[3
B R N A

1 3
= |2 +2—
T 3

—2”2+2
73

2T

a, =—| f(x)cosnxdx
0

1 T
a,=—| (1+x+x?)cosnxdx
n —TT

1 5 sinnx cosnx sinnx1"
=—[(1+x+x) F(1+20) 22 T ]

T n n o
B 1 (4m(—1)"
R n2

4(—D)"

2T
b, = — f(x)sinnxdx
0



T
= —j (1 + x + x?)sinnxdx
n —TT

1 2 cosnx sinnx cosnx T
=—[—(1+x+x) ra+2nE ]
T n n2 nd 1_,

.

1 —u+n+n%( )—2(3)+
= =3 n.o "1n >
—1 —
" (1—7‘[+7T2)( ) +2( 3)

_1 {_Zn <—1>"}
VA n

(—2(-1)"

-

4=nn

n?2

f(x)=% Z s 1)ncosnx+z —2C1) nsmnx

Put x = m this point is a discontinuous point

T+n?+m’—m
2 -

f&x) =

2




n=1
27.[2 i (_1)211
3x4 n2
n=1
m? 1
ot

2

15.Find the Fourier seriesof y=x“in—nwt<x<m

nt 1,1 1
Henceshowthat%_ﬁ+§+§+...

Solution:

y = x? is an even function

Then the fourier series is
__ Qo o)
y=-+ Yin=q ApCOSNX
Here b,, = 0

ap, = Ef:f(x)dx

T

2
= ;fonxzdx



2 rTT
an == Jo f(x)cosnxdx
=2 (" x2cosnxdx
70
2 sinnx —cos sinnx]™
= — [xz — 2x + 2 ]
n? n3 g
__4co
=—
4(-1)"
= =

The fourier series of f(x) is given be

w? 4(-1)"
y=—+ Ymeq ——cosnx

By Parseval’s identity

72 =% 1 1[5 a2 + b2]
y _4 2 an n

2m? 4(-1D"
aog = 3 ) n — n2 'bn =0
-2 1 T 2
Yo = m—0 —nY dx
_ 1
2=— " x*dx



16.Find by for xsinx in (-1,1)
Solution:
f(x) = xsinx is even function

Then b,=0

2
17.Ifx2 :%_4[cosx_c052x+c053x+m”] in —

12 22 32

. 1 1 1
Flnd§+2—2+3—2+"‘..

mT<XxX<Tm

]

Solution:

s 2 4 COSX CO0S2x N cos3x N
=3 12 22 32
Putx=m
4l1+1+1+ ]_an

12 22 32 13
1 N 1 N 1 N B 2
12 22 32 "6
18.Find a,, in expanding e™* — w < x < 1 as a fourier series
Solution:
fix)=e™

1 T
a, = - j f(x)cosnxdx
—TT

1 T
= — j e *cosnxdx
T —TT



11 e7* T

=T (—cosnx + nsinnx)
T n

= ﬁ [e™™(—cosnm) + e™(cosnm)]

1

= m [cosnmt(e™ —e™™)]

_(=Dn

a, = m 2sinhm

Fourier Series in the Interval (0,2])

1.Find the mean square value of the function f(x) = x in the
interval (0,]).

Solution:

[f()c)]2 dx
(b—-a)

Qe >

Mean Square value =




x,0<x<l/2
2.Find the Fourier series expansion of f(x) = .
[—x,1/2<x<l

°° 1
Hence deduce, the value of 2—4
=1(2n—1)
Solution

Since the interval for fourier series is 2L

put 2L:l:>L=é

x,0<x<L

Hence xX) =
/() {2L—x,L<x<2L

a, =% ff(x)dx
— [ 1o ax

- % {JL.X dx + T(ZL—X) dx}

0



) [ §3
— | |=1| —cos
1 nrw
:Z nwx
+[(2Lx)(sin —j
L
B 2
LSil’lnﬂ'i-FCOS nr (Lj -0-
1 ni ni
L[ (oY L
0- —j — Lsinnr—+ cos nrx
niw nrw
2
L [2 cos nz —2]
L \nrx
2( LY
=— | — -" -1
L \nr [( ) }
2 L |[-2,if nisodd
C Ln’n’ 0, if nis even
2L -2, if nis odd
Conir? 0, if n is even
/ -2, if nis odd
L=—=a,=—5 ) )
nz” | 0,if niseven
=21 . .
SN if nisodd

0, if niseven

Tl
Fel =21
(_




{L(—cos nn)(%)ﬂin n”(ijz —O+0}
{O—Sin nﬂ'(i]z +L(cos nﬂ)(ij-ksin nﬂ(ijz}

b =0

Hence the Fourier series is

f(x) = C%O + >.a, cos 2 > b, sin X ohere L :é
n=1 n=I1
/ & -2l 2nmx
f(x)=—+ cos( j
4 o135, n’r? [

. ) . 1
Since the denominator of the series is of the form — and the

) ) ) . 1
denominator in the Fourier series is of the form — let us use the

Parseval’s identity.

n

n

4



12 2 o
) 1_r




3. Find the constant term in the Fourier expansion of f(x) =x? -2
in-2<x<2

Solution: f(-x) = (-x)?-2 =x?-2 = f{x) the function is even. So,

2 2
2
a =—|(x" = 2)dx
; 2 j (x* = 2)
3 2
3 . 3
4
CZO = — ;
Hence the constant term in the Fourier expansionis % __?2
2 3

4. If f(x) is an odd function in the interval ( -/, /), write the
formula to find the Fourier coefficients.
Solution: a9 = a, = 0

—jf(x) s1n( 1 jdx

5. If f(x) is an even function in the interval ( -/, /), write the
formula to find the Fourier coefficients.
Solution:

!
a, z%ff(x) dx

== Jf(x) cos(n;mj dx

anO



6.Find the Fourier series expansion of the function

[+x,—1<x<0 1 7’

. Hence deduce that Z =

f(x):{l—x,OSxSl —(2n-17 8

Solution:
Here the interval is — [ to / let us first check whether the function 1s
odd or even.

[+(-x), —[<-x<0
f(=x) =
[—(-x), 0<-x<]I
[—x,0<x<]!
- J+x. —]<x<] So, the function is even.
= f(x)

(Note that when an inequality 1s multiplied by -1 the inequality is
reversed.)
So, let us find only the two Fourier coefficients ay , a,.

21
a, =7j(1—x)dx
0

]



21 {2,z'fnis odd

n’m* |0, if nis even

{ ?lz,lfl’llSOdd
n°mw

0, if nis even

a =

Hence the Fourier series 1s

f(x) = & + ian cosn—lﬂx + ibn sinn—;zx
e —1 LY e (”’“j

n=1,35,. 1
Deduction:

To get the deduction put x = O(which is a continuous point)



[ 4] ® 1
l=2+— 2 —
2 7 p-135..1
[ 4] * 1
=l-0=— 2
2 T° n=135,. 1
[ 4] X 1
= o= 2 5
2 77 oa=135..1
oy L7
n=l3.5.. N’ 8

X, O0<x<l/2

7.0btain the sine series for the function f(x) =
[—x,1/2<x<]1

Solution:

i
{”fxsin(?j dx + /jz (-x) si{?j dx} |
el e ) ()




I 1 nz) . (nx) I 1
————COS| — |+8In| — -0+0
2nrx 2 2 )t |
-

- O—O+£Lcos (ﬂj +sin(ﬂj !
2nrx 2 2 n27r2_
e AN |

2sin| —

Sr=

4 sin(nﬂ
n’r? 2

~ N

~ |

-, . N
Hence the half range sine series is f(x)= an smT

4 & 1 . :
f(x)=—2 2sm(n2ﬂjsm (?]

T n=lN

[—x,0<x<!

8.Find the Fourier series expansion of f(x)= .
0,/ <x<2l

Hence deduce the value of the series (i) 1 - 1 + %— % + ..

| 1 1
(ii) 1—2+ 3—2+ 5—2+

Solution: We need to find all the three fourier constants.



1
a, :l_ f(x) dx
_ L
[
BANGEA)
[ 2(-1) |,
_ L
[ 2
_ L
2

- l(LJZ[l —cosn]

I\nr
—— -]
nm

/ {2,l'fnis odd

0,if nis even

a =
2_2
nomw



b = % ! £(x) sin [?jdx

= %{!(1 —x) sin (%}dx + !0 sin [%)dx}

SIANES TN |

B 2
~Hosnel 1) HL_O}
/ nr nrw

p =L
nrw

Hence the Fourier series 1s

f(x)= % + 2—2 i iz COS(?] + i il sin(?)

T n=135,.1

Deduction(i) The denominator of cosine terms are in the form Lz and
n

the denominator of sine terms are in the form 1 . So, to get deduction
n

(1) , let us make all the cosine terms vanish. This can be done by taking
7 3

5 ... Letusput x= é(which 1S a continuous point)

X =



TN 2

) [ 11 ) 1 . I . (,7) 1 . (7
=>— == +—|-sin — |+— sinz+—sin 3— [+— sin 2z +— sin 5— |+

2 4 x|l 2 3 2) 4 2

[ [ 11 1 1
=>— == +—|-—=+-...

2 4 x|l 3 5

[

/e 1 1 1
== =4
4 1 3 5
Deduction(ii):

To get the deduction all the sine terms must vanish and this can be
done by taking x =0,27,.... So, let us put x =0(which is a
discontinuous point).

FO)y+ F(21) 1 21 & 1
2 I P
:>Z—=l—+ 2l{l—+1—+1—+ }
2 4 g1 37 52
_ L_r, 21{1_+1_+1_+ }
2 4 g1 37 52
L _ 21{1_+1_+1_+ }
2 4 217 37 52
LA ]
4 g1 3?52
2 1 1 1
= = —+ —+ —+

(o2¢]
—
N}
W
N}
W
N}



1) x, 0<x<1
° . . . X)=
9.Find the Fourier series expansion of 2—x,1<x<2

1 1 1
Also deduce 1—2+3—2+—2

Solution:
FS f(x)= a—zo + Z(an cosnmx +b, sinnx)
1

1

a, = 1} F(¥)dx= j xdx+j(2—x)dx:1

0

a, = ljf(x) cosnmxdx = Ixcosnnxdx—k_[@ — X) cosnmdx
0 0 1

= 22 2 [(_l)n _l]
T

2 1 2
b =1 j F()sinnzmedx= j xsinnzacd [ (2—x)sinndx=0
1

f(x)=——— Z —cosmzx

n= odd

At x=1.(c0ntmuoupt) FS value=f(1)=1
s :l— 42 Z 12 COS N1

2 T n=odd n
(For n=odd, cosnt=—-1 alwayy

- YD

n= odd

_Z_:_ Z_:_

n= oddn n= oddn




Half Range Fourier Series

1.0Obtain the half range cosine series for (x—1)* in 0<x<1
Solution:

The half range cosine series is

S =2+3a, cos? where [=1
2 n=l1

a, = % £ F(x)dx

21
:—j(x—l)zdx
10

_ 2_(’6_1)3}1

2 1}
3

2
3

2 N 2 5
a =7£f(x)cos7dx=T£(x—1) cos nxdx
. . 1
:2{(x_1)2(smn7zx)_2(x_1)(—0(;sr;ﬂx)+2(—51§1n3ﬂxﬂ
nmw n mw n7m 0

f(x)=%+z > 42 COS n/x

a, =

nnw



4 . m 1 . 3m 1 . Smx . .
2.Prove that 1=—|sin— +—sin— +—sin—+....| jpn the interval
T [ 3 [ 5 /
0<x<l/
Solution:

As per the RHS we need to find the Fourier sine series expansion of

the function in 0 <x <1 Heref{x) = I and the interval shall be taken
as (0,1).

= EL[_ cosnw + 1]
[ nr

=21y
nmw

2 {2,1’]’1@1’5 odd

nrz |0,if nis even

nrw
0, if nis even

b :{i,ifnisodd

Hence the Fourie siner series is

1= Y A n (@)
n=1,3,5,.. N7 !

4[. mwx 1 . 3zx 1 . Snx }
=1 =—|sin —+—sin— + —sin— +....
T 3 /

3.Find the half range cosine series for the function
f(x)=x,in 0< x<![. Hence deduce the value of the series

i |

n=1(2n — 1)4 )



Solution:

l
a, :%J.xdx
0

Il

)

=

W

[

=)
7\

E
~
N—
S|
3

|

—_

|

(@]

o)

w2
7\
N‘g
N—
7\
S [~
\_/N
N
=

2
22 Lj [cosmz—l]
[\nrx

=2 Jery 1]
nmT

2 {(—2), if nis odd

o2 2
nm

0, ifniseven

nrw
0 ,if n is even

u _{—?—lz,ifnisodd

.. - 4/ nmx
Hence the half range seriesis x =~ + Y - 53 08 (Tj
n=1,3,5,...

Since the denominator of the series is #* and that of the cosine series
is only 7 let us apply Parseval’s identity

N |~

Deduction:



2 0 L
9 4 a2 +52)= 2 [[f(] dx
2 4 L
2 0 2 /
:>l— > lfl4 =2_[x2dx
n=13,5..1 T [ 0
[
/2 © 16/> 2| x°
n=13,5..1 "7 0
/2 © 16/>  2[?
=5 2 3 < 3
n=1,3,5,..0 7
© 162 212 [?
= 2 5= Y
n=,3,5,.110 7T 3 2
© 16/ ]?
= 2 i 4 g
n=13,5.1 7T
°° 1 zt
= — = —
n=l§5,... n4 96

4.Find the half range sine series of S ()C)ZZX—?C2 in(Q)).

Solution:

Let f()=Yb, sin?
n—1

21 nuc
b ==|(Ix—x")sin— dx
= [ )sin=

ol I &
—7 (lx X)(—;Z-COSTJ (l 2X)£ 7[2
o[ 2P 412
_7__n3 - (cosmr—l)} ﬂﬁ[(_l) —1]

sm—j (—2)(

¥ 2

nix

7

!

0



8/°

~.b,=—— when n is odd

nrm
=0 when n is even
- The required sine series is

8 &1 . nm
X)=—F ) —SIn—
N T nzlz;‘srf [
5.Find a sine series for f(x) =x, in (0,7).
Solution:
b, _2 Ix sin nx dx
7 0
:3 (x) (_ cos nxj B 1(_ sin nx} "
T n I’l2 0
_2 |:—7Z' COSHZ 10 +0—0}
T n
__» (-1)"
n
n+l
b _, D

n

n

) _ n+l
X = 22 =) sin nx
n=1 n

is the half range sine series .

6.Find the half range sine series for f(x) = 2in 0 <x <m.
Solution:

b ZEJ.Zsinnxdx
7[0

o)




_ _i{cosnﬂ_l}:_i [ (-1)" _1}

T n n | n n
2 s
4 |—, if nis odd
=——1< n
0, if nis even
8 . .
—, if nis odd

b =3 nrx

n

0, if nis even

8 & 1 .
Hence the half range sine series is f(x) = p > . sin nx
n=123,5,...

7. The cosine series for f(x) = xsinxin 0 <x <mis given as

: 1 —(—1)"
xsinx=1-—cosx -2 Z(z ) Cosnx,
2 n:2n -

Deduce that 1 + 2{L LI } -z,
1.3 3.5 5.7 2

Solution:
Asn’-1= (n-1)(n+1)

xsinx=1 —l cosx —2 i CcoS 2x —Lcos3x + L cos4x —L c055x+L cos 6x —...
35 4.6 5.7

Put x =m /2 inthe above series we get

z sinz =1 —l cosz -2 i cost—Z —icos37£ +i cos47—Z —i (:0557—[+i cos67—[ —...
2 2 2 1.3 2 24 2 35 2 46 2 57 2

:>72Z:1—2 _L +i L +}

P 11 1
= =142 = - =
2 13 35 57




8. Find the half range cosine series of

f(x)=x% in0<x <. Hence deduce the value of

Solution:
2 T
ay=—[ f(x) dx
70

27[
=—|x
70

2 dx

272'
a, :—jf(x) cosnx dx
70

272'
—Ixz cosnx dx
7T

applying Bernoulli's formula

2

T

2
T

sinnx

— COSnx

—sinnx

T

M
[

n

sinnz

n

e

+
l’l2 \)

i

n

)

3
0

— COSNT —sinnrwx
j—(zﬂ)( . )+ (2)( 5
n n
1 sinn( —cosn0

T

g

j_

n

of

n

2

e

.-

—sinn0

I’l3

)

27

0




_ 1, G

T n
o e
n
2 o0 n

. ..o2 T -1

Hence the half range cosine series is X =? + 24( 2)
n=1 N

Deduction:

Since the denominator of the series is #* and that of the cosine series
is only n? let us apply Parseval’s identity for fourier cosine series is

2 L
D 4 Sfa2 4622 [[F o ax
2 & Ly
9 16 27,
= + = d
5 ,12—:1114 ”.({x x
4 . 5"
:>—27Z +16ZL4 :g X
I’l=1n 7[_ 5 0
4 © 5
:>—27Z +16ZL4 :g ”—}
n=1Mn ﬂ'_ 5
4 0 4
27 +16Zi4 _27
n=1n 5
w 4 4
:>16ZL ZZL_ZL



16 — =——

255
<1 z
=) —F =—
E’ln“ 90

9. Obtain the half range cosine series for JS@=x in (0,7)
Solution:

: .. _ 4y N
The half range cosine series is / (¥) = —+ Z a, cos nx
2 n=1

a, =£Tf(x)dx=7z
7[0

va

a, = EJ. f(x)cosnxdxdx= zj.xcosnxdxdx
T 0 T 0

= SO
m

0 if nis even
a =< _4
" | 5= if nisodd
nr

f(x):£+ Z 24 COS nx

2 n=1,35.010 7T

10. Find the half range sine series for

f(x) =3x(m?> —x>)0<x<m

Solution:
Let f(x) = Y.;-1 b, sinnx be the half range sine series



b, = %f:f(x)sinnx dx
= %fonx(nz — x%)sinnx dx

= %fon(xnz — x3)sinnx dx

. (xT[Z . x3) (_ co:lnx) . (T[ . 3x2)( SLan) n T

= T ( 6x )(cosnx) n 6(smnx)

0

- [—67‘[

YA

cosnn]
n3

36.(—1)*+1
n3

b, =

The required half range series is given by

36. (_ )n+1

f@) = 5oy =5 sinnx
) T
G2 — 4d
y o . X ax
5 T
<464
T\ 5
0
71.4



1T4_1+1+1+
90 14 24 24

11.0btain cosine series f(x) = (x — 2)?,0 < x < 2 and deduce that
2

00 1 _
z:"=1(2n—1)2 T 8
Solution:
TlTL’X
flx) = 70 + Z a,
n=1
L=2

2 l
= 7_[ f(x)dx
0



an =5 0 (x — 2)?cos (nlix) dx
nmx nmx
an = |G —2)2- n,(mT) +2(x-2) Cosn(nTz)
z (7)
, sin (@)

16
In = a2
4 16 1 nmx
f(x) = §+PZﬁCOS (—2 )
n=

Put x =0 is continuous point f(0)=4

LI o
3 m2lan?
n=1



4_16 1

3_71'2 le
n=1

8 (m? _il
3\16) ~ Lin?
n=1

4 16 1

3 2 n2
n=1

—4(m? _i(—nn

3 \16/ n2
n=1

(D+(2) 3’;-; = 2(% + 3i2 + )



i 1 B 2
2n—1)2 8
n=1

12.0btain xsinx as sine seriesin 0 < x < m
Solution:

Given f(x) = xsinx

f(x) = z b, sinnx

2 T
b, = — j f(x)sinnxdx
T Jo

2 A
b, =— j xsinxsinnxdx
T Jo
21 (7
= _——j x[cos(n — 1)x — cos(n + 1)x]dx
m2),

—1 (™ T
=— xcos(n — 1)xdx — j xcos(n + 1)xdx
0 0

13.To which value the half range sine series corresponding to f(x) =
x? expressed in the interval (0,2) converges at x =2?
Solution:



In order to expand in a sine series the function must be defined as an
odd function in the interval (-2,2). Hence in the interval (-2,0)
it should be defined in the form of - f(-x) = -(-=x)* = - x°.

Since at x = 2 the function is discontinuous ( end point
discontinuity) the Fourier (sine) series converges to

fQ)+ Q) _ fQ) - (D)
2 2
@+ ((2))
2

=0

14.Find the value of a, in the cosine series expansion of f(x) =10
in the interval (0,10).
Solution:

=2 10 [sin nz — sin 0]
ni

a =0



Harmonic Analysis

The process of finding the fourier series for a unction y=f(x)
from the tabulated values of x and y at equal intervals of x is
called harmonic analysis

1.Find the Fourier series expansion upto third harmonic from the
following data:

x: 0 1 2 3 4 5
f(x): 9 18 24 28 26 20
XY 0 0 CosO |yCosO |[Cos |yCos20 |Cos |yCos 30
=nx/3 20 36
09 0 0 1 9 1 9 1 9
1|18 /3 60 0.5 9 -0.5 -9 -1 -18
2124 271/3 120 [-0.5 |-12 -0.5 -12 1 24
3|28 371/3 180 | -1 -28 1 28 -1 -28
4126 47/3 240 |-0.5 |-13 -0.5 -13 1 26
5120 57/3 300 |0.5 10 -0.5 -10 -1 -20
D y= >y cosé >y cos26 >y cos36
125 = -25 = - = -7
sin@ |ysin® |sin  |ysin20 |sin |y sin 30
26 360
0 0 0 0 0 0
0.866 | 15.588 |0.866 | 15.588 |0 0




0.866 |20.784 |- -20.784 |0

0.866
0 0 0 0 0
- -22.516 | 0.866 | 22.516 |0
0.866
- -17.32 |- -17.32 |0
0.866 0.866
> ysiné > ysin26 > ysin30
3.464 =0.0

ag 222y22*125=41.6667
q 6
2 2

a; ==Y ycosf ==*(-25)=-8.3333
q 6
2 2

a, ==Y ycos20 =g* (=7)=-2.3333
q

a; = % D ycos30 = % *(=7)=-2.3333




b = 2 DY ysinf = % *(=3.464) =—1.15
q

b, =32y sin26’=%*(0)=0
q

by :EZy sin 39:3*(0)=0
q 6
Hence the Fourier series expansion

f(x)= (%O + (ay cos @ + by sin ) +(ay cos26 + by sin 26) + (a3 cos36 + by sin36)

= f(x) = 20.8334 +(-8.3333 cos & —1.15 sin @) +(~2.3333 cos28 + 0 sin 26)
+(~2.3333c0s30)

= f(x) = 20.8334 +(—8.3333 cos % ~1.15 sin %j +(— 2.3333 cos2% j

+(— 2.3333cos3%j

2. Find the Fourier series upto 2" harmonic function

X 0 /3 |2m/3 T 4rt/3 | 5m/3 21
F(x) 1.0 1.4 1.9 1.7 1.5 1.2 1.0
Solution:
f(x) = % + (a,cosx + bysinx) + (a,cos2x + b,sin2x)
X Y={(x) yCOSX ysinx Ycos2x Ysin2x
0 1.0 1.0 0 1.0 0
/3 1.4 0.7 1.2 -0.7 1.21
2n/3 | 1.9 -0.95 1.64 -0.95 -1.64
/[ 1.7 -1.7 0 1.7 0
4m/3 | 1.5 -0.75 -1.29 0.75 1.29
5m/3 |1.2 0.6 -1.03 -0.6 -1.03




Total 8.7 -1.1 0.5 -0.3 -1.17
= 22 =29

Ao = N y =
= ZZ = —0.3

a, = N yCcosx = .
= 2 2x = —0.1

a, = N yCcoS2x = .

b, = ZZ ] 0.16

1=y ysin .

f(x) = — + (—0.3cosx

> 0.16sinx) + (—0.1cos2x — 0.05sin2x)

3. Find the Fourier series upto 2" harmonic function

X 0 n/6 |2m/6 | 3m/6 | 4m™/6 | 51/6
F(x) 0 9.2 14.4 17.8 17.3 11.7
Solution:

2l=m

l=m/2

ag - Nnimx - [ nmx
f(x) = > + z apcos| —— | + z bpsin| ——
n=1 2 n=1 2

f(x) = % + (a;cos2x + bysin2x) + (a,cos4x + b,sin4x)

X Y={(x) Ycos2x | Ysin2x Ycosdx | Ysindx
0 0 0 0 0 0
/6 9.2 4.6 -4.6 7.967 7.967




2n/6 | 144 -7.2 -7.2 12.470 -12.470
3n/6 | 17.8 -17.8 17.8 0 0
/6 | 17.3 -8.65 -14.982 | -8.65 -14.982
5m/6 | 11.7 5.85 -5.85 -10.132 -10132
Total 70.4 -23.2 -8.5 -4.677 0.347
2
Ay = gZy = 23.47
2
a, = gZy 2x = —=7.73
2
a, = gz ycos4x = —2.833
2
b; = gz ysi 2x = —1.56
2
b, = gz ysin4dx = 0.116
f(x) = 11.74 + (—7.73cos2x — 1.56sin2x)
+ (—2.83cos4x + 0.116sin4x)
4. Find the Fourier series upto 2" harmonic function
X 0 T/6 T/3 T/2 2T/3 |5T/6 | T
F(x) 1.98 1.30 1.060 |1.30 -0.88 |-0.5 1.98
Solution:
21=T
L=T/2
Put 9 = 2
T
A= % + (a,co0s6 + bysinf) + (a,cos26 + b,sin20)
T 6 A ACosO |ACos20 | Asin@ | Asin26
0 0 1.98 1.98 1.98 0 0
T/6 60 1.30 0.65 -0.65 1.13 1.13




T/3 120 1.06 -0.53 -0.53 0.92 -0.92
T/2 180 1.30 -1.30 1.30 0 0
2T/3 240 -0.88 10.44 0.44 0.76 -0.76
5T/6 300 -0,50 |-0.25 0.25 0.43 0.43
Total 4.26 0.99 2.79 3.24 -0.12

= 1.42

2
a, = gz ACos260 = 0.93

2
b; = gz Asing = 1.08

2
b, = Ez Asin260 = —0.04

27t 27t
A= 0.71+10.33cos (—) + 1.08sin (—)
T T
+10.93 (2nt> 0.04si (2nt>
.93cos T .04sin T




Complex Fourier Series

1.Express the function f(x) =e¢™,in —1<x <1 in the complex form of

the Fourier series.
Solution:
The Complex form of the Fourier series is

fo = 3¢ e

n=—ow
c+2L

1 nTx
where C”:Z J;f(x)e dx

1
Cn — l J‘e—x eimrx dx

2 -1
:l j‘e—(l—imr)x dx

2 -1

1 e—(l—imr)x
_E_—(l— inr) L

1_ o~ (=in7) o)
- 5_—(1— inﬂ) - —(1— z'mr)

1 1 — inm —inmw
:El—inﬂ[_e L' tee }

1 1 1+im[1 . . }
= ———————| ——(cos nzr+i sin nxr) + e (cos nxr — isin nr)

21—int 1+inzt| e

1 1+ inx n 1
= —1 - —

21+n°7z ( ) (e e}

e —1 1+inx n

C = -1
" 2e 1+n2722( )

Hence the Complex form of the Fourier series of the given function is



inmx

f@) = 3Ce L

n=-—o0

_x _
€ - Z 2 2 2

2.Find the complex form of the F.S of the function
f(x) =cosax,in—nm<x<nrx

Solution:
The Complex form of the Fourier series is

=26, ¢

1 7 ,
C =— x)e " dx
= j f(x)

V3
= Icos axe ™ dx

27 <
1 B e*inx . . T
=—| —— (~incosax + asin ax)
27| a” —n B
1 i —inm einﬂ
=—|———(incosar +asinar) ————(—incosarx —asinar)
27| a” —n a’ —n
(_l)n . . . '
= rial —n?) @ 2)(—mcoswﬂ—as1na7r+mcosa7r+asmcm)
w(a” —n
-1 _
2(2—)2(as1na7r)
n(a” —n")

o0

asinar 3 (=D)"e™

n=—0n (612 _n2)

S f(x)=
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MOHAMED SATHAK A J COLLEGE OF ENGINEERING FOURIER TRANSFORM 1

MA 3351 TRANSFORMS & PARTIAL DIFFERENTIAL EQUATIONS
UNIT IV - FOURIER TRANSFORM

Fourier integral theorem.
If f(x) is a given function defined in (- /, [) and satisfies Dirichlet’s conditions then

f(x)zi]c Of f@) e*™™ dtdA (or) f(x)le Of f (@) cos[A(x—1)] dtdA
2 ° Ty -~
Definition:

Fourier transform pair.

1 5 :
Fourier transform of f(x) is defined as F(s) = F[f(x)]= N I £ (x) e™* dx

1 T —isx -
Its Inverse Fourier transform is f(x) = E I Flf(xle ds=F7'[F(s)]

Fourier cosine transform pair.

X
Fourier cosine transform of f(x)is F.(s)=F.[f(x)]= \/; I £ (x) cossx dx
0

2 (o]
Its Inverse Fourier cosine transform is f(x) = ,/;J. F.[f(x)] cossx ds
0

Fourier sine transform pair.

2% )
Fourier sine transform of f(x)is F,(s)=F,[f(x)]= ,/;j f(x) sin sx dx
0

2% )
Its Inverse Fourier sine transformis f(x) = \/; I F.[f(x)]sinsx ds
0

Parseval’s identity for Fourier transform.

If F(s) is the Fourier transform of f(x) then I| F(s)I” ds= J. | f () dx

— oo

Parseval’s identity for Fourier sine and cosine transform.
1) If Fy(s) and F.(s) are the Fourier sine and Fourier cosine transform of f(x) respectively then

]O[FS(S)] “ds =T [f(0)1* dx  and ]O[FC(S)] “ds =]o [f()]° dx

i1) If Fy(s) and F.(s) are the Fourier sine and Fourier cosine transform of f(x) and g(x)
respectively then

TFS(S) G, (s) ds =T f(x)g(x)dx and TFC(S) G.(s) ds =]° f(x)g(x) dx
0 0 0 0

Note:

hOFLf@l=- LEF@ iy Elf@1=LF )]
ds ds

i) Flx" f1= )" - Froo)

ds"
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Problems
2 2
a —-x", lxl<a
1. Find the Fourier transform of / (x) =
0 , Ixl=a
. rsins—scoss s . fSINS—SCOSS s kY4
Hence deduce that () I 3 ds =— (i) I 3 cos—ds = —
0 s 4 0 s 2 16
sin s — s COS § 4
il ——— | ds = —
(t) j( s> j 15

Sol. FLf(x)]= j F(x) e dx

ﬁ\

{j 0. dx + j(a x?) et dx + T 0.e"* dx

(a2 — x?)(cos sx+isin sx) dx

8- ﬁ\

I (a> —x*)cossx dx + i I(az—xz) sin sx dx

ﬁ\

27

I (a> —x*)cossx dx + 0
0

@ _xz)(sinsxj (2x)£ cossx) (2)( smsxﬂ
s s s 0

{0_ 2acosas N ZSmas} (0— O+O}}

LS c\qlw ﬁ‘

2
N S

. _~ |2 |sinas—ascosas
(ie) F[f(X)]—2\/; { 5 }

2 |sins—
When a = 1, we have F[f(x)]:z\/; [M}

S

Using inverse Fourier transform, we have

f= ﬁ jF[f(x)] e ds

I sin s — §COS § ..
I ————— | (cossx—isin sx) ds

P sms—scoss 2 % (sins—scoss) .
J cossxds —i— ———— | sinsx ds
= 2

alw ﬁ‘

S

:iJ- (sms—scoss] cossrds — O

3
S

T(sms scoss]cossxds:%f(x) _______ 1)

Put x=0 in equation (1) we get

T (sins—scoss T

I( ] SZZf(O) f(x)=a2—x2

0 f=1-x
f0O)=1-0=1

T /4
=—(()=— This proves (i
4() 1 p (@)
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Put x =% in equation (1) we get
J- (sms scossj cos S ds = zf(lj
0 4°\2

4
Using Parseval’s identity, we have

4
IIF(s)I ds—IIf(x)I dx
[[22]

g

3

SCOSS

&T(Sins—
s s

S

2
V4

4

T

2

T

sin § — sCOS §

3
S

. 2
SIns—SCOSS

3
S

3

FOURIER TRANSFORM

[

Dr. M. Muralidharan

3
4

f(x)zaZ_x2
f(x):l—x2
1 1
—V=1—-— =
f(2) 4
%j:i_z This proves (ii)

2 - o
D ds = fo.dx+jl(1—x2)2dx+jo.dx
— -1 1
j ds = Jl.(l—xz)zdx
-1

2 1
] ds = 2j(1—x2)2dx
0

1
= ZJ.(1+x4 —2x%)dx

=2

16
T

sin s — SCOS §

T

sms—scoss
ds=—
15

O 8 O 8
/—ﬂ\/ﬁ\

1-1x

2. Find the Fourier transform of f(x)= { 0

T

t
Hence deduce that j(sm ) dt

Sol. F[f(x)]=E [ £ e ax

1

k‘

ﬁ\

j (=1 x1)cossx dx + i

1
_\/275-1

l,

1
N2 7,

This proves (iii)

lxl <1
(x| >1

b

{J.Oe”x dx + I(l I x1) e™* dx +J.Oe”x dx

1
I (I-1x1)(cossx+isin sx) dx

I(l—lxl)sinsx dx
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=——| (I-Ixl)cossx dx+ 0
For

(ie) FLF(O) =\E F‘CQ’”}
T S

Using Parseval’s identity, we have

T|F(s)|2ds= TIf(x)Ide

T |2 ]| 1-coss
L[\/;[ . D ds _j()dx+j(1 | x1)? dx+j0dx
—j[l Cossj ds _j(l | x1)? dx
—j(l cossj ds:2j(1 x)* dx
ij(l cosZt) o — o] =2 }
Ty -3,
t( 1—cos2t i 1
1675£( ) dl_z_{O}_{_gH
iw(%irzl ’szr _
2\t
i“’(smzzj 52
27\ 1° 3

(le) J‘(Slntj =§

W | N

1, Ixl<l1
3. Find the Fourier transform of f(x)=
0, Ixl>1
o . 2
sin ¢ . sin ¢
Hence deduce that (i) J.—df =3 (i) I(Tj dt =
0

Sol. FIf ()] =E [ £ e dv

1

1 1
=——| (cossx+isinsx) dx
N2 _J |

Put s =2t
ds = 2dt

:E[I:OO.J” dx + _Jl.l (D) e dx + ‘;f 0.e"* dx}
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1 1 ¢
—— | cossxdx+1i I sin sx dx
\/thj. N2
2

1 -1

1
_[cossx dx+0
0

2|

T
a&)FUun:f:“”

T S

Using inverse Fourier transform, we have

f=p [Pl ds

1 % /2 sin §
- = Ccos sx —isin sx) ds
«/27z_‘[0 75( S j( :

S

=lj (smsj cossxa,’s—il (smsj sin sxds
jz-—oo

ﬂ.—oo

f(x) :%]i (%j cossxds — 0

0

]2 (sinsj cos sx ds =§f(x)

Put x=0 we get

S

sin § V4
[ = ~ds=21(0)

0 S
/4
=20
(i) j L‘”d =2

Using Parseval’s identity, we have

TIF(S)Izdsz Tlf(x)lzdx

2 sins

o 2 -1 1 oo
ji S J ds:_J;O.dx+_J-l(1)2dx+Jl-O.dx
2 ]i (Siﬁfds— Jl.dx
T\ s __1
oo . 2
IGO0

=1-(-D)

. 2 oo
(ﬂ] ds=2 :>j
S 0

. 2
(smtj o
t 2

N[+~
S sy 8

f)=1
fO)=1
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1
4. Find the sine transform of ;

Sol. Flf(0]= \/z J £ (x) sin sx dx
T 0

1 271 .
F{—}:J: — sin sx dx
) X

s . dt
—sint —

4 A

\/?

I

\/5 sint
T

— dt

5. Find f(x) if its sine transform is ¢ “’
Sol. The inverse Fourier sine transform is given by

f(x) =\/§T F.[f(x)]sinsx ds

1/ J *sin sx ds
B —as o0
e
=,/— -— (—asin sx — xcos sx)
Tla*+x? .

gy {0}—{ ! Z(O—xﬂ
7| a’+x

_\E x

N7z 2+a°

L(a —i), s<2a
6. Find f(x) if its cosine transform is /.(P) =127 2

Sol. The inverse Fourier cosine transform is given by

S (x) =\/ZT F.[f(x)] cossx ds

\/1 a‘— cossxds+ j Ods}
A=
oo

1 1-cos2ax

Txl 2

_sin’ax

TX
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—ax

7. Find the Fourier sine and cosine transform of ¢

Sol. Flf(x)]= \/z _[f(x) sin sx dx
4 0

Fle “"]= \/z je‘“ sin sx dx
7 0

2 [ e ) ]w
=,|— | 57— (—asinsx—scossx)
T|la +s .
2 [ 1
== {0}—{ 5 2(O—S)H
T a +s
_[2 s
T s +a

f(x)cossxdx

2]
0

F.le “"]= \/; Te‘“ cos sxdx
0

=]
—ax

e :
— (—acossx+ssin sx)}

2

Tl a’+s

2 [ 1

Z 1= _

7[_{} {az+s2 H
e

T s’+a’

8. Find the Fourier sine transform of

0

—ax

Sol. Flf(x)]= \/z ~[f(x) sin sx dx
7 0

F{”}F“
X T

Diff. w.rt.'s' on both sides we get
s El
ds X

}dx

0
9d[e
ds
coSsx.x dx

Y cossx dx

oo

2]
RIS
Rl
S EXR—
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Efe-frtreen]
T a +s
ds X T st +a’

Integrating w.r.t.'s' we get

Fs—e_xax_ \/7J‘s +a’
—aJ%Bm*(;ﬂ
vz (2

e
9. Find the Fourier cosine transform of

—ax

X

Sol. F.lf(x)]= \/7 _[f(x) cos sx dx

R

Diff. wrt.'s'" on both sides we get

ds X ds
d
\/7-[ BS[ j *
\/7 e (—sinsx.x) dx
\/7.[ Y sin sx dx

:_\/:{ - 2( asin sx — scossx)}
T |la +s 0
—\E{{O}—{ . Z(O_S)H

T a +s

iF'C|:e :|=_ 2 2S ’
ds X T s +a

Integrating w.r.t.'s' we get

|
:—\/;Elog(s +a®)

=— ! log(s®+a”)

NpY

Dr. M. Muralidharan

J' dx
x*+a?

1 _l(xj
=—tan |—
a a

I+

xdx

2
X" +a

1
—log(x* +a’
5108 ( )
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. . . . —ax
10. Find the Fourier sine and cosine transform of xe¢

ax d —ax
Sol. F [xe ]=——F[ ]
F.le _“]—\/Eje Y cossxdx

T 0
2 e—ax . *°

== | 2(—ac:ossx+ssmsx)}
Tla +s .
2 [ 1

= |Z {0V = _
1 _{ ) {az+s2 H

_ |2 _a
T s +a

e " =\/§J. “*sin sx dx
0

oo
—ax

—(—asinsx—scossx)
a + 57

=,/ 101~ { 12<0—s>H
Pt
caxq_ d /_ s
Felxe ]_ds{ 7[s2+a2}

_ \ﬁ (s> +a*)(1) ~ 5(2s)
N\ (s> +a*)?
_\/z a’—s’

A\ (s> +a*)’

11. Solve the integral equation I f(x)cosAxdx=e
0

0

-4

-1

Sol. Given J. f(x)cosAdxdx=e
0
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\/ZT f(x)cosAx dx=\/Z et
Ty T

Fc[f(x)]=ﬁ -

jorer | e

(ie)f(x)=

x2

12. Find the Fourier transform of ¢ *

Sol.  FLF()] =% [ F e ar

FOURIER TRANSFORM

} ([Fe cos Ax dA

T *cosAx dA
0

2

2 _ﬂ

=—1 2(—003/1)c+/lsin/1x)}
Tl 1+x

2

-3 o-fsero)]
V4

2 1

7 1+x°

= X it 1 % —f[x “2isxl
gl el

SIEES

J.e_’zdt=«/; =

e— %[(x—is)z— i2s2] dx

— 0o

e ezdx

1

N2

17 Slemir] -2
N2

oo 1 .2
——(x—is)
j e ? dx

oo

0

10
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Note: If the transform of f(x) is equal to f(s), then the function f(x) is called self-reciprocal. In

2
X
the above problem, e ? is self-reciprocal under Fourier transform.

- Clz X2 - Clz X2
13. Find the Fourier cosine transform of ¢ and hence find F,[xe 1

Sol. F.lf(x)]= \/ZI f(x) cossx dx

] \/7_" “x* cos sx dx
0
:\/:%T  cos sx dx

I lS‘X

4a* o
e 2 dt ~
= R.P.J. e — Put ax—i=t
\N27T e a 2a
g2 adx=dt

RP. 7

s

aF

. _ 22 1 44l
(ie) F.le " ]= e
a2
F [xe_“2x2]——iF e ]
’ ds

2
s
d 1 e_ 442

ds| a2

2 2

_ 1 e 4sa2 _2S _ A e 4Sa2
a2 4q° NoX s
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. . . 2 _
14. Find the Fourier cosine transform of ¢ ** . Hence deduce that _[ Coi 1); dx = %e ' and
X
0
j xzsm2x dxzze_g
x“+16 2

0

Sol. F.[f(x)] =\/z jf(x)cos sx dx
7 0

c

Fle *]= 2 Ie‘“ cos sx dx
T
0

—4x *
=\/z ¢ —(—4cos sx+ ssin sx)
T [16+s o
2 [ 1
=.|— |10} = —-4+0
\/; _{ } {16+s2 ( )H
_ \E +
T s*+16
Using inverse Fourier cosine transform, we have

f(x) =J§TFC[f(x)] cos sx ds
7 0

=\/ZI\/§(24 ]cossxds
T T \s"+16

f(x)—ﬁ COS SX ds
7[0
T cossx s
s=—"f(x
! 16 BTl
T Cossx T _4
ds=—e " ———————— 1
! $S+16 8 g

Put x=2, we get

I 02052s dszze‘g
, §°+16 8
I cgst dxzze_g
, X~ +16 8

Differentiate (1) w.r.t. x, we get
d ¢ cossx

<1 L ey
dxs s +16 8dx
i( czossxj - ( ~ax)
5 dx\s” +16 8 dx

¢ —sin sx.s 4
P N ds=Z (e )N -4
'([( s> +16 ) > 8(6 )=

T s sin sx

> ds=Z e
s +16 2

0
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Put x=2, we get

jszsts ds:fe—g
, s +16 2
Ix;s.mZx dx:ze‘g
, X +16 2

15. Find the Fourier sine and cosine transform of ¢ * and hence find the Fourier sine

transform of

— and Fourier cosine transform of >
+x I+x

Sol. Flf(x)]= \/E If(x)cossxdx
7 0

Fle ] =\/z Ie‘ *cos sxdx
V4

7'[

_\/;s +1
F[_x]—\/71 *sin sx dx

=\/: e’ (= sinsx — scossx)}
7|1+ 0
[l
T 1+s
:\/Z o
Now, [1+x }:\/7.[1_'_)6 cossxdx ————-— D

Using inverse Fourier cosine transform, we have

f(x) =\/§TFC[f(x)] cos sx ds
7 0

- =\/ZI\/§[ 21 )cossxds
T T s +1

_ ICOSSX
s +1

),

i

0

T COSSX T o
I > ds=—e "
) S +1

2
T COSsx T
| Ze
7 2

Put x=s
and s=x

13
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Equation (1) becomes

Fc[ 12} gge_s
1+x T 2

=—\/% e (1)
\/; -5
=,—= e
2

16. Find the Fourier transform of f (x) = "

(l) J'COSXI :ie_al“ﬂ

,a >0, Hence deduce that

T
=5<>j

2 1) 4 and also prove

2as
iv) Flxe "'=i _—
that (iv) [ ] (S gy

Sol. FLf(0]= j F(x) €™ dx

Hﬁ\

—alx|

(cossx+isinsx) dx

1
5
)

'—:8

oo

[ - o1 e
I "l cossx dx + i je 1 sin sx dx
S N2

— oo

ﬁ\

=—I fcossxdx+0
V27
2 B e—ax e
== 1= 2(—acossx+ssinsx)}
T |a +s o
\F

{0} = {
(ie) FLf(x)]= \f
s’ +a’

Using inverse Fourier transform, we have

!

fx) = ﬁiﬂf(x)] e ds

—alxl 1 °°\/7( ) . s
=— COS sx —isin sx) ds
2 I s*+a’ ( )
ﬁ
T

= ( ]cossxds—z— ( 12]sinsxds
T S +a

2a T COSSsx
=— | —5—5ds—-0
V2 st +a’

14
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T cossx T ol
I ——ds=—e
, S ta 2a
¢ CoOS xt T _ax . .
) J—zdt =—=¢e “"  This proves (i)
+a 2a

Put x=0 and a=1, we get

oo

1
Jt2+a2 ==

0

(i.e.) Ix ") _% This proves (ii)

Using Parseval’s identity, we have

T|F(s)|2ds= ]ilf(x)lzdx

[t w=Tlrt o

2a° 7 —aIxI
I(s o) ds = I[e

oo

200
da J~ : dS2 : =2J~e_2ax i
T y(s"+a’) 0

2a2]° ds 3 e 2 |”
T 0(sz+az)2 —2a

[0-1]

—Za
2a2]° ds _ b
Ty (s> +a*)* 2a

T ds oz
2 22 4.3
oy (s +a”) 4a
put a=1, we get

T s _7
(s2 +1)* 4
e.) J o 1) —% This proves (iii)

By the property, Flx f(x)]= (—i)%F[f(x)]

F[xe—alxl] — (_l-)iF[e—alxl]
ds

2 a
= l)g{\/; s2+a2}
2 -
ol e

=i \/z _2as This proves (iv)

7 (s*+a’)’

15
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17. Find the Fourier sine and cosine transform of x""',0<n <1, x >0 and hence prove

that T is self reciprocal under both Fourier sine and cosine transforms. Also find
X

1
F
7
Sol. Consider F.Lf ()= i F[f(x)] =\/% Jf(x) cossxdx — i \/% _[f(x) sin sx dx
0 0

Flf(0]l=-iF[f(x)] =\/% Tf(x)(cossx—isinsx)dx

=\/z Tf(x) e " dx
7 0

E[Xﬂ_l]—iFs[x"_l]:\/zjxn—l e—isx dx
T 0 -

et emes g =T
~ \E T(n) 0 pr

N7z s
—_ N\ 7L 2 F(I’Z) —i:COSz_iSinz
=S T 2 2
T s )
( nw . . nﬂj\/? I'(n) | (=0)" :(Cosf_i sinzj
=| cos— —1I sin — 2 >
2 2 Nz s"
Equating R.P and I.P, we get = cos% _isin™®
Flx"] =F LOD cos 22 (M)
T s" 2
FS[Xn_l] =\/Z F(n) Sil’lﬂ _______ (2)
T s 2

1
Put n= 5 in equation (1), we have

-1 2 T1/2) . =«
F[x? ]:\/;Tsmz

Hence T is self reciprocal under Fourier sine and cosine transforms.
X
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Now, FLEGI=—— [ f(x) ™ dx

27
1 1 ;1
F = cos sx+isinsx) dx
e
1 7 1 1 ;1
=—— | ——cossx dx + i sin sx dx
\/275_'[0 | x| N2 '[c | x|
2 ¢ 1
=—— | —=cossxdx+0
27:;'). \/;
2 ¢ 1
=,|— | —= cossx dx
2N
1
=F|—
{5
_ L
Js
0, x<0
18. Verify Parseval’s theorem of Fourier transform for the function fx)= o x>0
|
Sol. F()=F[f(x)]=—= | f(x)e"" dx
rL
1 0
T J. dx +J. dx
R —(l—is)x dx
e
1 _e—(l is)yx 17
oz | (=i |,
_ 1
Vx| —(-is)
1 1
e) F(s)=—
(ie) F(s) T2z 1—is
r r — o1 1 1 1
|F(s)I> ds=|F(s)F(s) ds = ds
_'[o (5) _'[o (s)F(s) _‘L«/Zﬂ'l—iS N2 1+is
_ Lo
27 Y 1+5°
_iw ds
2w 1+s°
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[|f(x)|2dx—[0dx+j(e ) dx

— oo

_[IF(S)IZ ds = j|f(x)|2 dx

— oo

Hence Parseval’s theorem is verified.
19. Using Parseval’s identity, calculate i) ]:L ii) ]-"x—dx
) ’ < (x> +a*)’ L (xF+4)?

ol. (i) Let f(x)=e "

Using Parseval’s identity for Fourier cosine transform, we have

[LF. (917 ds = [LF 01" dx

2
T 2 a T —ax
j[,/— . 2J ds=[(e)* dx
0 T s +a 0

2 o )
2a J~ 2dS22: 0207 gy
T oy(s"+a’) 3
__e—2ax e
__Za 0
_ O_L}
—2a
2aZT ds _ L
T 0(s2+a2)2 2a

oo

dx V4

(te) ;').(x2 +a*)? =4a3

(i) Let f(x)=e**

Using Parseval’s identity for Fourier sine transform, we have

[LF.(5)1° ds = T[f(x)]z dx

(7] oefire

s*ds _dy
-[(s e —_([84 dx
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J- s’ds _1

(s +4)* 4

x’dx T

(ie) | ————=—
-([(x2 +4)* 8

20. Use transform methods to evaluate i) _[

+1)(x +4)
Sol. (i) Let f(x)=e¢™ and g(x)=e*"
2 1
Then Fc(s)=Fc[f(X)]=\/: 2
T s +1
We have JF (s)G.(s) ds:.[f(x)g(x) dx
IJ_S 1 V7x sP+4 :i dx
e dx

_I@ +D@ +4)

0

__e—Sx:|°°
L -3 0

4 f ds _1
(s +1)(s*+4) 3
T

- d
(l-e-) _([(XZ +1)(X2 +4) 12
(ii) Let f(x)=e* and g(x)=e>"

Then FS(S):Fs[f(x)]:\/z >
s

We have j F, ()G, (s) ds = jf(x)g(x) dx

J.\/7s +9 \/7s +25 =£ e dx

J~ s*ds
(s +9)(s? +25)

2
L and G,(9=G,[g(0]=,|= 5
9 V4

x’dx

;[(x +9)(x +25)

s> +25

T

E]ﬁ s*ds

1 v
2 2 = = J 2 2 -
Ty(s"+9(s™+25) 8 o (X7 +ND(x"+25) 16

19



MOHAMED SATHAK A J COLLEGE OF ENGINEERING

dx

21. Evaluate J =
0

Then F.(s) =Fc[f(x)]=\/%

x> +a*)(x*+b?)
Sol. Let f(x)=e "

and g(x)=e""

a

2 2
s"+a

FOURIER TRANSFORM

using transforms.

2
and G.(5)=G.[g(x)]=,]—
\ 7

We have [F,(5)G,(s) ds= [ f(x) g(x) dx

0 0
. 2 a 2 b T —ax _—bx
J.V; st +a’ \/;s2+b2ds=-[e ¢ dx
0 0

e '<[(x2 +a)(x? +b%)  2ab(a-+b)

oo

2ab ds

J

T

oo

2ab ds

oo

J

) (2 +a’)(s’+b>)

:{

Q

e
—(a+b)
1

—(a+b)x dx

oo

—(a+b)x

o

0

J

T

dx

S (sT+a)(sT+b7) a+b

T

X,

O<x<l1

22. Find the Fourier sine transform of f(x)=:2-x,1<x<?2

Sol. F[f(x)]= \/z
V4

2
/1

T f(x) sin sx dx

L0 1

1

0,

x>2

2

b
s*+b?

2 o
Ixsinsx dx+J(2—x) sin sx dx+I0. sin sx dx}

1
—(a+b)

2 [ (=cossx —sin sx 2 —COS SX
SR R o RN G R

T | S S 0 4
_ 2 {—coss+smzs}_{0+0}}+PHO_smfs}_{—coss_smzs

T | S Ry .4 S Ry S
_ z_2sins_sin2s}

| s s
B 2_2sins—25inscoss}

7| s°

2 {sins (l—coss)}
=2 = -

.4 Ry

—sin sx

2
S

!

)

2

1
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Properties of Fourier Transform

1. Prove that F[af(x) + bg(x)] = aF(s) + bG(s) [ Linearity property on Fourier transform]
Proof. Wehave FLf(x)] _T [ £ e dx = Fes)

1=

F[af(X)+bg(X)]—E [a f(x)+bg(x)] e”" dx
:a\/;_ﬂ_]lf(X) e’ dx + b—— _]ig(x) e dx

=aF(s)+bG(s)

2. Prove (i)F [af(x) + bg(x)] = aF.(s) + bG.(s)[Linear property on Fourier cosine transform]
(ii)F[af(x) + bg(x)] = aF(s) + bG,(s)[Linear property on Fourier sine transform]

Proof. (i) Flf(x)]= \/%J‘ f(x) cossx dx = F,(s)

Flaf(x)+bg(x)] =\/ZT[af(x)+bg(x)] cos sx dx
7[ 0

=a\/zj f(x) cossx dx + b\/zj g(x) cossx dx
7[0 7[0

=aF. (s)+bG,(s)

(i) Flf(0)]= \/% [ £ sinsx dx = F,(s)

Flaf(x)+bg(x)] —\/7][af(x)+bg(x)] sin sx dx

—a\/:J f(x) sin sx dx + b\/7J‘ g(x) sinsx dx

=aF (s)+bG, (s)
3. Prove that F[f(x—a)]=e'*’ F(s) [ Time shifting property]

Proof. We have F[f(x)] =ﬁ J f(x) e dx = F(s)

FLf (x~ a)]—f [ FGma e ax

Put x—a=t

_ J‘f(t) eis(t+a) dr dx = dt

. 1= .
zelas (l_) elsl dl_
N2 __Lf

1SX dx

o

— eias F(S)
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4. Prove that F[e'“" f(x)]=F(s+a) [ Frequency shifting property]

Proof. We have F[f(x)]——\/;—” Jrwerar=F
. 1 = .
F rax — iax 1SX d
[ f0)=—= _L fx) e dx

f(x) ei(s+a)x d.x

s'\_ﬁ\

I
8

,_/'\

5. Prove that (i) F[f(ax)]=— (2} , a>0 [ Change of scale property]

(ii) F.Jf(ax)]% @
(i) F[f(aX)]—éFc Gj
Proof. (i) We have F[f(x)]=ﬁ F(x) € dx = F(s)
FLf (ax)] =ﬁ [ fax e ax
1 00 it dt Put ax:_t
_E_wf([)e ; adx=dt
1 1 % it
_;E_J;f(t)e dt
_1 F(ij
a a

(i1) We have F,[f(x)]= E_‘. S (x) sinsx dx = F(s)

Fs[f(ax)]=\/z]i f(ax) sinsx dx
7[0

Put ax=t
w adx=dt
=\E [ro sin(s—tj dr
\fj £ sm( jt dt
2
a a
(iii) We have F.Lf(x)]= \/% [ (o) cossx dx = F,(s)
Fc[f(ax)]=JZ]z f(ax) cossx dx Put ax=t
adx=dt

fjf(r) (ajd’
el 1o
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6. If 7(/1) is the Fourier transform of f (x), find the Fourier transform of f (x —a) and

[ (ax). B
Proof. F[f(x—a)]=e"" f(A) [ see property (3) and (5) (i) ]
and FLf(ax)]=— ?(&j
a a

7. Prove that [ Modulation property]

(i) F[f(x)cosax] =%[F(s +a)+ F(s—a)] (i) F,[f(x)cosax] =%[Fs(s +a)+ F (s—a)]

(iii) Fs[f(x)sinax]=%[Fc(s—a)—FC(s+a)] (iv) Fc[f(x)cosax]=%[Fc(s+a)+FC(s—a)]

v) Fc[f(x)sinax]=%[Fv(a+s)+Fs(a—s)]
Proof. (i) Wehave F[f(x)] =E wa(x) e dx = F(s)

F[f(x)cosax]=— ]° f(x)cosax e dx

J' f(@(&j e dx

1

1 1 7 ~
- (x) et(s+a)x dx+
2 [«/ 27 _J;,f N2

:%[F(s+a)+F(s—a)]

(ii) Wehave F,[f(x)]= \/%J S (x) sinsx dx = F,(s)

j F(x) e dx

2sinAcosB = sin(A + B) + sin(A — B)

F [f(x)cosax] =\/Z]: f(x)cosax sin sx dx
T

0

:\/z]o f(x) l[sin(s+a)x+sin(s—a)x] dx
T 2

:l {\/E]C f(x)sin(s+a)x dx + \/zif f(x)sin(s—a)x dx}
2|V T,

:%[Fv(s+a)+FY(s—a)]

(iii) We have F,[f(x)]= E [ £00 sinsx dx = F,(s)

2sinAsinB = cos(A — B) — cos(A + B)

Fs[f(x)sinax]z\/%if f(x)sina x sin sx dx

= \/ET f(x) l[cos(s —a)x—cos(s+a)x] dx
Ty 2

=l[\/§]: f(x) cos(s—a)x dx—\/ZT f(x) cos(s+a)x dx
2|\ 2

=%[Fc(s—a)—FC(s+a)]
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(iv) Wehave F,[f(x)]= EJ‘ f(x) cossx dx = F.(s)

5=
F.[f(x)cosax]= \/;J. f(x)cosax cossx dx 2cosAcosB = cos(A + B) + cos(A — B)
0

= \/ET f(x) l[cos(s +a)x+cos(s—a)x] dx
T 2

=l[\/§]: f(x) cos(s+a)x dx+\/§]: f(x) cos(s—a)x dx
2\ 5

=%[Fc(s+a)+Fc(s—a)]

(v) Wehave F.[f(x)]= EJ‘ f(x) cossx dx = F,(s)

) 2% )
F.[f(x)sinax]= \/;J. f(x)sinax cossx dx 2sinAcosB = sin(A + B) + sin(A — B)
0

= \/ZT f(x) l[sin(a + s)x +sin(a — s)x] dx
Ty 2

= l {\/ZT f(x)sin(a+s)x dx + \/ZT f(x)sin(a—s)x dx}
2\ \V7xy T,

=% [F.(a+s)+F (a—s)]

8. Prove that (i) F[f(—x)]=F(-s) @) Flf(x)]=F(-s) (@Mi) Flf(=x)]=F(s)

Proof. () We have FLf ()= [ f(0) ¢ dr = F(o

FU 0= [ fen e i

1 ¢ —ist Put —x=t
=—— | f@®) e (=drp) —dx=dt
27 -,
L f()e " dt
27 *
__ L f@) e ™" dt
21 7,
= F(-s)
(ii) We have F(s) =ﬁif(x) e’ dx
F(-s) =ﬁif(x) e " dx
F(-s) =L ]ZW e"" dx
27 °
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(iii) We have F(s)=ﬁ_]; ) € dn
F(s) =ﬁim e dx
= ﬁ:m e (=dr) ut =t
:ﬁiﬂ_t) e’ dt
=ﬁif (—x) e""* dx
=F[f(-x)]

Convolution of two functions for Fourier transform.
The convolution of two functions f(x) and g(x) is defined by

-
(f*8)0) = f ()% 8 (0= [ r) g(x—1 dr

Convolution theorem

Statement. If F[f(x)] = F(s) and F[g(x)] = G(s) then F[f(x)* g(x)]=F(s).G(s)

Proof. FIF(0*g(1=— [ (/050 dv

:\/;_7[ I {«/;_7[ Jf(t)g(x—t) dl} e dx

1 % 1 7 -

=— t) | — x—t)e”" dx|dt
— _jwfo_ o e }

1 = i 1 % o .

- (I) - (x—t) etsx etst e—tst dx dt
2 _J;f _\/ 27 :wg }
e 1o e .

=— t) | — x—=t)e""" " d(x—t)| e’ dt
— _Lf()_ﬂ_-f( ) ( )}

- ﬁ jf(t) G(s) e dt

1
NGy
=G(s) F(s)
(.e.) Flf(x)*g(x)]=F(s).G(s)

=G(s) Tf(t) e dt

Parseval’s identity for Fourier transform.
Statement: If F(s) is the Fourier transform of f(x) then

TIF(s)I2 ds=].olf(x)l2 dx

— oo

Proof. By convolution theorem for Fourier transform, we have

Ff(x)*g(0)]=F(s).G(s)
= FF(5)G(9)] = f(x)* g(x)

25
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= L ]j F(s)G(s)e " ds 1 T f()g(x—1)dt
N2, N2 2,
=N jF(s)G(s) e N ds = jf(t)g(x—t) dt

Putting x =0, we get

[ F&)G(s)ds=[ g1y dr ——————- (1)

Let g(-1)=f(t) ——==—~~ 2)

(ie) g()= f(-1)
G(s)=F[g(x)]=F[g(®)]

=Flf(-0]
=F[f(=x)]
=F(s) (by property)
(ie) G(s)=F(s) ————=——=— 3)
Substituting (2) and (3) in equation (1) we have

JF&FG)ds=[ £ ) di

(i.e) Tl F(s)I* ds= ]olf(x) P dx

— oo

University Questions:
1. State the Fourier transform of the derivatives of a function.
Sol. F[f ()= (=is)F(s)

FLf"(x)]= (=is)* F(s)
FLf"(x)]= (=is)  F(s)

Ingeneral, F[f" (x)]=(—is)" F(s)

2. Give an example for self-reciprocal under Fourier transform.

2
X

Sol. e ? is self-reciprocal under Fourier transform.

3. Give an example for self-reciprocal under Fourier cosine transform.

2
X

Sol. e ? is self-reciprocal under Fourier cosine transform.

4. Give an example for self-reciprocal under both Fourier sine and cosine transform.

Sol. T 1s self-reciprocal under both Fourier sine and cosine transform.
X

26
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a—lxl, lxl<a

5. Find the Fourier transform of fx)=
0, Ixl=za

oo . 4
sin t /4 .. sint /4
Hence deduce that () J. = E (i1) J (Tj dt = —

f(x) e’ dx

—38

Sol. FIf(0]=

- s\

{J.O et dx + _[(a Ix1) e"™* dx +_[0 e dx}

(a—Ixl)(cossx+isinsx) dx

—y

|
Q

J (a—1xl) sin sx dx

1
N2 7,

(a—Ix!|) cossx dx + i

- - 5~
;'—ua

(a—Ilxl)cossx dx+ 0

S t—a

(a—x) cossx dx

sin sx cossx )|
_(a—X)( ; j (1)( = ﬂo
_{0— coszsa}_{()_%H

Ry Ry

1—cos as
2
s

] O%———2

STo] S Io] STo] STo]

(ie) F[f(x)]

Using inverse Fourier transform, we have

F)= [FlroTe

_ 1 T \/Z (Hﬂj (cossx —isinsx) ds
N2 S\ s’

=l j (—I_COS as] cossxds—il (—I_COS as] sin sxds
ﬂ-—oo

2 2

s T s
:E (ﬂj cossxds — 0
T s
(11— T
j (ﬂj cossxds =— f(x)
7 S 2

Put x=0 we get

l—cosas
s°

S = 8

j dS——f(O)

27
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T 1—cos 2t 2a’t_£(a)
W a2

2
a

T[Zsm t} _7a
) 2
J-(smt) dtzz

t 2

0
This proves (i)
Using Parseval’s identity, we have

T|F(S)|2 ds = Tlf(x)l2 dx

0

1—cosas
s

oo 2 a
(ﬂ) ds = I(a—lxl)zdx

;;'—38
7\
NN W

S

s
_I(l costhz 2di _,|(a=0"]"
A4t* | a? a -3 ],
3oy 2 3
8a J(l cc;sZt) dt=12| {0} — _a
167 % t 3
3 o .2 \2 3
a j 251r21 t gt =2L
2ry )\t 3
4 %(sin?1) 2
4 sm2 g =2
2\t 3

(le) J‘(Sll’ll‘] =§

4%(1-cosas ¢
—j(—z} ds=2J.(a—x)2dx
T

0 0

6. Find the Fourier sine and cosine transform of f(x) = { 0

Sol. F.[f(x)]= \/% .' £ (x) sin sx dx

SHES

- .
_[sinx sinsx dx + I 0. sin sx dx}

a

sin x,

28

Put as =2t
ads = 2dt

fx)y=a-IxlI
f(O)=a-0=a

2 —ua a N
. D ds = [0.dx+ [(a=1x1)* dx+[0.dx

Put as =2t
ads = 2dt

O<x<a

xX>a

2sinAsinB = cos(A — B) — cos(A + B)

0
1
E[cos(s —Dx—cos(s+1)x] dx

S

=R
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1 ‘sin(s—l)x_sin(sﬂ)xT
_\/_ﬂ'_ s—1 s+1 0

_ [sin(s—Da _sin(s+Da|
_\/_ﬂ'{ s—1 s+1 } 10 0}}
1 [sin(s—Da sin(s +1)a}

=w/275 | os—1 s+1

—_ N

[\®)

F.lf(x)] =\/%w f(x) cossx dx

29

- .
= _[sinx cossx dx + I 0. cossx dx}
0

- a 2cosAsinB = sin(A + B) — sin(A — B)

2 J.%[sin(s +1Dx—sin(s —1) x] dx

[ —cos(s+1)x N cos(s — 1)x} ‘
0

z
=
1
NeT Al s+1 s—1
1
2r
1
NGy

| [-cos(s+Da , cos(s—Da| [-1 1
i s+1 s—1 s+1 s-1

H (s —=I)[—cossacosa +sin sasina]+ (s +1)[cos sa cosa + sin sa sin a]}

(s+D(s—1)
[=(s=D+(s+D)
(s+D(s—1)

1 {2ssinsasina+2005sacosa_ 2 }
27T st —1 st —1

2 [ssinsasina+cossacosa—1}

T st —1
1-x*, lIxl<1
7. Find the Fourier transform of f (x) =
0, Ixl=>1
sins—scoss , T sin s — s COS § Ky 3
] ds = — —ds = —
Hence deduce that (i) I = (ii) I 5 cos—ds = T

0

3
S

0

(iii) J-(sms—scossj P
0
1

Sol. FLf (0] :F I (x) e dx

ﬁ\

{J‘ ’”dx+J‘(1 x*) e dx +J‘Oe’”dx
— e -1

1
_J (1—x?)(cos sx+isin sx) dx

1 1
=LJ‘ (1—x*)cossx dx + i \/;_7[ J (1—x?) sin sx dx
|

N2 C,
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\O]

1
= J.(l—xz)cossxdx+0
T

\/7 (l_xz)(sinsxj 2 )(—cossx a 2)(—smsxﬂ
7| s s
\/: {0_20(;SS+281I1S} (0 0+0}
7| s s
(i) F[f(x)]=2\/§ [sins—jcoss}

V4 s

Using inverse Fourier transform, we have

f(x)=

o] ™

oo

JFLfne™ ds

sin s — s COS § ..
——————— | (cossx—isin sx) ds

sms—scoss .2 ¢ (sins—scoss) .
cossxds —i— I ————— | sin sx ds
T

S

alw j‘ S‘H

HRE
il

4% (sins—scoss
=—J ————— | cossxds — 0
Vs s

]‘-’(sms—scossjCossde:%f(x) _______ 0

Put x=0 in equation (1) we get

J-(sms SCOSSJ S:%f(())

f)=1-x
f(0)=1-0=1
/4 /4
=—({1)=— This proves (i
4() 2 p (i)
Put x=% in equation (1) we get Fa=1-x
1 1 3
R f(7z)=1-—=—
J-(sms Scossjcosids=£f(lj > 44
0 2 4°\2

-7 1—1 _x 3 =3_7r This proves (ii)
4 4) 4(4) 16

Using Parseval’s identity, we have

TIF(S)Ist= Tlf(x)lzdx

-1

oo . 2
‘[(2 %[sms—fcossD ds—J.O dx+I(1 x?)? dx+I0 dx

— 00 S

7[—00

8 T (sins—scoss

3 ] ds = I(l—xz)zdx

16 3( sins—scoss )’ 1
- ( . ] ds = 2[ (1-x*)" dx
7[0 0

A)

A)

1
=2j(1+x4—2x2)dx
0

30
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=2

=2

FOURIER TRANSFORM

X 2x3}1

(1 2
{1+§—§}—{0+0—0}}

_s i}
15
oo . 2
Ej(sms—;vcossj ds=§
T Ry 15
o . 2
j(31ns—jcoss dszl This proves (iii)
0 S 15

31



UNIT V
Z-TRANSFORMS AND
DIFFERENCE EQUATIONS

5.1. DEFINITION: (ONE-SIDED OR UNILATERAL)

Let { f(n)} be a sequence defined for all positive integers n=0,1,2,...00,

then Z-transform of { f (n)} 1s defined as

Z{fm= 2 f(mz",
n=0

where z 1s an arbitrary complex variable.

5.2. DEFINITION: (Z-TRANSFORM FOR DISCRETE VALUES OF ¢)

If f@# 1is a function defined for discrete values of ¢ where

t=nT, n=0,1,2,..., T being the sampling period, then Z-transform of f(¢) is

defined as
Z(f)= i)f(nT) 2"
5.3. NOTE:
G)  (1+x) " =1-x+a? -+ if |xf<1

(11) (1—x)_1=1+x+x2+x3+---

(i) (1+x)7 =1-2x+3x? —4a® +.-

(iv) (1—x)_2=1+2x+3x2+4x3+---
2

x_q,. X, x .
(v) e _1+1!+2!+
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' o _q_ X x
(vi) e’ = 17+2y
3 4
log(1 =x——+——".. if <1
(vi1) og( +x) X 2+3 4+ 1 |x|
2 .3 4
—log(l-x)=x+—+—+—+"--
(vii1) og( x) X st 3t
r+l1
(ix) l+a+a’+-+a =2 1
a-1
5.4. EXAMPLES:
{ M Example: 1 }

z

Z(1) =

PROOF: Z{f(n)} = i f(n)z™"
n=0

N
N
=

Il

s
~~
=

N

S

Il
M8
:|"‘

Il
—
+

I
+

|+—a
+

<1 ( (l—x)_1:1+x+x2+x3+---

)

M Example: 2 }

Z(a”):i if |2]>]d]

PROOF:

Z{f(mf=2 f(mz"

n=0
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-1
"

a
—|<1
z

Z(a”)=[zfaj, if |a| <4

{ M Example: 3 }

YA =
m=r

PROOF:

Z{fmy=> fmz"
n=0

Z(n)zngbnz_”:()+§+2%+ :§[1+§+2%+
( 2 )
:1L1+2(l]+3(l) + J
z z z
—1(1—1)2—1[2—‘1)_2—1( 2 )
Cz z “z\ 2 Cz\z-1
Z(n) = —= 5.
z-1)
{ M Example: 4 }
1 z .
Z(—jzlog( j, if |2|>1, n>0
n z—1
PROOF: Z{f(n)} = Z f(n)z™"
n=0
1 - 1 S 01011 1
Z(—)= -z "= =+
n nzz:ln ngl nz" z 222 32°

MA6351 - TRANSFORMS AND PDE
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] ( —log(l—x)=x+§+§+§+---j

—

M Example: 5

SHEEECRS

{ M Example: 6 }

Z[L]:llog( ad j, n>1
n-1 z z-1

PROOF: Z{f(n)} = i f(n)z™"
n=0
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=§[—log[1—5] =§(‘1°g[2;1jj

Z[;] _ llog[i]
n-1 z z—1

{ M Example: 7 }

1 1
-+
n!

PROOF: Z{f(n)} = i f(n)z™"
n=0

n=0 n=0
: ( 2 )
Z(%):ez L ex:1+ﬂ+2—!+---J
{ M Example: 8 }
1
Z(;\:ze;—z
L(n+1)!J
PROOF: Z{f(n)} = i f(n)z™"
n=0
1)y & 1 ., 2 1
Qo) 2 e 2~ 2 (nil)'(z_n]
2
SR EECE
( 2 3 )
-<(uz)*33) 3G) )
{1 1\ ( 20
=z|e? — L ex:1+—'+2—!+---J

MA6351 - TRANSFORMS AND PDE
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{ M Example: 9 }

5.5. LINEAR PROPERTY:

Z(af(n)+ bg(n)) = aZ(f(n)) + bZ(g(n))

=aF(2)+bG(2)
5.6. NOTE:
G  za)=-2 (i) Z(a")=——, if |2|>]|d
Z — Z—Qa
[ M Example: 10 }
Find Z(k)
SOLUTION: Z(k)y=k ZQ) = k(%}

{ M Example: 11 }

Find Z((—l)”)
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SOLUTION:
Since Z(a") =2
z—a
z z
Z(-1)") = -
V=~ "7
{ M Example: 12 }
Prove that Z(e‘“n): Z_a
z—e
PROOF:
Since Z(a”)= z
z—a
e\ 2
(e )j_z_e_a

[ M Example: 13 }

Find Z(cosn#) and Z(sinnb).

SOLUTION:

Let a=e
a” =e"" =cosnf+isinnd

z

We know that Z(a") =

Z(an) _ Z((eiﬁ)n) _ Z_eig

Z(cosn@+isinnb) = ad

z —(cos 0+ 1isin 9)

4

(Z—COS@)—iSiﬂ@

z (z—cos9)+isin0

(z—cos@)—isind (z—cos6)+isind

z(z—cos9)+izsin49

(z —CoSs 0)2 +sin’ @

z(z—cos9)+izsin0

2% +cos? 0—2zcos O+ sin® 6

MA6351 - TRANSFORMS AND PDE



_z(z—cos@)+izsin9

22 —2zcos0+1

z(z—cos@) N 1zsin @

Z(cosnb)+iZ(sinnb) = 5 5
z® —2zcos@+1 2z —-2zcosf+1

Equating real and imaginary parts, we get

- 0
Z(cosnb) = z(z COS)
z® —2zcosf+1
Z(sinnfd) = Zsing
z° —2zcosf+1
NOTE:

We know that Z(f@)= i f(nT)z""

S
(e}

sinanT z™"

M s

Z(sinat) =

n=0

sinn@.z", where =aT

M

I
M s

0
= Z(sinnb)

zsin®@ zsinaT

S
Il

- 2% —9zcos0+1 - 2% —2zcosal +1

z(z—cosaT)

22 —2200saT+1.

1Y Z(cosat) =

UNIT V | 5.7

{ M Example: 14 }

Find Z(r" cosn®) and Z(r" sinn®)

SOLUTION:
Hints: Let a=re

a” =r" " = 1" (cosnf+isinné)
Answer:

z(z—rcos0)

22 —9zrcos@+r?

Z(r" cosnb) =

zrsin @

Z(r" sinnb) = 5 5
z° —2zrcos@+r
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{ M Example: 15 }

Find Z(t)
SOLUTION:

Z(f@)= Z f(nT)z""

n=0

Z(t)= ZnTz_”:TZ nz " =T Z(n)
n=0 n=0

[\
|
—
~—
N}
7 BN
B\
S
N
Il
—_
[\
|
—
S~
[\
~—

[ M Example: 16

Find Z(e )

SOLUTION:

Z(f®)= 3 fnT) ™"
n=0

n=0
_ —aT\* _ e ny_ <
_Z(e ) T s_e T [ Zla )_z—aj
{ M Example: 17 }
Find Z[ 1 )
n(n+1)
SOLUTION:
Now 1 :é B
nn+l) n n+1l
_A(n+1)+B(n)
- n(n+1)
= A(n+1)+B(n)=1

Put n=0 AQ)+B0)=1 = A=1
Put n=-1: AO0)+B(-1)=1 = B=-
1 1 1

nn+l) n n+l

MA6351 - TRANSFORMS AND PDE
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Z[n(n1+1)) B Z(%_ﬁ) B Z(%) _Z(ﬁ]
SWES WL PE

{ M Example: 18 }

1

Find the Z-transform of
(n+1)(n+2)

SOLUTION:

1 __A B _ A(n+2)+B(n+1)
(n+1)(n+2)_n+1 n+2 (n+1)(n+2)

= A(n+2)+B(n+1)=1
Putz=-1: A(l)=1 =
Put z=-2: B(—1)=1 =

1 1 B 1
(n+1)(n+2 B

Z((n+1)1(n+2)} :Z[ﬁ_n}ﬂ] :Z(#) _Z(nizj

S
+
—
S
+
DO

=z —log[l—lﬂ—zj{—log l—l)—l}
i z z) =z
:—zlog[l—l]+zzlog[1—lj+z
z z

(2 2)1og(1-1] +-2
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{ M Example: 19 }

Find Z(0052 t)
SOLUTION:

Z(cos2 t) - Z[“C—;S%j - %[Z(l) + Z(cos2t)]

l[ z 2(z —cos2T) }
z-1 2% _-9zc0s2T +1

2
5.7. EXERCISE:
1. Find Z(sin®?)
2. Z(cos®t)
3. Z(sin®t)
5.8. HINTS:
1) sin3A=3sinA-4 sin® A
(i) cos3A=4cos® A—3cosA

5.9. PROPERTIES OF Z-TRANSFORM:

{ M Property: 1 }

FIRST SHIFTING THEOREM:
If Z(f(t)) = F(2) then
M Z(e™ f@©))=Fe™)
) Z(e" f@&)=Fze™)
n _wZ
(iii) Z(a f(t)) _ F[a]

(iv) Z(a” f(n)) - F[gj
PROOF:

(1) We know that

Z(f®) =Y f(uT) 2™
n=0

MA6351 - TRANSFORMS AND PDE



0

Ze ™ f@)= X e faT) 2" =Y f(uT)|ze
n=0 n=0
Z( )2ﬁzeaT - [F(Z)]zez

2o fio)-pla?).

(i11) We know that

Z(f®)= 3 faT) 2™

n=0

Z(a" f0))= Za f(nT) = = nio fmy (2]

= 2(f@). . = =[F@L =

Z(a" f®) - F[a .

)
J

{ M Property: 2

DIFFERENTIATION IN Z-DOMAIN:

Z(n f(n)) = —zé(F(z)) , where F'(z2)= Z(f(n)).

PROOF:
F(2)=Z(f(n)

F(z)=) f(mz™"

n=0
d 0]
dz

o0

-z i(F(z)) = Z nfn)z" = Z(n f(n))

dz o

d
Z(n f(n)) = —ZE(F(Z))

{ M Property: 3

aT )7’1

UNITV | 5.11

C(F@)= X fo) (2" =2 Y faynz
n=0 n=0

SECOND SHIFTING THEOREM:
§)) Z(f(n+1)) =z F(2)-2f(0)
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PROOF:

( (n+1)): i f(n+1)z™" if(n+1)z_nzz 1
n=0

n=0
Z(f(n+1))= i f(n+1) 2~

putn+l=m

=z ) fm)z™" = {Z f(m)z"" (0)}

m=1

=2(F(2) - (0))
Z(f(n+1)) =z F(2)-zf(0).

Gi) Z(f@t+T))=z F(z)—2f(0)
PROOF:

Z(f(t+T)) i f(nT+T)z™" = i frT+T)z" zz™1
n=0

n

0
(f(nT+ T)) =z i f((n+1)T) 5—(n+1)

n=0

putn+l=m
2 Y fnT) = =2 S fonT) 2 — f0)
m=1 m=0

=z(F(2)-1(0))
Z(f@+T))=z F(z)—2(0).

{ M Property: 4 }

INITIAL VALUE THEOREM:
If Z(f(t)) =F'(z) then f(0)= lim F(z)

Z2 —0

PROOYF:

[ f@T
<

22

F(2)=Z(f®) Z f(nT)z™" = f(0.T7)+

f(T) f(2T)

=f(0)+

MA6351 - TRANSFORMS AND PDE
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lim F(z) = lim [f(O) i (ZT) ity +} — £(0)

Z—> X Z —> 0

(.e) f(0)= lim F(z).

NOTE:
If Z(f(n)) = F(2) then f(0)= lim F(z)

{ M Property: 5 }

FINAL VALUE THEOREM:

If Z(f(t)) = F'(z) then tlim f@) = liml(z —1)F(z)

PROOF:

n=0
Z(Fe+T))-Z(f®) = 3 [f(T +T) - f(nT)] 2"
0

n

zF(2)—zf(0)-F(2) = Z [f(nT+T) —f(nT)] z "

n

Z[f¢+T)~f®)]= 3 [f(T +T) - f(nT)] 2™
=0

0

(z—l)F(z)—z f(0) = Z [f(nT+T)—f(nT)] z "

n=0

Taking limit as z —>1 we get

Zli_r)nl [(z-1)F(z) -2 f(0)] = Zhinlg[ f(nT +T)-f(nT)]z™"

liml(z ~1)F() - f(0)= 3. [f(nT +T) - f(nT)]
z— =0

o [ S0 1)+ 2T - fE

o+ fOT) — f@T) + o+ f(n+ DT — florT)

= lim [f(n+1)T— f(O)]

= lim f(n+1)T - £(0)

lim (2 1) F(2)— _£0) = f(0) — £40) = tlinzo f@).

z—>1
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(i.e.) tlim f(@) = liml(z —1) F(z).

NOTE:  If Z(f(n)) = F(2) then lim f(n)= lim(z~1)F(2)

5.10. EXAMPLES BASED ON PROPERTIES:

[ M Example: 1 }

Find Z(e—‘” t).
SOLUTION:

We know that Z(e_“t f(t)) —Z[f®)]. . ar=F(2)

z>ze 2 ze0T

Since Z(f@)= i f(nT)z™"
n=0

Z(t) = inT z " :Tinz_n
n=0 n=0

T z 0T

—.
T (2 et —1)

Z—)ZGa

[ M Example: 2 }

Find Z(a” n)
SOLUTION:
We know that

Z(a” f(n)) - F[a
Now, Z{f(n)}= i f(n)z™
n=0

MA6351 - TRANSFORMS AND PDE
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—

{ M Example: 3

Find Z(nz).
SOLUTION:
We know that

d
Z(n f(m) = ~2—~(F(2))

Z(nz) — Z(n n) = —zé(Z(n))
Now,

Z(n)=> nz™" :0+l+%+--- :l(1+g+%+---]
n=0 2 z 4 2 z

:é{n 2(3 +3@j2 +j 22[1_5_2:32;1)‘2:%(%]2

Z(nZ)_Zi[ z ]_Z[(zl)z(l)z.?(zl)]_Z[(zl)(212z)]

(2_1)4 (2—1)4
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{ M Example: 4 }

Find the Z-transform of cosn@ and sinn@. Hence deduce that Z-transform of

cos(n +1)H and sin(n +1)6?

SOLUTION:
We know that Z(cosn@)z 22(2_(:089) and Z(sinn@): 3 z sing

z° —2zcosf+1 z° —2zcosf+1
Since Z(f(n+1)):2F(z)—zf(0)

2? —92zcosf+1 2?2 ~9zcos6+1

Z(cos(n+1)9):{ z(z—cos0) _1} _{zz/—zcose—/j+2zcose_1

- z(zcos6-1)

- 2% —9zcosf+1

: 5 .
And Z(sin(n+1)9)zz{ zsinfd _0} z°sin @

2% —9zcosf+1 _22—2zcos0+1

[ M Example: 5 }

Find Z(a” cos nH) and Z(a” sin nH)

SOLUTION:
_ 0 .
We know that Z(cosn9)= 22(2 cos ) and Z(sinn@): 5 z sinf
z° —2zcosf+1 z° —2zcosO+1
) n z
By scaling property, Z (a cos n@) =F [—]
a
z(z 6’] i(z—acos@\
n 5 5_008 ﬁ{L ﬁ{ J z(z—acosﬁ)
Z(a cosn@): 5 =— 5 5
z z“ —2azcosf@+a z® —-2azcosf+a

——2Ecos9+1

a2 a ﬂZ/

And Z(a” sinn@) = F(ij

a
z .
“sing Zsm@ az sind
Z(a”sinn@): 5 a =— 5= 5
z 2Zcos9+1 z°“—2zacosb+a z°—-2azcosf+a
a2 a aZ

MA6351 - TRANSFORMS AND PDE
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{ M Example: 6 }

Find Z[sin[%n and Z[cos[%}j and also find Z[an sin(%D and
Z [a” cos(ﬁD
2

SOLUTION:

5 and Z(cosn@): ZZ(Z_COSH)
z° —2zcosf+1 z“ —2zcosf+1

z sin@

We know that Z(sinné) =

Now

{ M Example: 7 }

Find Z[sin2 [%D and Z (6082 [%D

SOLUTION:

We know that Z [cos [%D =
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2
7 2
_1 Z(l)—Z(cos(%D Lz 2
2 2/7)] 2|z-1 2211
1+ cos 2[”47[] 1T
And Z[cos2 [ED =7 =—Z7|1+cos [ﬁj
4 2 2 | 2

{ M Example: 8 }
Find the Z-transform of na” sinné
SOLUTION:
Since Z (sin n@) == z sng
z° —2zcosf+1
By scaling property, Z (a” sin ne) =F [E]
a
“sing Z sin 0
Z(ansinn0)= 5 a =— 5
z z z° —2zacosf+a
5 2—cosf+1 7
a a a
az siné

2> —2azcosf+a

Z(nan Sinn@): —zi{ azsind 2:|

dz| 2> ~2azcosf+a

2

(22 —-2azcosf+ az)asinﬁ—azsin 6’(22 —2acos 9)

=—z
2 2\2
(2 —2azcosf+a )

MA6351 - TRANSFORMS AND PDE
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az’ sine—m+a3 sin 60— 2az” sin9+m

2
(22 —2azcos@+ a2)

a®sinf—az?sin@

2
(22 —2azcos@+ az)

zasin 6’(22 - a2)

(22 —2azcosO+a’ )2

5.11. INVERSE Z-TRANSFORM:

5.11.1. DEFINITION:

If Z({fn)=F(z) then inverse Z-transform is defined as

f()=Z71 (F(2))
5.11.2. NOTE:

@) Z 1{( ad )2\ — ng"!
z-a

Gii)y Z71 (Zfaj =q"!
Gv) 2z! ((Z i); =(n+1)a"
w z! ( » i)ﬁ =(n+1)(-a)"
R e

e
(viii) Z_lt(z—a)g’ =n(n-1)a"
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5.11.3. TYPE:1I (METHOD OF PARTIAL FRACTION)

{ M Example: 1 }

Find Z! {—102’ }

(z-1)(2-2)

SOLUTION:
Let Flz)=— 02
_(2—1)(2—2)

F(z) 10

z _(2—1)(2—2)

F(z) 10 A N B  A(z-2)+B(z-1)

z _(2—1)(2’—2)_2—1 z-2 (z-1)(z-2)
= A(z-2)+B(z-1)=10

putz=1: A(-1)=10 = A=-10
putz=2: B1)=10 = B=10
F(z) —10+ 10
z z-1 z-2
-10z 10z
+
z-1 z-2

= F(z)=

Taking Z~! on both sides,

Z_I(F(Z))=—10Z‘1[ 21j+1oz—1( : ]

z— z—-2

~_10(1")+10 (2% ( Z‘l[ < jzan]

f(n)=10(2" -1).

—

{ M Example: 2

23

(z-1(z-2)
SOLUTION:

Find Z!

] using partial fraction

23

Let F(z)=
‘ O e oy

MA6351 - TRANSFORMS AND PDE
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F(2) _ 2*

2 (2-1)(2-2)
F(z) _ z _A ., B _C
< (2—1)2(2—2) z-1 (2—1)2 z-2
A(z-1)(z-2)+ B(z-2)+C(2-1)*

=-1/(=-2)

=  A(z-1)(z-2)+B(z-2)+C(z-1)" =
Put z=1: B(-1)=1 = B=-
Put z=2: Cl)=4 = C=4

Equating the coefficient of z%:
A+C=1 = A=1-C=1-4=-3

Fz) _ _3+ _12+ 4 = F(z)=——- +
z z-1 (2_1) z—2 z

Taking Z~! on both sides,
Z7'(F(2))=-3Z" ( _lj zZ! [(Z 21)2J +4 771 [2 f 2]

=-31") -n1* ) +4 (2"

f(n)=-3-n+4(2").

{ M Example: 3 }
z —-z+ 2 )
Find Z using partial fraction method
z + 1
SOLUTION:
2(22 -z+ 2)
Let F (2) =

(z+1)(z-1)°




5.22 | Z - TRANSFORMS AND DIFFERENCE EQUATIONS

A(2—1)2 +B(z+1)(z—1)+C(z+1)
(z+1)(z-1)*

= A(2—1)2+B(z+1)(z—1)+C(z+1)=22—z+2
Putz=-1: A(4)+0+0=1+1+2 = 4A=4 =
Putz=1: 0+0+2C=1-1+2 = 2C=2 =
Putz=0: A-B+C=2 =>B=A+C-2=1+1-2 =

F(Z)_LJF 1
z  z+1 (2_1)2

{ M Example: 4 }
( 9 A
Find Z7! ad using partial fraction
(z+ 2)(22 + 4)
SOLUTION:
Let F(z)= a
) (= _(z+2)(22+4)
F(z)_ 5 A +(BZ+C)_A(z2+4)+(Bz+c)(z+2)
z (z+2)(22+4)_2+2 24 (2+2)(z2+4)
= A(22+4)+(Bz+c)(2+2):2

Putz=-2 8A+0=-2 = A:_§2:> A=_%

Equating the coeff. of z22: A+B=0 = B=-A = B=i

Equating the constant term: 4A4+2C=0 = 2C=-4A =|C=

DN |
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71 (F(Z)) _ 71 L__

= + :
< z+2 =444

1 =z 1 22 1 z
- +— 4+ =
4z+2 427+4 22°+4

(1212212\

+ 4+ =
4z+2 42,4 222+4J

(22 )
- _lZ_l[ & j—i—lZ_l z +lz—1 [—]
4 z+2/ 4 L22+4J 4 2214

fln)=—=(-2)" *iz’”‘ COS[%j +i2” sin(%]

{ M Example: 5 }

2z

UNIT V | 5.23

(1)

2)

3

Find Z7! i 2+ 32 using partial fraction method
(z-1)(2*+1)
SOLUTION:
2% +3z

Let F(z)=

2 (z-1)(2% +1)

Fz) 43 A B (C:+D)
z (2—1)2(22+1) z-1 (2—1)2 22 +1
A(z-1)(2% +1)+ B(2? +1)+(Cz + D)(z - 1)’
B (z —1)2 (22 + 1)
= A(z—l)(z2+1)+B(22+1)+(Cz+D)(z—1)2 =2z2+3
Putz=1: 0+2B+0=4 =
Equating the coeff. of 23 :
A+C=0
Equating the coeff. of 22 :
-A+B-2C+D=1
-A-2C+D=1-B=1-2=-1
Putz=0:
A(-1)(1)+B(1)+D(1)=3
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~A+D=3-B=3-2-=1

(2) = ~A-2(-A)+D=-1
A+D=-1
(3) = —A+D=1
2D=0
[D=0]
(3) = ~A+D=1 = —A=1 =
1 = A+C=0 = C=-A=-(-1)=1= [C=1]

F(z):—zi1+(2%21)2 +Zzil
< ( < \
ZHF(2))=-2" [2_1) +2Z‘1L(2_1)2J +Z‘1L :
= —(l)n +2n+1" cos[%}

f(n) =-1+2n+ cos[%}

( N\

(3)

M Example: 6

(. J

. _ ( 2% - 20z )
Find Z IL(2—2)3(2—4)J

SOLUTION:
3
a (z) z° —20z

Let

(-2P(e-1)

F(z) 22 -20 A B ., C D

e (r-2P(e-d) 22 (-2 (-2 24

A(z—2)2(2—4)+B(2—2)(2—4)+C(z—4)+D(z—2)3

(z-2)"(z-4)
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= A(z—2)2(2—4)+B(z—2)(z—4)+C(z—4)+D(z—2)3 =22-20

Putz=4: D(8)=16-20 = p--1

2
Put z=2: C(-2)=4-20 =

Equatingthecoeff.of z2°: A+D=0 = A=-D= —(—%] = |A=

DO |

Putz=0: A(4)(-4)+B(-2)(-4)+C(-4)+D(-8) =—20
~-16A+8B-4C-8D=-20
—4A+2B-C-2D=-5
2B=-5+4A+C+2D

ool

=-5+2+8-1
2B=4

_ _ (1 z 2z 8z 1 z )
YA 1(F'(Z)):Z 1(52_24_(2_2)24_(2_2)3 52_4J

z _1( z ) _1( Z -1( _~*
:%Z_1£2_2]+2Z L(z—2)2J+Z L 8 J—%Z [ j
: %(2n)+2(n2”_1)+n(n—1)2n —%(4”)

f(n)= %(2n)+n2” +n(n-1)2" —%(4")

5.11.4. EXERCISE:
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z+2 z+3

ANSWER: Z! {LJ:Z—{ 6,7 }—6(—2)”‘%7(—3)"‘1

5.11.5.

5.11.6.

(z+2)(z+3

=-31" )~ (n-1(2" "} +3(2"")

TYPE: II (METHOD OF RESIDUES) (CAUCHY’S RESIDUE
THEOREM)

DEFINITION:

If Z(f(n)) = F(2) then

f(n)=Z7(F(2)

=%J.2n_1F (2)dz , where c 1s the closed contour
7l

which encloses all the poles of the integrand.

where

5.11.7.

Iz”_lF(z) dz=2

i ( sum of the residues of 2" 1F(2) )
Lat each of its poles

NOTE:

(1) If z=a 1s a simple pole of f(z) then residue at z=aq is

lim(z-a)f(2)

zZ—>a

(1) If z=a is a pole of order m of f(z) then residue at z=a 1is

m-—1
1 LIim a (z - a)m f(2).

(m - 1)! z—a zm!
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5.11.8. EXAMPLES:

{ M Example: 1 }

Find inverse Z-transform of ————— using residue theorem.

(z-1)(z-2)

SOLUTION:

-1 < _
Let Z {m} = f(n)
Then

_L n-1 _L n-1
fm = 2m'£2 F(z)dz = 2m‘£z -2 %"

_ 1'I(z_z dz 1)

: n n _ f the residues of ¢(2)
Tofind [——=—dz: [——=—dz=2 (Sumo ]
o Jc.(z —1)(2 - 2) dz J.(z —1)(2 — 2) dz =2mi at each of its poles

where ¢(Z) = m .
The poles are z=1,z=2.

Residue at z=1:

Res. [#(2)], .. = im(z2)6@) ~ (e NSy~ Imp

ln

= =-1.
-1

Residue at z=2:

z—>2

Res. [¢(2)L .= ;1_)10%(2 ~2)¢(z) = lim (2 - Z)W = lim

2" ) n
Sub. (2) in (1) we get,
1. 0
f(n):%27n[—1+2 :|

f(n)y=2"-1.
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{ M Example: 2 }

Find Z7 !

z(z+1)]

(=-1)°
SOLUTION:

Let Z7!

z(z+1) | .
—(2_1)3]—f( )

el z(z+1)

(=-1)°

_ L), 1)
27Z'lc (2_1)3

1 n-1 1
Then f(n)—z—m,lz F(z)dz—z—m_.iz dz

2”(2—1—1).

(17

n 1 f th f
IZ (z + ) ds = 9ni [sum of the residues of ¢(z) ] where #(z) =

at each of its poles

Here z =1 is a pole of order 3.

! a (z— 1)3ﬂ 1y d—i(z”(erl))

Residue [¢(z)], ., =5 im (-1f  2e1de

== lim (2" 4 2 = % lim %((n+1)z” +n2")
z

_1 lim((n+1) nz"1+nm-1 2”_2)
z—1

((n+1)n+n(n—1)):%(n2+){+n2—]{)

[2n%) =n

I 1) dz = 2m( ) (2)

(SR R

1) = f(n)= 2% 971 (n2) = n?.
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{ M Example: 3 }

Find Z‘l( 2 )
in <
(E-a)e-5)
SOLUTION:
(2 )
Let Z7 - f(n
(e ="
1 _ 1 B 2
Th -~ [l _ 1 r.n-1
en f(n) Qm'-[ (2) d= 27zij2 ) dz
1 Zn+1
“2) ae 0 &
J_ n+1
To find - _dz:
~a)(z-0)
2n+1 . . .
{ —(2 —a)(z-0) dz = 272'1[811111 of the residues of ¢(z) at each of its poles]
Zn+1
where ¢(z) = m
Here z =a, z=0b are simple poles.
Residue at z=a:
n+1
= =1
Res [ gl)]. ., = Jim (#-a) szMMz b) a-b
Residue at z=05:
n+1 bn+1
. =1 — =1
Hes [¢(2)]Z:b il—rﬁ)(z ) #2) zf;)z\él 2 (1 M b-a
n+l n+l n+l
[—= de =27 “ 1"
(2 a)(z b) a-— b-—a
1 (an+1 bn+1\
fn) =g PENE)
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[ M Example: 4 }

(2(22—z+2)\

Find 27} by using residue theorem

(z +1)(z —1)
SOLUTION:

( 2(22 —z+ 2) )
Let fm)-2z| L
(z+1)(z-1)
1 2(22—z+2) 1 zn(z2—z+2)
Then f(n):—_ n-1 ————dz=—— 5 dz
27nc (z+1)(z—1) 27710 (z+1)(z—1)

2" (22 —z+ 2)

To find dz:

e (z+1)(z-1)
2" (22 —z+2)

e (z+1)(z-1)

dz = Qﬂi[sum of the residues of ¢(z) at each of its poles]

2" (22 —z+ 2)
(z+1)(z-1)

Here z=-1 is a simple pole and z=1 is a pole of order 2.

where ¢(2) =

Residue at z=-1:

Res.[(ﬁ(z)]zz_l = zl—i>n31(2 +1)¢(2) = Zl_i?_llw M(z _1)2

= =(-1)".
11 (-1)
Residue at z=1:
1 . dmt m
Res'[¢(z):|z:l N (m —1)! zh—rﬁt dz"1 (2 a a) ¢(Z)
z 22 —-z+2

~ hmi Zn+2 _Zn+1 +22n
z+1

z1dz
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_(z+1)[(n+2)z”+1 —(n+1)2" +2nz”_1}
_(2n+2 _n+l +22n)(1)
= lim

21 (z+1)

_ {2[(n+2)—(n+1)+2n]—(1—1+2)}

4

2 A +2-% —1+2n|-2| (2[1+2n]-2)
- 4 T )

(/1/+2n—1/\
:2( 1 J:

:(—1)n+n.

{ M Example: 5 }

(6.2, 4.)
Find Z7! L2z i 432J by using residue theorem
(2-2)
SOLUTION:
(6.2, 4.)
Let f(n)=2"1 Lzz iz J
(2-2)
2 n
Then f(n)=LJ- -1 2z +ééz _ l-J. 2z (z+32)d2
ch (2 2) 27nc (z 2)
Tofind | 2 (z +32) dz:
c (2 - 2)
n
I 22 (2 " 2) dz = 27ri[sum of the residue of ¢(z) at each of its poles]
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n
where ¢(z) = &222)
(2-2)
Here z =2 is a pole of order 3.
Residue at z=2:
Res.[gb(z)] = 1 lim d" (z — 2)m ¢(z)
z=2 (m_l)YZ_)z dzm—l

1 .. d? 22" (z+2)
- lim 2 £z =79
%z;nldeZM L@‘ff{
IR T d2 n+l n|_ 1 d n n-1
- lim —2[2 +2z }_Zh_)mZ—Z[(n+1)z +2nz }

= lim [n(n +1)2n_1 + 2n(n —l)zn_z}
z—2

= n(n+1)2n_1 + 2n(n—1)2n_2

= n(n+1)2n_1 +n(n—1)2n_1 = 2”_1(n2 + A +n? —/{)

n
I &222)(12 = 27ri[2n an
c (z — 2)
f(n) = % 24| 2" n? | = 2" n?.
5.11.9. DEFINITION: (CONVOLUTION)

The convolution of two sequence {f(n)} and {g(n)} is defined as

{f(m)*gn)} = fr)gn-r).
r=0
The convolution of two functions f(¢) and g(¢) is defined as

n
f@)*g(t) = z f(rT) g(n—r)T', where T is the sampling period.
r=0
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5.11.10. CONVOLUTION THEOREM:

0  Z(f(m*gn)=F(2).G(2)
where Z ( f (n)) =F(z) and Z ( g(n)) =G(2)

i)  Z(f®)*g®)=F(z).G(z)
where Z(f(t))= F(z) and Z(g(t))=G(2).
PROOF:

O F@=zfm)=Y fmz"  GE)=z(gm)= g ="
n=0 n=0
s F(2).G(z) = Z f(n)z™" Z gn)z"
n=0 n=0
~(FO+f 27+ @ 24 f) 2 4

(g(O) +e)zt+g@z 2+ gn)z ™" +)

( o n )
=Lf(0) g0)+[f(0) g+ fM)&)] 2z +---+| D f(Ngn-r) |z +J
r=0

n

Z{ f(r)g(n-r) }2_” = > [fm*gm)]|z™ = Z(f(nm)* g(n))
n=0[Lr=0 n=0

(.e) Z(f(n)* g(n)) = F(2) G(2).
(i) F(z)=z(f®)= D f(T)z™" G(2)=2(g®)= ) gnT)z™"
n=0 n=0

F(2).G(z) = Z f(nT)z™" Z gnT)z™"
n=0 n=0

:(f(OT)+f(1T) 2_1+f(2T)Z_2+---f(nT)2_n+...)

20T+ g(1T) 27 + g(2T) 272 +---g(nT) 2" +-- )

—_——

= (f(OT) g(0T)+[f(0T) g(1T)+ f(1T)g(0OT)] 2™ +

Z—I’L +)

> {Z FT)g(n T } - X [f0* )=
n=0

n=0Lr=0

R

D fGT)gn-nT
r=0
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=Z(f®)*g®)
(e) Z(ft)* )= F()G().

5.11.11. NOTE:

O Z(fm*em)=F@ G = Z'(Fk)G@)=f(n)*gmn)
i) Z(f®)*g®)=F(2) G) = Z Y F()GR)=[t)*&@).

5.11.12. TYPE III: CONVOLUTION METHOD:

{ M Example: 1 }

)9

Using convolution theorem evaluate Z* {2—} .

SOLUTION:
71 22 =Z_1[ 2z }
(2—1)(2—3) z-1 z-3

IR
z-1 z—-3

n
173" =87 +3" 432 13 1
r=0

1+3+3%+...43"

n+l ( n+l \
_3 L lta+a®++at =2 1
3-1 L a—lJ
3n+1 _1
= 2 .
{ M Example: 2 }

22

—\
z-4)=-3))

Using convolution theorem evaluate Z -1 L

SOLUTION:

Z_l((z_f)?z_g)J =Z_1((;4)'(;3)j -2 ) ()
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:4n*3n — i47‘ 3]’L—7‘:3ni4r 3_7‘:3”%[%],‘
r=0 r=0 3

r=0

o [1s (o5 @)

—

{ M Example: 3

Using convolution theorem evaluate Z~!

SOLUTION:

n
=an*an:Zar a" T =a"+ad" P +aa¥ %+

r=0

=(n+l) a”.

{ M Example: 4 }

(z + a)(z+ b)

N—

Using convolution theorem evaluate Z -1 L

SOLUTION:

e o e AR AR
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( a n+1 ) ) ( 1 1\
o (j“) e
b b

(an+1 _bn+1\ n (an+1 _bn+1\

SEACA Eve R e

a—b) )
{ M Example: 5 }
(2 )

Using convolution theorem evaluate Z -1 L < 2J
(z+a)

SOLUTION:

{ M Example: 6 }

( 2 )
Using convolution theorem evaluate Z -1 82
(E= 1))

SOLUTION:
( ) ( \
_ ( 822 ) _ Ezz J 4[ z z J
VA 1 =7 1 =/ - .=
L v ey
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27720 0
n( )
BIREIEgE)
() ()
1-| = n| 114
IS
2 2
n-1( )
- -6
{ M Example: 7 }
Usi lution th luat Z‘l( lo? ]
sing convolution theorem evaluate L(gz—l)(4z+1)J
SOLUTION:
( , ( - A ( )
3 12z - ol - z i
R e e s
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{ M Example: 8 }
Using convolution theorem evaluate Z -1 ( < 4]
z J—
SOLUTION:
3 ( 2 \
Z_l( - j =z =4" % (n+1) 4"
24 - z 4 2

“(n+1) (475 47) = 3 (re1) 4 (4" = 2(”1)

r=0

=4"[1+2+3++(n+1)] :4”—(n+1)(n+2).

5.12. FORMATION OF DIFFERENCE EQUATION:

{ M Example: 1 }

Form the difference equation from y, =a+b3"

SOLUTION:
Given y, =a+b3" (1)
Ypi1 =a+b3" =a+3b3" (2)
Vpio =a+b3""2 =a+9b 3" (3)
Eliminating a and b from (1), (2) and (3), we get
y, 11
Yn+1 1 3=0
Yn+2 19

Yn (9_3) _1(9yn+1 _Syn+2)+(yn+1 _yn+2) =0
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6yn _9yn+1 +3yn+2 tYn+1 ~Yn+2 = 0
2yn+2 _8yn+1 +6yn =0.

{ M Example: 2 }

Derive the difference equation from y, =(A+ Bn)2".

SOLUTION:

Given y, = A2" + Bn2" o
Yne1 = A"+ B(n+1)2" =24 2" +2B(n+1) 2" (2)
vz = A2+ B(n+2)2""2 =4A 2" +4B(n+2) 2" 3

Eliminating A and B we get,

¥, 1 n
Vi1 2 2(n+1)|=0
Ynio 4 4(n+2)

Yo [8(n+2)-8(n+1)]-1[4(n+2)y,,1 —2(n+1)y,.2 |
+1[4Yp11 —2Vn42] =0
Yo| B +16— 8 8] —[(4n+8) 3,11 —(21+2) Y |+ 47911 — 219, =0
8y, —(4n+8)yp1 +(2n+2) ¥, 0 +4ny, 1 —2ny,,5 =0
nea| 2 +2- 20 |~ yp.q | AR +8— 47 |+8y, =0
2Yn+2 =8Yn41 +8¥, =0
Yn+2 = 4Yns1 + 4y, =0.

{ M Example: 3 }

From y, =a2" +b(—2)n, derive a difference equation by eliminating the

constants.

SOLUTION:

Given ¥, =a2" +b(-2)" (1)
Ypa1 = a2+ b(-2)"" = 202" — 2b(-2)" 2)
Ypso =272 £ b(-2)""? = 4a2" + 4b(-2)" 3)

Eliminating a and b, we get
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y, 1 1
Yns1 2 —2/=0
Yn+2 4 4

Yn [8+ 8] _1[4yn+1 +2yn+2] +1[4yn+1 _2yn+2] =0
16, ~ 43771 ~2Vni2 + 4571 ~2Vni2 =0
-4y, .0 +16y, =0

Yn+2 _4yn =0.

{ M Example: 4 }

Form a difference equation by eliminating the arbitrary constant A from

y, =A3"
SOLUTION:
Given y, =A3" (1)
Yy = A3 =A3.3" (2)
Eliminating A from (1) and (2), we get
In 1‘ 0
Yn+1 3
8yn —Yn+1 = 0
Yn+1 _3yn =0.

{ M Example: 5 }

Form a difference equation by eliminating arbitrary constant from U, =a2" L
SOLUTION:
Given U, =a2"" (1)

U

ol — a2n+2 — 2a2n+1 (2)
Eliminating a from (1) and (2), we get,

U, 1
Un+1 2

2Un —Un+1 :0
Un+1 —2Un :0.

-0
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5.13. SOLUTION OF DIFFERENCE EQUATIONS USING
Z-TRANSFORMS:

5.13.1. FORMULA:

Z(y(k)) = F(2)

Z(y(k + 1)) =zF'(2) — zy(0)

Z(y(k+2)) = 2°F(2) - 22y(0) — zy(1)
(

Z(y(k+3))=2"F(2) - 2° y(0) — 2% y(1) — 2y(2)

5.13.2. EXAMPLES:

[ M Example: 1 }

Solve the difference equation, y(k+2)—4 y(k+1)+4 y(k)=0 where y(0)=1,
y@1)=0

SOLUTION:
Given yk+2)—4 y(k+1)+4 y(k)=0

Taking Z-transform on both sides,
Z[y(k+2)—4 y(k+1)+4 y(k)] =Z7(0)

Z[y(k+2)]| -4 Z[y(k+ D] +4 Z[ y(k)] = Z(0)
[ZZF(z) —229(0) - zy(1)] —4[2F(2) - 2y(0)]| +4 F(2) = 0
[2°F(2)-2" ()-2 (0) |- 4[2F(2) -2 ()] +4 F(2) =0
F(2) [22 4z 4} — 2% 4z

2—42
2

z¢—4z+4

F(z)= -2

2
z° -4z

Z(y(k) = —
z¢—4z+4

( 2% —4z )

- y(k):Z_lk 2 _4z+4
< —4z
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_ (2(2—4)\
=71
(2—2)2J
Toﬁmiqué(Z_?\
(z-2)
L 7 :2(2—4)
et (2) (2_2)2
Flzy z-4 A B  A(z-2)+B

e @-2° 22 (z-2f (-2
=  A(z-2)+B=z-4
putz=2: A(O0)+B=2-4= B=-2
Equating the constant term: -2A+B=-4 = -2A=-4-B = A=1
F(z)= 1 2
z  z-2 (2_2)2

= F(z)= -
Taking Z ' on both sides,

z 1 z 2 B ( 1 az k\
Z*%E%@):Z”{;jz}—z Iﬁ222f]2 —k2 Y'Z Ikz—af}ka,J

y(k) =2 (1-F).

[ M Example: 2 }

Solve y(n+2)-3 y(n+1) +2 y(n) = 2", given that y(0)=0, y(1)=0.

SOLUTION:
Given yn+2)-3y(n+1)+2 y(n) =2"
Taking Z-transform on both sides,
Z[y(n+2)—3 y(n+1)+2 y(n)] =Z(2")
Z[y(n+2)] —3Z[y(n+1)] +2Z[ y(n)] =7Z(2")

4

[éﬁ%a—z?ﬂm—zyaﬂ—spzwa—zymﬂ+2F@o:2_
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[2?F(2)-2% (0)-2(0)|-3[2 F(2) -2 (0)] +2 F(2) = :
F(z)[22—82+2]=2i2
() = z
) (2—2)(22—32+2)
Z(y(n) = 2
I = 222 (z-2)(z-1)
7 _ z
(5(n) -
o Z‘l( . 3
s =
A v )
(L)
To find Z‘lL - J
(z-2)"(2-1)
Let F(z2) = ad
e 2P
F(z) _ 1 A B C

e 1)(-2f 21 22 (z_af

_ A(,2—2)2 +B(2—1)(2—2)+C(z—1)
(z-1)(z-2)°

= A(z—2)2+B(z—1)(z—2)+C(z—1)=1

putz=2: C=1
putz=1: [A=1
Equating the coeff. of z2%: A+B=0=

.F(z):1+—1+1 :>F(z):z—2+z
oz z-1 z-2 (2_2)2 z-1 z-2 (2_2)2

Taking Z ~! on both sides,

ZYF()=2" {LJ 7! { i } z1

2_
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( 3
y(n)=1n—2n+712”_1 t Z_l[ z }=a”,Z1[ z }=nanlj

z-a (z-a)’

{ M Example: 3 }

Solve the difference equation y(n)+3y(n—1)—-4y(n—-2)=0, n>2, given that
¥(0) =3, y1)=-2.

SOLUTION:

Changing n into n+ 2, then given equation becomes
yn+2)+3y(n+1) -4 y(n)=0, n>0
Taking Z-transform on both sides,
Z[y(n+2)+3 y(n+1)—4 y(n)] = Z(0)
Z[y(n+2)] +3 Z[y(n+1)] -4 Z[ y(n)] =Z(0)
|[2F(2)-2% y(0) -2 y() |+3[2 F(z) -2 %(0)] -4 F(2) =0
[°F(2)-2" (3)-2(-2) |+3[2 F(2) -2 (9] -4 F(2) =0

F(z)[z2 +3z—4]=3z2 —-2z+9z

F(z) = 52322+7z
z°+3z—-4
3 2(32+7)
P& = -1
z(3z+17)
Z(y(n) = —————
O = T
_( z(3z+7) )
_ -1
- Wm=2 ((z+4)(z—1)
i L z(3z+7) )
To find Z 1k—(2+4)(z_1»
B z(3z+7)
Let F(z)—m
F(z)  3z+7 A B A(z-1)+B(z+4)

z (2+4)(2—1):2+4+z—1= (z+4)(z-1)
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= A(2—1)+B(z+4):32+7
putz=-4: -HbA=-5 = A=1
putz=1: 5B=10 => B=2

F(z): 1 N 2 —~  F(z)= z . 2z
z z+4 z-1 z+4 2z-1

Taking Z ' on both sides,

-1 _ 1| R -1 <%
= Z (F(z))—Z L+4}+2Z L_J

¥ = (~4)" +2(-1)" [;tz—l{ 2 }::an].

{ M Example: 4 }

Solve w, .o —5u,,; +6u, =(-1)", where uy =u; =0.
SOLUTION:

Given Uy 9 — DU, +6U, = (—1)

Taking Z-transform on both sides,

]

(-1
7]

Z[un+2 —5u, .1 +6un]:Z
]

Z[un+2]—5Z[un+1]+6Z[un

|2°F(2)-2" w(0) -2 u(1) |-5[2 F(2) - 2 w(0)] + 6 F(2) =
z+1

|ZF@) -2 (0-2(0)]-5[z F(2) -2 (0)] +6 Fa) =~

Z+

F(z)[22 —52+6J= ]

(2+1)(2? ~52+6)

F(z)=

4

(z+1)(z-3)(z-2)

N gl 2 )

n (1 1)(z-3)(z-2))

Z(uy,)) =
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Z

\
2+1)(z-3)(z-2))

e
To find Z k(

(z+1)(z-3)(z-2)

Let F(z)=

F(z) 1 A B C

z  (z+41)(z-3)(z-2) z+1 z-3 z-2

A(z—3)(2—2)+B(2+1)(z—2)+C(2+1)(2—3)
(2+1)(2—3)(z—2)

= A(Z—S)(z—2)+B(2+1)(2—2)+C(2+1)(2—3)=1

iz
iz BU)-1 = |Bl
putz=2 CE(1)=1 = [o=-L

e R A
- ro-(5) (05 6) 5

Taking Z ' on both sides,

)= (gp)2 5 (325 -G 5

ty == (1) + 2 g - Lo [ 7= :a”]
12 4 3 z—a |

U

{ M Example: 5 }

Solve the difference equation y(n+3)-3y(n+1)+2y(n)=0, given that y(0)=4,
y(l) =0 and y(2) =8.

SOLUTION:

MA6351 - TRANSFORMS AND PDE



UNIT V | 5.47

Given y(n+3)-3y(n+1)+2y(n)=0,
Taking Z-transform on both sides we get,
Z(y(n+3)-3y(n+1)+2y(n)) = Z(0)
Z(y(n+3))-3Z(y(n+1))+2Z(y(n))=0
|2°F(2)-2°5(0) - 2%y(1) ~2y(2) | - 8[2F (2) - 2y(0) ]+ 2F (2) = 0
|2°F(2)-2°(4)-0-82|-3[2F(2) - 42]+2F(2) = 0
2°F(2)-42° —-82-382F (2) +122+2F(2) =0

F(z)[z?’ —32+2] =42% — 4z

-
2(3(r) (:21()22(21)2)
_1( 42(22—1) \
=2 )

42(2* -1

Now F) = R g

Fz) A1) A, B ¢
z (2—1)2(z+2) z-1 (2—1)2 z2+2

A(z-1)(z+2)+B(z+2)+C(z - 1)2
(z-1)"(z+2)

= A(z-1)(z+2)+B(z+2)+C(z - 17 = ( )

Put z=-2: 0+0+C(9)=4(4-1) = 9C=12= C:%

Put z=1: B(S):0:>
Put z=0: A(-1)(2)+ B(2)+ C(-1)" =4(-1)
—2A+2B+C=—
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N —24:—4—23—67:—4—0—3:3 14=§

F@y_w3+0+4m
z  z-1 z+2

8 z 4 z
Fe=32 1732

1 2
ym=z (8 2 A 2 ) By 2 ) A 2
3z-1 3z+2 3 z-1 3 z+2

5.13.3. EXERCISE:
(i) Solve y,. o +4y,.1 +3y, =2" with y, =0, y; =1 using Z-transform

(i) Solve u,,, 9 +6u, 1 +9u, =2" given that uy =u; =0
(iii) Solve u,,, o +4u, .1 +3u, =3" with u; =0,4; =1

(iv) Solve yp.9 +2y,.1 + Y =k, given that yj =y, =0
(v) Solve y,,9+6y,.1+9y, =2", given that y, =y, =0

(vi) Solve y, ,o+y,=2,with y5 =3, =0

MA6351 - TRANSFORMS AND PDE
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1. Find the Z transform of

. n .. 1

O Qi) ~

n. n.
(111) 2"sinh3n @iv) !

n(n—1)
2n+3 . (n+D)(n+2)
) (n+1)(n+2) (V1) 2
.o . 2 ﬂ cee .3 E

(Vll) sin ( 1 j (Vlll) sin ( 6 j
(ix) cos’t (x) cos’t

2. Find the Z transform of

() ne, (i) n(n-1)(n-2)
(iii) n¢, (iv)(n+1)(n+2)
(V) & cost (vi) e'sin2t
(vie™ ¢ (viii) e* ¢

3. Find the inverse Z transform by partial fraction method:

(i) 322 —182+26 (ii) Z2 +2z
(z=2)(z-3)(z—-4) (22 +2z+4)
222 . 5z
(111) (z+2)(z* +4) (1v) (z=D(z-2)
z . 5z
V) (z+2)(z> +4) (V1) (22 +4z+3)

.. 7z
Vi1
( ) i22+7z+10i



4. Find the inverse Z transform by residue method

. 5z 3 322

(1) (z=1D(z-2) (11) (Z+2)(22+4)

(iii) 2 (iv) 22
izz+22+2i (z—l)3

622 . 3z
M Coch DN ey

- z(z+2) .oy 2z(3z+1)
(vii) Y (vii1) PR
(ix) -

Bz-1*(z-2)

5. Using Z transform solve the difference equations
Du,., —7u,,, +12u, =2", u, =0=u,

(1) up3-3u,+2u,=0 , , up=4 , u;=0,u,=8
(111)f(n)+3f(n-1)-4f(n-2)=0, n>2, f(0)=3, f1)=—=2
(AV)Yn+2-SYnr110yn=36 , yo=y1=0
(Vuyotdu,+4u,=n, up=0, u;=1

(Vi) Ut =2"k

(vil) uyr-4u,+4u,=0 , up=1,u,=0

(vii)u,p+t4u,+3u,= 3, up=1, u;=1



UNIT - II1
APPLICATION OF
PARTIAL DIFFERENTIAL EQUATIONS

Classification of a Partial Differential Equation

The second order partial differential equation in the function
u of the two independent variable is

0%u 0%u 0%u ou ou
A(x,y)—+ B(x, +c(x,y)—+ f| x,y,u,—,— |=0
( y)ax2 ( y)axay ( y)ay2 f[ Vst 8yj

It is classified as (i) Elliptic if B> —44C <0
(ii) Parabolic B> —44C =0
(iii) hyperbolic B> —44C >0

1. Classify the following partial differential equations

0’u B 0%u
@ 52 57
0*u _(auj_i_ ou ey
(b) oxoy \ Ox oy 4
Solution:

(a)A=1, B=0, C=-1
B> —44C=0+4=4>0

Equation is hyperbolic
(b) A=0, B=1,C=0



B> -44C=1-0=1>0
Equation is hyperbolic

2. Classify the following partial differential equations
2 2 2
(@) Ahpall O 4O g 6, g
ox oxOy Oy ox Oy

ou u (ou) (ou)
®) o o7 (ﬁx) {5]
Solution:
(a) A=4,B=4,C=1
B*—44C=16-16=0
Equation is parabolic
(b) A=I1,B=0,C=1
B> —4AC=-4<0
Equation is Elliptic.

3. Classify the following partial differential equations
X’ f.o+(1=-y)f.,=0for—-1<y<l,—o0o<x<o0
Solution:

A=x>,B=0,C=1-y’
B® —44C =-4x*(1-y%)
=4x*(y* -1
x”isalways +ve in —oo < x <o, x#0
In-1<y<l, y>—lis—ve

Equation is Elliptic
If x = 0, B2-4AC=0, the equation is Parabolic.
2



4. Classify the following partial differential equations:

(@) y’u_ — 2xyu,, + xzuyy +2u,—3u=0

(b) y*u,, +u, +u’ +uy2 +7=0

Solution:

(a)Here A= y° B= —2xy,C= X~
B2-4AC=4x" y*-4x" y’=0
Equation is parabolic

(b) Here A= ¥° B=0,C=1
B2-4AC=0-4)Y"=-4)"<0
Here yz is always positive
Equation is elliptic.

5. Classify (1 + x)2 u, —4xu, +u, =x
Solution:

Here A=(1+x) B=—4x,C=1

B2-4AC = 16x*- 4(1+x)
=16x>-4-8x -4x°
=4(3x*-2x-1)

If x=1,then B>-4AC=0

Given PDE is Parabolic.

If X <0 (or) X>0 Then B2—4AC >0

Given PDE is Hyperbolic.
3



One Dimensional Wave Equation
One dimensional wave equation is
O’y _ ,0%
2 4 2
ot ox

Assumptions made in the derivation of one dimensional wave
equation or equation of vibration of strings

(1) The mass of the string per unit length is constant.

(1) The string 1s perfectly elastic and does not offer any
resistance to bending.

(i11) The tension caused by stretching the string before fixing it at
end points is so large that the action of the gravitational force
on the string can be neglected.

(iv) The string performs a small transverse motion in a vertical
plane that is every particle of the string moves strictly
vertically and so that the deflection and the slope at every
point of the string remain small in absolute value.

The possible solution of one dimensional wave equation
y(x,1)= (cle”x +ce Xc3e“p’ +c,e )
y(x,t)= (c5 COS px + ¢4 sin px)(c7 cos apt + c¢g sin apt)

y(x,1) = (c9x+ CIO)(Cllt +CIZ)

[d 2 [d L] 2
1. What is the constant a” in wave equation u, =a'u ?

Solution:



'y _ 20y

ot* ox?

) tension
where a” =

mass perunit lengthof the string

2. What is the correct solution of one dimensional equation?
Solution:

y(x,t)= (05 COS px + ¢, sin px)(c7 cos apt + ¢, sin apt)

Boundary and Initial conditions
One dimensional wave equation is given by

0’y _ ,0%

=a

ot ox’

(Hy(0,)=0

(@)y(,1)=0

iy 258 ()

t

() y(x,0) = g(x)

3. A tightly stretched string of length 21 is fastened at both ends.
The midpoint of the string is displaced to a distance b and
released from rest in this position. Write the initial conditions.
Solution:

O’y _ 20

ot* ox?

The one dimensional wave equation is

The equation of OA is



y-0_ x-0
b [-0

:>y:b7x,0<x<l A(l,b)

The equation of ABis B(21,0)
y-b x-I
b
Ib — bx
[
_b—bx+Ib _b by
[

The initial boundary conditions are

()y(0,1) =0
(@)y(l,1)=0
(iiny 20 8y(x 0)

0(0,0 B(21,0)

= y-b=

20 —x), [ <x<2I

=0

b_x ,0<x </

) p(x,0) =1 5
7(21 —x),l<x<2l

4. A string is stretched and fastened to two points x = 0 & x =1
apart. Motion is started by displacing the string into the form

y=k(lx—x ’ ) from which it is released at time t = 0. Write the

most general solution to this problem.

Solution:



The most general solution is

- . nm nat
y(x,t) = ch sin l cos l
n=1

5. A string is stretched and fastened to two points x = 0 & x =1
apart. Is initially at rest in its equilibrium position. If it is set

Vibrating by giving each point velocity )V =k(lx—x2)fr0m
which it is released at time t = (0. Write the most general
solution to this problem.

Solution:

< . nmx . nmat
y(x,t) = ch sin l sin l
n=l

6. Write the boundary conditions for the following boundary
value problem “If a string of length / initially at rest in its
equilibrium position and each of its point is given the velocity

ay .3 X
a0 =V, sin 7,0 <x<l  Determine the displacement
t=0

function y(x,t)”
Solution:
The boundary conditions are

(1) v(0,¢£) =0, >0,
(i) y(L,1)=0,¢>0,
(iil) y(x,0)=0,0<x</,

.oy . 3 TX
(iv) E(X»O):Vo sm37,0<x<l



7. Write the boundary conditions for solving the string equation
if the string is subjected to initial displacement f(x) and initial
velocity g(x).

Solution:

(i) y(O, l‘) =0
Gy y(,1)=0

0
(iif) a—i(x,O) = g(x),0<x <!

(iv) ¥(x,0)= f(x),0<x <!
Problems on vibrating on strings with initial velocity zero

1. A string is stretched and fastened to two points x =0 and x =1
apart motion is started by displacing the string into the form

y=k(lx—x 2)from which it is released at time t = 0. Find the
displacement of any point on the string at a distance of x from
one end at time t.

Solution:

0’y _ .0y
o — 4
The wave equation is PYE o

From the given problem, we get the following boundary
conditions.



()y(0,t) =0Vt >0
@) y(l,t) =0Vt >0
(iii)M =0
ot
() p(x,0) = k(lx = x*) = f(x)
The correct solution which satisfies our boundary conditions is
given by
y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,
y(0,1) = A(C cos apt + Dsin apt)
= 0= A(Ccosapt + Dsinapt)
= A=0, Ccosapt+ Dsinapt) #0
Putting A=0in (1) we get
y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (ii) in (2) we get
y(l,t) = (Bsin pl)C cosapt + Dsin apt)
0= (B sin pl)(C cosapt + Dsin apt)
If B = 0then we gettrivial solution
B #0, (Ccosapt + Dsinapt) #0

sosinpl=0

sin pl =sinnrx
nw

e

nmat

(2):> y(x,t) = Bsin?(C cos + Dsin nij —(3)
Before applying condition (iii) differentiate (3) partially with respect to t

9



ay(a);,t) = Bsin?(— C'sin n7lzat + Dsin—mlmtj — (1)

Apply (ii1) in (I) we get
0y(x,0) _ Bsin ™ (D nmj
ot )

— 0 = Bsin ”;“(D”;mj

Here B #0, sinn;zx;to, n;ra #0

D=0

(3):> y(x,t) = BCsin n;zx cos n7lrat

nt — (1), where B, = BC

y(x,t) =B, sin n;zx COS

Since the partial differential equation is linear, any linear combination of
solutions of the form (4) with n = 1, 2, 3, ... is also a solution of the
equation.

The solution (IT) can be written as

= . 4
y(x,t) = ZBn sin n;zx cos nflra — (4)
n=1

Apply (iv) in (4)
nx

y(x,0) = ZBn sinT
n=l

10



fxn=38, sin$ S (5)
n=l1
(5) represents half range fourier sine seriesin the interval (0,/)
2 N
B =—|f(x)sin—-dx
= j f@sin=

)
=3jk(zx—x2)sin”—“
! !
0

2 3 7
2Zk{(lx x)i(—cos?) (1- 2x)sm? ! _2cos X ! }

ni n’r’ s .
8kI*
2k I’ 213 Akl? , nis odd
1{2( 1y } 1= |={n'r’
nr n T n'w ,
0, nis even
= 8kl2 . t
@=yx)= D n X o5 174
n=1,3,5,.. n 7’ [

2. A string is stretched and its ends are fastened at two points x=0
and x=/ the midpoint of the string is displaced transversely
through a small distance b and string is released from the rest
in that position. Find an expression for the transverse
displacement of the string at anytime during the subsequent
motion.

Solution:

To find the equation of the string in its initial position.
The equation of the string AD is

D(1/2,b)
11

A(0,0) B(1,0)




y=27bx,0<x<l/2

The equation of the string DB is

x—=1/2 y-b
[-1/2 0-b
2x=1 _y-b
I —b
2b

yZT(l—x),l/2<x<l

Hence initially the displacement of the string is in the form

zlﬂ ,0<x<l/2
y(x0)=1,, = f(x)
jrg—ﬂ,uz<x<z
0y, 0%
The wave equation is Py A2

From the given problem, we get the following boundary

conditions.

12



()y(0,) = 0¥t >0
(i) y(l,1) = 0¥ > 0

iy P50 _ g
or
2—bx ,0<x<l/2
()y(x0) =1 ,, ! = f(x)

7(1—x),l/2<x<l

The correct solution which satisfies our boundary conditions is
given by

y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,

v(0,t) = A(C cosapt + Dsin apt)

= 0= A(Ccosapt + Dsin apt)

= A=0, Ccosapt + Dsinapt) # 0

Putting A=0in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)

Applying (i1) in (2) we get

y(,t) = (Bsin pl\(C cosapt + Dsin apt)

0= (B sin pl )(C cosapt + Dsin apt)

If B = 0then we get trivial solution

B#0, (Ccosapt + Dsinapt) # 0

ssinpl=0

sin pl =sinnrx
nr

RS

(2) = y(x,t) = Bsin?(Ccos n7;‘at + Dsin n7lzat) — (3)

13



Before applying condition (iii) differentiate (3) partially with respect to t
Y(x.1) = Bsin@[— Csin nrat + Dsin nﬁatj — (1)
Ot [ [
Apply (ii1) in (I) we get
0y (x,0) _ Bein '™ (D nmj
Ot [ [

= 0 = Bsin n;zx(Dnﬂa]

[
HereB;tO,sin?;tO,?;tO
D=0

(3) = y(x,t) = BCsin n;zx cos n7lzat

y(x,t) =B, sin T cos nmat — (II), where B, = BC

Since the partial differential equation is linear, any linear combinationof
solutions of the form (4) with n = 1, 2, 3, ... is also a solution of the
equation.

The solution (II) can be written as

nmat S (4)

y(x,t) = ZBn sin n;zx cos
n=l1
Apply (iv) in (4)

y(x,0) = ZBn sin?
n=1

14



f(x)= iBn Sin? S (5)

(5) represents half range fourier sine seriesin the interval (0,/)

2l nix
B, == x)sin — dx
=3[ @sinT

) |
{(X) (_ COS(?]i ] - 1(— sin(?j ] i
{(z_x) [_ COS(?j 1

[
dx + I (I—x) sin(?

o=

g [ 1 (nﬂ'j (nﬂ] IE
————COS | — | +sm| —
4b 27’172' 2 2 nzﬂ_z
e
Ho-0+ Lt cos (_”j +Sin(ﬂj
2}’172' 2
= 4_b _2Sin(ﬂj I?
12 i 2 ’127T2
l?n = §l)2 Sill(:rljzjj
n mw 2
2 8b nr 170X ot
4) = y(x,t) = <in o N
= y(on) =2 7 sin=sin— l

15
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3. The points of trisection of a tight stretched string of length /
with fixed ends are parallel aside through a distance d on
opposite sides of a position of equilibrium, and the string is
released from rest. Obtain an expression for the displacement of
the string at any subsequent time and show that the midpoint of
the string always remains at rest.

Solution:

A

All/3.d)

ClLO)

0(0,0)
d

B(2//3,d)

v

To find the equation of the string into initial position OABC
The equation of the string OA is
x-0_ y-0
/3 d
3x y

[ d

—ﬁ O<x<£
Y T 3

The equation of the string AB is

16



x=1/3 y-d

[/3 —2d
3x—1 _ yv—d

[ —2d
y_d:‘zd(sx_z):%z_sx)

y:%(l—3x)+d=%(l—2x), 1/3<x<21/3

The equation of the string BC is

x=2[/3 y+d
[-21/3 d

3x-21 y+d
I d

y+d=?(3x—21)

3xd -2dl+dl 3xd-dl 3d

x—1),21/3<x<l

2 2
The wave equation is (th =a’ Zx{
From the given problem, we get the following boundary
conditions.
()(0,£) =0Vt >0

(ii)y(,£) =0Vt >0

iy X0
ot
#,O <x<i
() y(x,0) = f(x) = %(Z—bc),é <x <2?l
%(x_[),ﬂ x<l

17



The correct solution which satisfies our boundary conditions is
given by
y(x,t) = (A COS px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,
¥(0,t) = A(C cosapt + Dsin apt)
= 0= A(Ccosapt + Dsin apt)
= A=0, Ccosapt+ Dsinapt) #0
Putting A= 0 in (1) we get
y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get
y(1,¢) = (Bsin pl\(C cos apt + Dsin apt)
0= (B sin pl)(C cosapt + Dsinapt)
If B =0then we gettrivial solution
B #0, (Ccosapt+ Dsinapt) #0
ssinpl=0
sin pl =sinnrx
nm

=p=—
P="

nmat . nmt
+ Dsin

(2) = y(x,t) = Bsin?(C cos j — (3)

Before applying condition (iii) differentiate (3) partially with respect to t

—8y(6);,t) = Bsin?[— C'sin n7lzat - Dsin—mlmt) — (1)

Apply (ii1) in (I) we get

18



0y(x,0) _ Bsin nﬂx(D nm)
ot [ [

— (0= Bsin n;zx(Dnﬂaj

[

Here B # 0, smTﬂx;tO ?7&0

D=0

(3)= y(x,f) = BCsin n;zx CcoS n7lzat

y(x,7) = B, sin ”;"x cos ’”Z“” s (II), where B, = BC

Since the partial differential equation is linear, any linear combinationof
solutions of the form (4) with n = 1, 2, 3, ... is also a solution of the
equation.

The solution (II) can be written as

y(x,t) = an sin n;zx cos n7lzat — (4)

Apply (iv) in (4)

y(x,0) = ZBn sin?
n=1
f(x) = Z.O:Bn sin? S 05)
n=l1

!
B = %J.f(x) sin ?dx

6d 1/3 21/3
Ixsdean j (I- 2x)sdex+ j (x— l)sdex

0 1/3 21/3

n

19



nnx . hnx
—XCOS—.—+Simm———

n | n°rm

—(x—1I)cos e
[ nrx

niw

n7zx

+(—(Z—2x)cos$.i—2sinT.—

sin

niw

3/

sin

18d

2_2
nmw

3

2 _2
n i

o . 2n7z}
sin — —sin——
3 3

i . nw . nw
—— | SIN———SIN| 17 ———
.3 ( 3 ﬂ

Sin ? —| S1n nst COS ? — COS nyir Sin ?

sin ”;” (-1 +1]

36d . nrx ,
sin : niseven

2 _2
nrm

‘nisodd

nrat
oS
)

—(7)

= 1 . nr . nrx
Z—zsm3sml
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[
The displacement at the midpoint is got by putting X = 5 in (7)

[
i —,t =0
L)

There is no displacement at x = 5

The midpoint of the string is rest.

4. A string is stretched with fixed end points x =0 and x =/ is

. 3 TIX
initially in a position given by Y(x,0) = ¥, sin’ i It is released

from rest from this position. Find the displacement y at any
distance x from one end at any time t.

Solution:
o’y  ,0%

x4 2
ot ox
From the given problem, we get the following boundary
conditions.
()y(0,£)=0Vt>0
(@) y(l,t) =0Vt >0
iy 20 _
ot

The wave equation is

(iV)y(x,0) = y(x,0) = y, sin’ %

The correct solution which satisfies our boundary conditions is
given by
y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)

21



Apply (1) in (1) we get,
v(0,1) = A(C cosapt + Dsin apt)

= 0= A(Ccosapt + Dsinapt)

= A=0, Ccosapt + Dsinapt) # 0

Putting A= 0 1in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (ii) in (2) we get

y(l,t) = (B sin pl)(C cosapt + Dsin apt)

0= (B sin pl)(C cos apt + Dsin apt)

If B = 0then we get trivial solution

B #0,(Ccosapt+ Dsinapt) #0

sosin pl =0

sin pl =sinnrx
nw

R

(2) = y(x,t) = Bsin?(Ccos n7lrat + Dsin n7lratJ — (3)

Before applying condition (iii1) differentiate (3) partially with respect to t

Y1) _ Bsin%(— C'sin n7lrat +Dsin—m;mJ — )

ot
Apply (ii1) in (I) we get
(x,0) = Bsin@(D @j
ot [ [

:»ozgsm@@@j

22



Here B # 0, sinn;zx;tO, nm;tO

[

D=0
(3):> y(x,t) = BCsin n;zx COS n7lzat

y(x,t) =B, sin n;zx cos n;lzat — (II), where B, = BC

Since the partial differential equation is linear, any linear
combination of solutions of the form (4) withn=1, 2, 3, ... is also
a solution of the equation.

The solution (II) can be written as

= . t
y(x,t) = ZBn sin n;zx cos 1ML (4)
n=1

Apply (iv) in (4)
y(x,0) = ZBn sin?

n=l1

f(x)= ZBn sin?
n=l1

o0
. 3 TIX . N
¥, SIn —:ZBn sin ——
n=l l

Yo [3Sinﬂ—sin3—ﬂx} =B, sin?+B2 sin2T7DC+B3 sinTﬂx+...

By Equating like coefficients
3
B, =222 B =0,B, = —%0,34 =B, =..=0

Substitute these values in (4) we get

3y, . t :
y(x,t) = 220 6in & cos FL —Tsm—cosT



5. A string is stretched and fastened to two points at a distance /
apart. Motion is started by displacing the string in the

. TIX
form Y (x,0) =sin 7 from which it is released at time =0. Show

that the displacement of any point at a distance x from one end

. X X
at time 7is given by y(x,t) = 61511170037.

Solution:
o’y  ,0%

2 4 2
ot ox
From the given problem, we get the following boundary
conditions.

()1(0,£) =0Vt >0
(i) y(l,£) = OV > 0

(iif) Y(x,0) ((;; 0) _ g

() 9(x,0) = a sin§ - f(%)

The correct solution which satisfies our boundary conditions is

The wave equation is

given by

y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,

¥(0,¢) = A(C cosapt + Dsin apt)

= 0 = A(Ccosapt + Dsin apt)

= A=0, Ccosapt + Dsinapt) # 0

Putting A=01in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
24



Applying (ii) in (2) we get

y(l,t) = (B sin pl)(C cosapt + Dsin apt)
0= (B sin pl)(C cos apt + Dsin apt)

If B = 0then we get trivial solution

B #0,(Ccosapt+ Dsinapt) #0

s.sinpl =0
sin pl =sinnrx
nr
= p=—
[
(2) = y(x,t) = Bsin%(C cos nml + Dsin n7lratj —(3)
Before applying condition (iii) differentiate (3) partially with respect to t
(1) = Bsin@(— Csin nat + Dsin—nﬂmJ — (1)
ot [ [ [
Apply (ii1) in (I) we get
w(x,0) = Bsin@(D @j
Ot [ [

:»ozgsm@@@j

Here B #0, sinn;zx;tO, nm;tO

[

D=0

(3)= y(x,t) = BCsin n;zx CcoS n7lrat

y(x,t) =B, sin n;zx cos n7lzat — (II), where B, = BC

25



Since the partial differential equation is linear, any linear combination of
solutions of the form (4) with n = 1, 2, 3, ... is also a solution of the
equation.

The solution (IT) can be written as

”’f” S (4)

y(x,t) = ZBn sin n;zx cos
n=l1
Apply (iv) in (4)

y(x,0) = ZBn sin?
n=1
f(x)= ZBn sin?
n=1
asin > = ZBn sin?
n=l1

. TIX . TIX . 2mx . 3mx
asm—:Blsm—+stmT+B3smT+...

By Equating like coefficients

B =a,B,=0,B,=0,B,=B,=...=0
Substitute these values in (4) we get
mat

. JX
X,1)=SIn—COS
y(x,1) l 1

26



Problems on vibrating on strings with non — zero initial
velocity

1. A tightly stretched string with fixed end points x = 0 and x =/
is initially at rest in its equilibrium position. If it is set
vibrating by giving each point a velocity kx(/-x). Find the
displacement of the string at any time.

Solution:
0’y _ .0y
. 0V _ 20
The wave equation is Py PYE
From the given problem, we get the following boundary

conditions.
@) y(0,t)=0Vt>0
@) y(,t)=0Vt>0

(ii1) y(x,0) =0

L ov(x,0
iP5 k(1) = £ ()
The correct solution which satisfies our boundary conditions is
given by

y(x,t) = (A COSs px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,

¥(0,1) = A(C cosapt + Dsin apt)

= 0= A(Ccosapt + Dsin apt)

= A=0, Ccosapt+ Dsinapt) #0
Putting A=0in (1) we get

y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get

27



y(l,t) = (B sin pl )(C cosapt + Dsin apt)
0= (B sin pl )(C cosapt + Dsin apt)
If B = 0then we get trivial solution
B#0, (Ccosapt+ Dsinapt) #0
sosinpl=0
sin pl =sinnrx

nrw

- p=—
P=

nmat . nmt
+ Dsin

2)= y(x,0) = Bsin?(C Ccos

Apply (ii1) in (3)
1(x,0) = Bsin ? C

j—>(3)

0 =BCsin?

=C=0
nmat
[

(3) = y(x,0) = BDsin n;zx sin

y(x,0) =B, sin n;zx sin n7;at

Since the partial differential equation is lin ear, any linear
combition of solutions of the form (4) withn=1, 2,3, ... is also a

solution of the equation.The general solution can be written as
c . nmx . nmat
y(x,t)= ZBn sin Z sin l — (4)
n=1

Differentiate Partially (4) with respect to t we get,

28



8y(x t) ZB sin nﬂat na _)(5)
n=1

[
Apply (iv)in(5) we get
oyv(x,0) &, nm . nax
=>» B
Ot Z "o o [

()=, sin% > (6), where b =B @

Equation (6) Represents Half rane sine series.

/
b :% ! £(x)sin %dx

nzx

21
=2 | k(lx—x*)sin—
z! (r=x)sin=

2

3 /
2Ik{<lx X )L(—cos?j+(1—2x)sin?.l— 2 cos - / }

ni n’r’ I n’r’ .
3 3 2 8kl*
21{ 21y f - 2313} WL cay]ed o nis odd
[ nrt O nrw O :
, n is even
[
Bn :—bn
nma
8kl*
[ , nis odd
= Bn = n37r3
nma .
0, nis even
8kI’
, n is odd
=B, =y an's*

0, nis even

29



2. If a string of length / is initially at rest in equilibrium position
.3 X
and each of its point is given velocity oS ) O<x<l,

Determine the displacement function )V (x,1)

Solution:
0’y ,0%y

o —a
The wave equation is or o’

From the given problem, we get the following boundary
conditions.

@) y(0,1)=0Vt>0

@) y(l,t) =0Vt >0

(@) y(x,0)=0
. ay(xao) _ -3 E —
(iv) P V, sin ( ; j f(x)

The correct solution which satisfies our boundary conditions is

given by

y(x,t) = (A cos px + Bsin px)(C cosapt + Dsinapt) — (1)
Apply (1) in (1) we get,

y(0,1) = A(C cosapt + Dsin apt)

= 0 = A(Ccosapt + Dsin apt)

—> A =0, Ccosapt+ Dsinapt) # 0
Putting A= 0 in (1) we get

30



y(x,t) = (B sin px)(C cosapt+ Dsinapt) — (2)
Applying (i1) in (2) we get
y(l,t)= (B sin pl )(C cosapt + Dsin apt)
0= (B sin pl)(C cosapt + Dsin apt)
If B = 0then we get trivial solution
B #0, (Ccosapt+ Dsinapt) # 0

ssinpl=0
sin pl =sinnrx
ni
R

nmat

(2) = y(x,t) = Bsin ?(C cos

Apply (ii1) in (3)
1(x,0)=B sin?c*

+ Dsin nij — (3)

O=BCsin?

=C=0
nmat

[

(3) = y(x,0) = BDsin n;z:x sin

. . 4
y(x,0) =B, sin n;z:x sin n7lza
Since the partial differential equation is lin ear, any linear
combination of solutions of the form (4) withn =1, 2, 3, ... is also
a solution of the equation. The general solution can be written as

y(x,0)=" B, sin ”;“ sin 7L (4)
n=1

[

Differentiate Partially (4) with respect to t we get,
31



Gy(x t) ZB <in " nﬂat nm (5)

I
Apply (iv)in(5) we get
oy(x,0) < g nm nm
ot ~ "] [

f(x)=>b,sin ? —>(6), where b =B @

n=1

v, sin’ — Zb T

ﬁ[3sinﬁ—sin3—ﬂx} = b, sinﬂ+b2 sin2—7zx+b3 sin3—ﬂx+...
4 / / / / /

By Equating like coefficients
3 A

b = 40 b, =0,b, = 4,b4=b5=...=0
But anan
nma

:}BlziLOl, BZZO’ B3:1_2LIO, BSZO’B6: .....
a a

Substitute these values in (4) we get
X mt 3mx 3mat

(x,t) = 3’Lsm—cos———sm cos
Y 4 4 I
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Problems on vibrating on strings when initial velocity and
initial displacement are given

1. Find the displacement of a tightly stretched string of a length
7cms vibrating between fixed end points if initial displacement

. 3mx (9
is 105111(7] and initial velocity is 1551“(7)

Solution :
0’y  ,0%

. —a
The wave equation is o A2

From the given problem, we get the following boundary
conditions.
@) y(0,t)=0Vt>0
@)y, t)=0ve>0
(iii) y(x,0) = 10sin377zx

(iv) w(x.0) =15sin om
ot 7

The correct solution which satisfies our boundary conditions is
given by
y(x,t) = (A Cos px + Bsin px)(C cosapt + Dsinapt) — (1)

Apply (1) in (1) we get,

v(0,1) = A(C cosapt + Dsin apt)

= 0 = A(C cosapt + Dsin apt)

= A=0, Ccosapt + Dsinapt) # 0
Putting A=01in (1) we get
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y(x,t) = (B sin px)(C cosapt + Dsinapt) — (2)
Applying (i1) in (2) we get

y(l,t) = (B sin pl )(C cosapt + Dsin apt)

0= (B sin pl/ )(C cosapt + Dsin apt)

If B = 0then we get trivial solution

B #0, (Ccosapt+ Dsinapt) # 0

s.sin pl =0

sin pl =sinnrx

nriw
R

nuat

(2) = y(x,t) = Bsin?(C COS + Dsin nij —>(3)

+ BDsin

y(x,t)= sin?(BC cos nat nmtj

+C, sin

. 4 . t
y(x,t) = sm?(Bn cos X e )

The general solutionis

(x,0) = Zsin?(l?n cos '”Zm L1 C sin ”’l"” ] > (4)

n
n=1

Apply (iii) in (4) we get
y(x,0) = ZBn sin? = 10sin377zx

n=1
Equating like
BlsinE+stin2—7zx+B3sin3—7zx+...:10sin 3 1 ,g
[ i 7 7 ) coefficients,
we get By =10—> (1)

From (4) we get
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oy(x,t = . NX nmat naa . nmat nma
i )=Zsm (—Bncos +C. s —

—_— —_— n ln —_—
at n=l1
Apply (iv) in (5) we get
P(x,0) = ch I i 2 155in9—ﬂx
ot p— 7
c, 2™ _1s
[
C, = 157 — ()
Oma

The remaining C 's are zero
Substitute (1) & (1) in (4)
3mat . 3mx 151 . 9mat . 9mx

= y(x,t)=10cos sin + sin sin
[ [ 9m [ [
[=7 = y(x,t)=10cos St sin 3 + 105 sin dmt sin o
7 7  9ma 7 7
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One Dimensional Heat Equation
One dimensional heat equation is
ou , 0%u
ot ox

where a* = iiS diffusivity of the material of thebar
Sp

. State any two laws which are assumed to derive one

dimensional heat equation?

Solution:

(1) Heat flows from higher to lower temperature

(i1)) The amount of Heat required to produce a given temperature
change in a body is proportionality is known as the specific
heat(s) of the conducting material.

. State the Fourier law of heat conduction.
Solution:

The rate at which heat flows across any area is proportional
to the area and to the temperature gradient normal to the curve.
This constant of proportionality is known as thermal
conductivity(k) of material. It is known as fourier law of heat
conduction.

. Define temperature gradient
Solution:

The rate of change of temperature with respect to the distance
is called as temperature gradient.

36



ou , 0%u

2
4. In one dimensional heat equation or = ax—zwhat does «&

refer to?
Solution:

a’ = iis diffusivity of the material
Sp

where k — thermal conductivity
S — specific heat capacity
p — Density.

5. What are the possible solution of one dimensional heat
equation?
Solution:
The possible solutions are

D u(x,t) = Ae (B cos px + Csin px)
(i) u(x,t) = Ae *"" (Be’”“ + Ce_”x)
(@iu(x,t) = Ae @7 (Bx + c)

6. What is the correct solution of one dimensional heat equation?
Solution:

The correct solution 1s

u(x,t) = Ae 7" (B cos px + Csin px)
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Boundary and Initial conditions
One dimensional heat equation is given by

ou , 0°u

—_— = —

ot Ox*
(1) u(0,) =0

@) u(l,t)=0
(@) u(x,0) = f(x)

7. Derive the steady state solution of one dimensional heat

equation
Solution:
‘ . . Ou _ o 0u
The one dimensional heat equation is ot A2
u(x,t) =u(x)
= ou =0
ot
2
2 a 1; — 0
ox
2
0 1; 0
ox
2
= d ? =0
dx

u(x)=ax+b

8. What is the steady state temperature of a rod of length / whose
ends are kept at 30° and 40°
Solution:
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The heat flow equation is o o

ou
When the steady state condition exist, EZ 0 (- uis independent of t)

2
Then the heat flow equation becomes ZTL;:O
u=ax+>b —(1)
x=0,u=30=5=30
x=l,u=40 =40=al +30
10
T

a

(1):>u=$x+30

9. The bar of length 50 cm has its ends kept at 20 C and 100 C

until steady state conditions prevails. Find the steady state
temperature of the rod.
Solution:

The steady state equation of the one dimensional heat equation is
d’y
dx’
= u(x)=ax+b—>(1)

The boundary conditions are(a)u(0)=20& (b)u(l)=100

=0
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Applying (a)in (1)
u(0)=20=5b=20
substitute this valuein (1) we get
u(x)=ax+20—-(2)
Applying (b)in(2)
u(l)=100= al/+20=100
= al =80
LB
[

Substitute this value in (2) we get

u(x) = 80Tx+20

[=50=> u(x):@+20
50

u(x) = S?x + 20
10. Write down the appropriate solution of one dimensional
heat flow equation. How is it chosen?
Solution:
u(x,t) = (Acos px + Bsin px)e‘“zpzl — (@)
Here as we are dealing with the heat equation u(x, t) representing
the temperature at time t, u(x, t) must decreases as t increases.
i.e., u(x,t) cannot be define as f — ©
solution (i) 1s correct solution.
11. Define steady state.
Solution:
Steady state is the state in which the temperature does not vary

with respect to the time.
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Type I Zero Boundary Conditions

1. A rod 1 cm long with insulated lateral surface is initially at
temperature uy at an inner point distance x cm from one end. If
both ends are kept at zero temperature find the temperature at
any point of the rod at any time t.

Solution:
The temperature function u(x,z) satisfies the partial

. . . ou 2 o’u
differential equation o o2
The heat equation satisfying the boundary conditions are

(@) u(0,1)=0

@u(l,t)=0

(@1)u(x,0) = u,
The correct solution is

u(x,t) = Ae *"" (Bcos px+Csin px) — (1)

Apply (i)in (1) we get

u(0,£) = ABe 7"

0= ABe "

B=0&e™“ " #0,4%0

(1) = u(x,t) = ACsin pxe 7" —(2)
Applying (i1) in (2) we get
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u(l,t) = ACsin px.e_“2p2’

0=ACsin px.e *""
= sin p/ =0
pl=nr

_nr
P

(2) = u(x,t) = ACsin?e(ﬂ]

(nzﬂzaz ]
-| ———t
. NTXx 12
u(x,t) =B sin—e

The general solution is

n’rla?

nixx _[ 12

u(x,t)= iBn sinTe t] —(3)

Apply (ii1) in (3) we get,

nwx

u(x,0)= ZBn sinT
n=l1

@) =3 B,5in "7 (4)

(4) Represents half range sine series
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where B, =gju0 sin 222 g
[ [

0

_2uy| cos %
n

/

[ T [,
-2

_ 1“0 [

=0 if n is even
4

a3 if n is odd
nr

du, & 1 nm ¢
3) = u(x,t) =— —sin—-e !
(3) (x,?) . Z " ;

I n’ (2n—1)2t

4u, & — @’ —=
uoz 1 in(2n 1)7zxe ;

2. A uniform bar of length / through which heat flow is insulated at
its sides. The ends are kept at zero temperature. If the initial
temperature at the interior points of the bar is given by

k (lx _xz), 0<x</, Find the temperature distribution in the
bar after time t.
Solution:
ou , 0u
ot ox
The heat equation satisfying the boundary conditions are

The heat equation is
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(Hu(0,1)=0
(Du(l,t)=0
Gidu(x,0) = f(x)=k(x—x")
The correct solution is
u(x,t) = Ae *"" (Bcos px+Csin px) — (1)
Apply (i)in(1)we get
u(0,t)= ABe “ 7"
0= ABe™ "
B=0&e™“"" #0,4%0
(1) = u(x,t) = ACsin pxe “7" —(2)
Applying (i1) in (2) we get

2

u(l,t) = ACsin px.e_“zp ’

0= ACsin px.e “ "
= sin p/ =0
pl=nr

_nzm
P

}’1272'26!2 t]

(2) = u(x,t) = ACsin?e [ :

[71272'26{2
. nmx |2 t]
u(x,t) =B, s1nTe :

The general solution is

}’lzﬂ'za

u(x,t) = iBn sinnlﬂe[ﬂtJ —(3)
n=l1
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Apply (ii1) in (3) we get,

u(x,0) = ZB sin ’”l”

nwx

f(x)= Z B, sinT —(4)

(4) Represents half range sine series

7Z'X

——jf(x)smn

X

——jk(lx x*)sin n7lz

2_12 3_3

2 307
zlk[(lx x)i(—cosnlﬂj (1- 2x)s1n? / ~2cos l }

nr nr | nrx
8kl*
2k I’ 213 4kl? , nis odd
[2( D’ } - =
n T nr .
0, nis even

G)=uxt)= Y e

n=1,3,5,..

}1271'2&2

2 J e,

= 8kI° . X [,2 [j
n

S’ [

3. A uniform bar of length / through which heat flow is insulated at
its sides. The ends are kept at zero temperature. If the initial
temperature at the interior points of the bar is given by

. 3 TX
k sin N 0<x</ Find the temperature distribution in the

bar after time t.
Solution:
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ou 5 0%u

The heat equation is 5.~ a Pl

The heat equation satisfying the boundary conditions are
(Du(0,)=0
(iiyu(l,t) =0

/e

(GFinu(x,0)= f(x)= ksin® T

The correct solution is

u(x,t)= Ae™ " (Bcos px+Csin px) — (1)

Apply (i)in (1) we get

u(0,£) = ABe ™"

0= ABe™®""

B=0&e™“ 7" #0,4%0

(1) = u(x,t) = ACsin pxe """ = (2)
Applying (i1) in (2) we get

u(l,t) = ACsin px.e *""

0= ACsin px.e "

= sin p/ =0

pl=nr

nrx

p=7

1127[20{2 t]

(2) = u(x,0) = ACsinnlﬂe [ G
{2

. NTTX
u(x,t) =B, smTe
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The general solution is

11271'20l2

u(x,t)= ZB smnlﬂe[ : ] —(3)
n=1
Apply (ii1) in (3) we get,
nix

u(x,0)= ZBn sinT
n=1

nrwx

f(x)= iBn sinT —(4)

k sin’ %—B sm%+B sin2ﬂ+B sin37[—x+

k 3smﬂ—sin3i =B,s 1n +B s1n27[ +B;s n3L+
4 [ [ [ [ [
Equating the like coefficients we get

B = %, B, =0,B, = E,The remaining B 's are zero
4 4

(3):> _3k . X _[,;;052} kK 37rx _[973220(2}
u(xst)—TSIHTe _ZSIHTQ

4. Find the temperature distribution in a homogeneous bar of
length ~which is insulated laterally, if the ends are kept at zero
temperature and if initially, the temperature is k at the centre of
the bar and falls uniformly to zero at its ends.

Solution:

Al/2, )

0(0,0) (1/2,0) B(1,0)



The Equation of OA is

X oy 2kx
T ok T
The Equation of AB is
=
2 _ Y-k
T —k
2

2k
=>y—7(”‘x)

2kx
T

2k

u(x,O):

,O<x<l
2

—(r-x)m<x<nx

T

ou

The heat equation is N =a

2
,0u

o

The heat equation satisfying the boundary conditions are

()u(0,1) =0
(iyu(l,t) =0

(@iu(x,0) = f(x) =

The correct solution 1s

2kx T
—,0<x<—
2

V4

2k
7(7[—x),7z<x<7z
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u(x,t)= Ae " (Bcos px+Csin px) — (1)

Apply (i)in (1) we get

u(0,£) = ABe™ 7"

0=ABe™""

B=0&e™“ " #0,4%0

(1) = u(x,t) = ACsin pxe """ — (2)
Applying (i1) in (2) we get

u(l,t) = ACsin px.e "

0= ACsin px.e *""
= sin pl =0
pl=nr

_nr
P

(2) = u(x.f) = Acsm?e[ -

[n2712a2
. nTx |2 ’]
u(x,t) =B, smTe :

The general solution is

n27[20!2

w(x,t) = ZB sm—e_( i IJ—>(3)

[=rm=u(x,t)= Z B, sin nxe 7 (4)

n=1

Apply (iii)in (4) we get
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f(x)= iBn sin nx
n=1

B = ]{f(x)sin nxdx

4k 3 f .
= 4k Ixsm nxdx + I(ﬂ' — X)sin nxdx
S o

2

1 1

4k . 2 1. 1]
=— || —xcosnx.—+sinnx— | + —(7r—x)cosnx.——smnx.—2

T n n ), n n- |z
L 2
4k« 1
=—| ———CO0S——+—SIn——+—COS——+—Sin—
T 2n n n n 2
8kl 1 . nr
=—| —sin—
7| n 2

Type II Steady State Conditions and Zero Boundary
Conditions

1. An insulated rod of length 30 cm has its ends A and B kept at
20°C and 80°C respectively until steady state conditions
prevail. The temperature at each end is then suddenly reduced
to 0°C and kept so. Find the resulting temperature distribution

u(x,t) taking origin at A.
Solution:
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The temperature function u(x,?) satisfies the partial differential
. ou 0’u
equation 577 @ o T (1)
In steady state
First let us find the temperature distribution at any distance x,
before the ends A and B are reduced to zero. Prior to the temperature
change at the ends A and B, when ¢ =0, the heat flow was
independent of time (steady state conditions). When the temperature
u depends only on x and not on ¢, (1) reduces to
d’u
dx’

: u
Integrating wrto x, —=A4
dx

Again integrating
u=Ax+B -———3)

Where A and B are arbitrary constants.
Given that u=20 when x=0 1e, u(0)=20

From (3), we get B=20
u=80 when x=30 ie, u(30)=80

From (3), 304A+B=80 we get A=2

" (3) becomes u=2x+20

When the temperature at A and B are reduced to 0°C, the state is no
more steady state. For this transient state the boundary conditions
are

(@) u(0,t)=0

@u(l,t)=0 ,1=30

(@iu(x,0)=2x+20

The correct solution 1s
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u(x,t)= Ae *"" (Bcos px+Csin px) — (1)
Apply (i)in (1) we get

u(0,£) = ABe™* 7"

0=ABe™""

B=0&e™ " #0,4#0

(1) = u(x,t) = ACsin pxe “7" —(2)
Applying (i1) in (2) we get
u(l,t) = ACsin px.e *""

0= ACsin px.e "
= sin p/ =0
pl=nr

_nrx
P=T

o’ ]

(2) = u(x,0) = Acsin?e( 2

(nzﬂzaz ]
-| ——¢
. nrx 2
u(x,t) =B sin—e

n l

The general solution is

I’l272'20(

u(x,t) = iBn sin?e(lzt] —(3)
n=l1

Apply (i11) in (3) we get,
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u(x,00= "B, sin?
n=1

f(x)= ZBn sin? — (4)
n=1
(4) Represents half range sine series

/
where B, = %J‘(Zx +20) sin ?dx
0

2
_ 2 | o 20) - —cos P | m o[ gin P
I ! 22 !

I

niw n 7

_ =2 H— (21 +20)—— -1y + o} —{— 20L+0H
[ nw nw

= 2| — (21 +20) D" +2}

0

i ni ni
_ 9 —go Y +2}
i nr niw

= O ac1y]
nrx
Substituting in (3)
4u0 3 2n2(2n—1)2t

| N
)= X,0)=—LY —[l-4(-1)"|sin——e
3) u(x,t) _ 1n[ ( )] 30

Type III Steady State conditions and Non-zero Boundary
1. A rod of 30 cm has its ends A and B are kept at 20’cand
40°c respectively until steady state conditions prevails. The

temperature at A is then suddenly raised to 90°c and the same
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time that B is lowered to 30°c. Find the temperature
distribution in the rod at time t. also show that the temperature
at the midpoint of the rod remains unaltered for all time,
regardless of the material of the rod.

Solution:

The heat equation is

ou , 0u
—=a — (1
ot ox’ @

. .. Ou
when the steady state conditions prevails m =0
¢

=u(x)=ax+b—(2)
Now the boundary conditions are
(H)u(0)=20
(i)u(10) =40
Applying (1) in (2) we get
b =20
Q)= u(x)=ax + 20— (3)
Applying (i1) in (3) we get
a=2
3) = u(x)=2x+20
Hence the steady state, the temperature function is given by
u(x)=2x+20
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Now the temperature at A is raised to 3 0°c and the temperature at

B is lowered to 10°c. That is , the steady state is changed to
unsteady state. For this unsteady state the temperature distribution
is given by
u(x)=2x+20

Now the new boundary conditions are

(Hu(0,t)=50Vt>0

(@@)u(10,6)=10Vet >0

(ii))u(x,0) =2x+20
The correct solution is

u(x,t)=(Acos px+ Bsin px)e‘“zpzt —(4)

Apply (1) and (i1) in (4) we get

u(x,t) = Ae 7" =50

u(l,t)=(Acos pl+ Bsin pl)e‘“zpzt =10
It is not possible to find the constants A & B. since we have

infinite number of values for A & B. Therefore in this case we split
the solution u(x,t) into two parts

u(x,t) =u (x)+u, (x,) > (5)

. . : ou 0’u
Where MS(X) is a solution of the equation 5=a2¥
function of x alone and satisfying the conditions
u (0)=50&u, (10)=10&u,(x,7) is a transient solution satisfying (5)
which decreases at t increases.

To find u, (x):

and is a
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u, (x)=a,x+b —(6)
Applying the condition u, (O) =b, =50
(6) = a,x+50—(7)
Applying the condition u (10) =104, +50 =10
=a,=-4
(7= u,(x)=-4x+50
To find ¥, (X,f)5

u (x,t) =Uu, (x) +u, (x,t)
= u, (x,t) =u(x,t)—u, (x) -9

Now we have to find the boundary conditions for %, (X,?)
Putting x = 0 in (9) we get
u, (0,¢) =1(0,1)~u, (0)
=50-50
u,(0,¢)=0
Putting x =10in (9)weget
u, (IO,t) = u(lO,t)—uS (0)
=10-10
u,(10,6)=0
Putting t = 0 in (9) we get
u, (x,O) = u(x,O)—us (x)
=2x+20+4x-50
u, (x,O) =6x-30
Now the function #,(x,f) we have the following boundary

conditions
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(i), (0,6) =0
(ii)u, (10,¢)=0
(iii) u, (x,O) =6x—30

Applying the first two conditions we get the general solution as

n2”2a2

Zb sin 2%, _[ 100 tJ — (10)

Applying the (111) in equation (10) we get
%,0)=3 b, sin X = 6x - 30
- 10

—_
(=]

=®
SIN
S ey

6x—-30 —d
(6x—30)sin 0 X

—_
(=)

5)smidx
10

W | mIO\ W | N
I

|OQ—'
/\

S

=

nrzx 10 . nzx 100 10
(x 5)cos— —+sin——.——
10 nrx 10 n'7m

ECe

niw niw

[1+(—1)”}

0 :nisodd
=4 120

|
S [
a‘o

———:niseven
niw

1127[2a2

10)=u, (nr)= Y 120 e {7 t]ﬁ(u)

n=2,46,. N7 10
Substitute (8) and (11) in (5) we get

R
2,4,6
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2. Find the solution of the one dimensional diffusion equation
satisfying the boundary conditions
(i)u is bounded as ¢ — oo

ou

(ii)(alzo =0 V1

0
(iii)(—uj — OV
ax x=a
(iv)u(x,O)zx(a—x)
Solution:
The correct solution 1s
u(x,t)=(A4cos px+ Bsin px)e’”’zpz’ - (4)a’
Diff partially w.r.t x we get

8u (x,t) . —a?p?t
—a T (-A4psin px+ Bpcos px)e * 7" — (1)
X
Apply (ii)in (1) we get
0 O,t 2.2
—u( ):Bpe’“‘”=0
0x

= B=0,p#0&e “"" =0
= sinap =0
nrw

p=—
a

substitutethis valueof p = "% & B =0in (A)we get
a

2 2
a‘nzﬂ‘t

u (x,t)z Acos nzx e <

The general solution is

u(x,t)= i A, cos an e
n=0

2
a " n-w

a’nln?
nmwTx - 22 4
e

0
:A0+2Anc0s
n=1 a
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Applying (iv) in this equation we get
=4, +ZA cos—— x(a—x)

n=1

al 2 3 6a 3
2 ¢ niIx
=— —d
a, a‘!‘f(x)cos » X
—I(ax—xz)cosidx
as a
—z_(ax—xz)smﬂ —+(a—2x)cos—— 2 +2sin 7L a
_a_ a nrx a n’r’ a n'r .
2_—a3 n a’
== 1
2 -]
2612 n
__n272'2 |:(_1) +1}
4q* .
_ _ﬁ .niseven
0 ‘nisodd

a2n2”2 l]

2 2 —
= 4a nrTx [ 2
=—4 Z ———5COs e
2,46,. N7

a
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2

3. Solve the equation 8_1: =a’ gﬁlsubject to the following

conditions:
(Duis finite when t —

(ii)(a—uj =0,whenx =0Vt >0
ox

(iil)u =0whenx =1Vt>0
(iv)u =u, whent =0 for all values of xbetween 0&/
Solution:
The correct solution is
u(x,t)=(Acos px+ Bsin px)e’“zpzt — (1)
Diff partially w.r.t. to x we get
Gué);, H_ (—Apsin px + Bp cos px) el s (2)
Apply (ii) in (2) we get
ou (0, t)
ox
—B=0,p#0&e “"" £0

(2) = u(x,t)=Acos pxe V> (3)

= Bpe “ " =0

Apply (iii)in (3) we get
u(x,t)=Acos ple™ 7" =0

= cos pl=0

pl = anodd multiple of%

pZ:(Zn—l)g

B (2n—1)7r
DAY
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Substitute this value in (3) we get

© — _QZM[
u(x,t)zZAcos%e £ (4)

n=1

Apply(iv)in(4)weget
Zn 1)
A4
Z cos Y u,
=4 cos +A co S3L+ + A4 COSM+...—)(5)
21 21
(Zn—l)ﬂx

Multiplying both sides of (5) by cos~— and then integrating

from 0 to 1we get

l _ B ; ~
Iuo COSde:IAI cos X cos (2n-1)7x dx+IA2 cos 3rx cos (2n-1)7x e
0 2] . 21 21 . 21 21
+....+_[An cos’ (2n-1)7x dx —(6)

!
W.K.T Icos mxcosnx =0 if m = n. Applying this in equation (6) we get all

terms in R.H.S. of (6) becomes zero except the
, (2n—1)7x
21

term .f A cos dx

Hence the equation (6) reduces to

y 2n—1 y 2n—1

Iuo costx = Anj.cos2 %dx
0
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. (2n —1)7rx
¢ (2n-1)7zx S

L.H.S.zuo‘([cos Y dx = M
21 0
_ Zluo sin (27’1—1)72'
(2n—1)7r 2
2lu, . T
= sin| nwr——
(2n—1)7z 2
2lu, . V2 T
:(2 1) smnﬂcosz—cosnﬂsmz
n—1)r
2[1/[0 n+l
= -1
(2n—1)7z( )
! 2n—-1)rx
RHS=A4 jcos &dx
l cos (2n- 1) dx}
2

[
J
0
,2n1
{ 2n1

2

2IUO n+1 Al

-1 =_1n

= (2n —1)72( ) 2
B 4u0(_1)n+1
" (2n-1)z

o _ n+l _ g2 (211—1)27r2
(4):>u(x,t)zz4u0( 1) COS(zn l)ﬂ-xe 4/?
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Two dimensional heat flow equation

. ' ~ Ou [ 0*u  0’u
The two dimensional heat equation is o a o + 8)/—2

But in steady state

u(x,t) =u(x)
:>a—u:0

ot

2 2

a’ a—?+a—z =0

ox~ Oy

2 2

a—z+a—?=0 a’#0
ox~ Oy

Which is the Laplace equation in two dimensions.

1. What are the possible solutions of two dimensional heat
equation or laplace equation?
Solution:

@Du(x,y) =(cle”" +c,e ™ Xc3 cos py +c, sin py)
(@) u(x, y):(c5 COS px + ¢, Sin px)(c7epy + cge_py)
(i)u(x, y) = (c9x T Co )(Cuy + Clz)

2. Write any two solutions of the laplace equation u  +u A =0

involving exponential term x or y
Solution :

@D u(x, y):(clepx +c,e ™ Xc3 cos py +c¢, sin py)

@) u(x, y):(c5 COS px + ¢, sin px \c,e” + cge_”y)
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Type-1: Temperature Distribution in Infinite Plates
Type — A:Temperature distribution along x-axis or parallel
to x- axis.

1. An infinitely long plane is bounded by two parallel edges x=0
and x=/ and an end at right angles to them. The breadth of this
edge y=0 is / and is maintained at temperature f(x). All the
other three edges are at temperature zero. Find the steady
state temperature at any interior point of the plate.

Solution:

Let U(X,)) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation

ox> oy’
The boundary conditions are
(iyu(0,y)=0,Vy
(i) u(/,y) =0 Vy
(i) u(x,0)=0,0< x< 10
(iv)u(x,0)= f(x) O<x<l
The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce”™ + De™™) —> (1)
Applying (i) in (1), we get
u(0,y)=A(Ce” + De ™) =0
= A=0
Substitute A =0 in eqn(1)
u (x,y) = Bsin px(Cepy + De‘py) —> (2)

0 .
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Applying (i) in (2), we get

u(l,y) = Bsin pl(Ce”™ + De™")

0= Bsinlp(Ce”™ + De™"™), here (Ce”™ + De™™)#0, B#0
= sin p/ =0

sin pl =sinnrx

pr=nr
p= nr n=123....
[
u(x,y)= Bsin nx(Ce”y + De™ ) -————03)

Applying (ii1) in eqn (3)
u(x,©)=ARB sin% [Ce“’ + De‘m]z 0

= Bsin%[cew]:o e =0

Here, B#0, sin?iO, e” #0

S C=0
Substitute C=0 in eqn (3)
-

u(x,y) = Bsin %De’

—nny

=BD sin?e [ (4)

The most general solution is
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u(x, ) = ZB sin ”;“ e ! ()
Applying condition (iv) in eqn (5)
u(x,0)=Y" B, sin? = (%) ————— (6)

n=1
To find B, then we expand f(x) as a Fourier half range sine

series in (0, 10)

fx)= ibﬂ sin? ————— (7)

n=1

Where ? j f(x)sin —dx

Substituting this value in (5) , we get the required solution as

0 l —hny
u(x,y) = Z f(x)sin n;zx sin n;zx e ! dx

n=l1 0

2. A rectangular plate with insulated surfaces is 10cm width and
so long compared to its width that it may be considered infinite
in length without introducing an appreciable error. If the

temperature along are short edge y=0is

u(x,y)=4(10x—x") for0<x<10 while the two long edges as
well as the short edge are kept at 0° C , find the steady state

temperature function 4(X,)) .
Solution:
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Let #(X,)) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation

o’u N o’u B
ox’ oy’
The boundary conditions are

i u(0,y)=0,Vy

(i) ©(10,y)=0,Vy

(i) #(x,0)=0,0< x< 10

(iv)u(x,0)= 4(10x—x2) ,0<x< 10

O .

The correct solution should be
u(x,y)=(A4cos px+ Bsin px)(Ce”™ + De ™) — (1)
Applying (i) in (1), we get
u(0,y)=A(Ce”™ + De™ ™) =0

= A=0
Substitute A = 0 in eqn(1)
u(x,y)=Bsin px(Cepy + De"’y) —(2)
Applying (i1) in (2) , we get

u(10,y) = Bsin10p(Ce” + De )

OzBSiﬂlOp(Cepy +De‘py), Here (Ce‘”y —I—De_py);tO,B =0

= sinl0p=0
sinl0p =sinnx
10p =nx

nrx
p=

10

67



nwy _nmy

u(x,y) = Bsinnl—f)x[Ce“’ + De 10) —)(3)

Applying (ii1) in eqn (3)
u(x,0) = Bsin%[Cew + De‘w]z 0

= Bsin 2 [ce”|=0 e =0
10

Substitute C=0 in eqn (3)
—-nay
u(x,y)=~B sin%De 10

-nny

=BDsin e 10 (4)
10

The most general solution is

—nay

u(x,y)= ZBn sin%e o (5)

n=1

Applying condition (iv) in eqn (5)
u(x,0) = iBn sin% — 4(10x—x2) ————— (6)
n=l
To find B, then we expand f(x) as a Fourier half range sine series
in (0, 10)

f@=Ybsin™E e )

2 . N
Where bn = 7jf(X) Sin de
0
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From (6)&(7) , we get B, =0,

2 .
B, :—I4(10x—x2)s1n@dx
109 10

10

nx . N nx
4 —COSW —Slnﬁ COST
:g (10x—x2) e —(IO—ZX) W +(—2) 3—7[3
10 100 1000 /),
_i{ 2000 —1)" 2000}
5 nr nr
1600
-]
3200
—— ., Jor n is odd

~B =in’rm
, for n is even

Substituting the value of B, in equation (5)

3200 5+ 1 s
—35111—@
n=1,3,..

u(x,y) =

3. A rectangular plate with insulated surfaces is 10 cm wide and
so long compared to its width that it may be considered infinite
in length without introducing an appreciable error. If the
temperature along the short edge y=0 is given by
u(x,0)=20x, 0<x<5, u(x,0)=20010-x), 5<x<10, while

the two long edges x=0 and x=10 as well as the other short
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edge are kept at 0° C. Find the temperature function #(X,))

in the steady state at any point of the plate.
Solution:

Let %(X,Y) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation
Ou  Ou_
ox> oy’
The boundary conditions are

()u(0,y)=0,Vy
(i) (10,y) =0 Vy
(i) u(x,0)=0,0< x< 10
20x 0<x<5
(iv) 400 = {20(10—x) s<x<io W
The correct solution should be
u(x, y)=(Acos px+ Bsin px)(Ce™ + De ") — (1)
Applying (i) in (1), we get
u(0,y)=A(Ce”™ + De ™) =0
= A=0
Substitute A = 0 in eqn(1)
u (x,y) = Bsin px(Cepy + De‘py) —> (2)

0 .

Applying (i1) in (2) , we get
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u(10,y)=Bsin10p(Ce” + De )

0=Bsin10p(Cepy+De_py), Here (Cepy+De_py)¢O,B¢O

=sinl0p =0
sinl0p =sinnx
10p=nx

_nrw
ST

nry _nmy

sou(x,y) :Bsin%((ﬁe 10+ De “’j —(3)

Applying (ii1) in eqn (3)
u(x,0) = Bsin%[Cem +De_°°]= 0

= Bsin2Z|ce*]=0 e =0
10

Here, B#0, sin%;«to, e”#0

S C=0
Substitute C=0 in eqn (3)

-
u(x,y)= Bsin%De 10

-
=BD sin%e 0 (4)
The most general solution is
0 —hny
u(x,y)= ZBn sin%e o (5)
n=1

Applying condition (iv) in eqn (5)
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0

u(x,0)=Y" B, sin% = f(x) ————— (6)

n=1
To find B, then we expand f(x) as a Fourier half range sine

series in (0, 10)

O )

2 . N
Where bn :7If(X) Sin de
0
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1'% . nnx
=— sin——d.
5 j f(x)sin=—"=dx

10 10
_L [20xsin 2 dx + [20(10 - x)sin " dix
5 10 10

100

2 2

. hnx

—Co sl—j 1))

(

100

2 2

)
i

S1

5

0

_|_

10
n7zx

10

W

50

—4

n””—(0+0)+(0+0)—(_
2 nrw

800

. nr
Sin

2 _2
nr 2

A =0 if n=246
800
(2n-1)*7°

800

2

n_

SO =ulx,y)=

0

(2n-1)ny
10

80

2
T

sin (2n=Dz sin
2

n-hm -

u(x,y) = 0

1M

4. An infinitely long uniform plate is bounded by two parallel
edges and an end at right angles to them. The breadth is ~.
This end is maintained at a temperature at a temperature uy at
all points and other edges are kept at zero temperature.
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Determine the temperature at any point of the plate in the
steady state.
Solution:

Let u(X,Y) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation
ox> oy’
The boundary conditions are

()u(0,y)=0,Vy

(i) u(7,y)=0 Vy
(i) u(x,0)=0 ,0<x<rm

0 .

(iv)u(x,0)=u, 0<x<rxz
The correct solution should be
u(x, y)=(Acos px+ Bsin px)(Ce™ + De ") — (1)
Applying (i) in (1), we get
u(0,y)=A(Ce”™ + De ") =0
= A=0
Substitute A = 0 in eqn(1)
u (x,y) = Bsin px(Cepy +De‘py) —> (2)
Applying (i1) in (2) , we get
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u(r,y)=Bsin pr(Ce”™ + De ™)
0 = Bsinp(Ce™ + De ™), here (Ce”™ +De ™)#0, B#0
= sinpr =0
sin pzr =sinnz
P =nrx
p=n n=123....
u(x,y)= Bsin nx(Ce”y + De™™ ) -————03)

Applying (ii1) in eqn (3)
u(x,) = Bsin nx[Cew + De‘w]z 0
= Bsin nx[Ce‘”]: 0 e”=0
Here, B#0, sin%iO, e”#0
S C=0
Substitute C=0 in eqn (3)
u(x,y)= BsinnxDe™™
=BDsinnxe™ ————— (4)
The most general solution is

u(x,y)= ZBn sinnxe ¥ = ————— (5)

n=l

Applying condition (iv) in eqn (5)

u(x,0)= Z B sinnx =u, ————— (6)

n=1
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To find B, then we expand f(x) as a Fourier half range sine

series in (0, 77)

f(x)= ibn sinnx = 0————-— (7)

2| ,
Where b, = 7 .[ J () sin nxdx
0

2 Va
= —juo sin nxdx
T 0

T
~ 2u, {—cos nx}
T n 0

0 when n is even

=4y = mm———— 6
% when n is odd (©)
ni

Substituting (6) in (5), we get

4 (o]
u(x,y)=—2

T p=135. N

sinnx _,,

e

when n is odd only

du, Ssin(n—Dx o,
u(x,y) = OZ_} ((2n—1)) e Y

5. A rectangular plate with insulated surfaces is 8 cm wide and so
long compared to its width that it may be considered infinite in
length without introducing an appreciable error. If the

temperature along the short edge y=0 is given by
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. TIX
u(x,0) = lOOsm?, 0<x<38, while the two long edges x=0

and x=/ as well as the other short edge are kept at 0° C. Find
the temperature function u(x,y) in the steady state at any
point of the plate.

Solution:

Let u(X,Y) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation
o> oy’
The boundary conditions are
()u(0,y)=0,Vy
(i) (8,y) =0 Vy
diu(x,©)=0 , 0<x<8

0 .

(iv) 4(x,0) = IOOsin% 0<x<8

The correct solution should be

u(x, y)=(Acos px+ Bsin px)(Ce™ + De ") — (1)
Applying (i) in (1), we get

u(0,y)=A(Ce”™ + De ") =0

= A=0

Substitute A =0 in eqn(1)

u (x,y) = Bsin px(Cepy + De‘py) —> (2)
Applying (i1) in (2) , we get
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u(8,y)=Bsin8p(Ce™ + De ™)
0= Bsin8p(Ce™ + De ™), here (Ce”™ + De™™)#0, B#0
= sin8p =0

sin8p =sinnx

8p=nr
nmw
=— =1,2,3......
P 2 h
nw _ny
u(x,y)—Bsinn;DC(Ce 8 +De *® ) ————(3)

Applying (ii1) in eqn (3)
u(x,0) = Bsin%[Cew + De‘w]: 0

:Bsin%[Cew]zO e =0

Here, B#0, sin%io, e #0

S C=0
Substitute C=0 in eqn (3)

-
u(x,y) = Bsin%De 8

—nnay

=BD sin%e . (4)

The most general solution is

u(x,y)= ZBn sin%e 8 —— e (5)

n=l1

78



Applying condition (iv) in eqn (5)

u(x,0)=">" B, sin %
n=1

100sin% = ZBn sin%
n=l1

S A =100, A, =d,=...=0

%

u(x,y)=100sin %e_g

Type — B Temperature distribution along y- axis or parallel
to y — axis
1. A infinitely long rectangular plate with insulated surfaces is 10
cm wide. The two long edges and short edge are kept at zero
temperature, while the other short edge x=0 kept at

temperature by #(y,0)=20y, 0<y<5,and
u(y,0)=20(10-y), 5<y <10 Find the function #(x,) in the
steady state at any point of the plate.

Solution:

Let U(X,Y) be the temperature at any point (x , y) in the
steady state. Then u satisfies the differential equation
Ou Ou_
ox> oy’
The boundary conditions are

(Hu(x,0)=0 Vy
(ii) u(x,10)=0 Vy

0 .
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(iii) (%0, ) =0
0= I 0 s
(iv) 72 20(10—y) 5<y<10
The correct solution should be
u(x,y) = (Aep" + Be™™ XC cos py + Dsin py) — (1)
Applying (i) in (1), we get
u(x,0) = (Aepx + Be_px)C =0
=C=0
Substitute C =0 in eqn(1)
u(x,y) = (Ae”x + Be_px)Dsin py—(2)
Applying (i1) in (2) , we get
u(x,10) = (4e” + Be 7 )Dsin10p
0= (Ae’”‘ + Be_px)DsinIOp Here (Ae‘”‘ + Be"”‘);t 0, D=0
= sinl0P =0

10p=nrx
_nzw
P~ To

Su(x,y) = [Aelo +Be 10 JD Sin% - (3)
Applying (ii1) in eqn (3)
u(, y) = (4e” + Be™ )Dsin % ~0
=[4e]=0  er =0

Here, D#0, sin%io, e #0
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S A=0
Substitute A=0 in eqn (3)

u(x,y)= Dsin%Be 10

=BDsin2 20 _____ (4)
10
The most general solution is

u(x,y)=Y B, sin%e“’ ————— ()
n=l

Applying condition (iv) in eqn (5)

To find B, then we expand f(») as a Fourier half range sine

series in (0, 10)

f=Yb s —ooee )

2 . n
Where bn zjjf(y)SIHTﬂydy
0
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1 . Ay
=— sin—=d
: j f(y)sin=""dy

1] nay 10 oy
=—| |20pysin—=dy+ | 20(10 - y)sin—=d
SD ysin—-dy ! (10=y)sin==dy

0
5
x.ﬁ(—coswj 1) 12002 (—sinwj +
4 nr 10 nr 10 ),
- 10
10 ny 100 . numy
10— x).—| —cos—— |— (-1 —sin——
_{( )I’lﬂ'( 10) D 272'2( 10 )}5
=4 =0 cos % 12002 sin n”—(0+0)+(0+0)—[_50 cos % 12002 sin %
| nrx 2 n 2 nx 2 nrw 2
800 . nrx
=n27z2 - 2
A =0 if n=24,06...
800 2n-Nr
o= >—sin
Rn-1)rn 2
800 1 Y
L) =z ulx,y)=—
(5) = u(x,y)=— ng‘,s - 0 ¢
800 & 1 2n-Dz . (2n-Dy s
u(x,y)= sin
(52)="5 ;(2;1—1)2 2 10
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Type II Temperature Distribution in Finite Plates
Type-A Temperature distribution along x-axis or parallel to
X-axis
1. A square plate is bounded by the lines x=0, y=0, x=Ly=l. Its
faces are insulated. The temperature along the wupper
horizontal edge is given by #(x,/) = f(x) while the other three
edges are kept at 0° C. Find the steady state temperature in the

plate.
Solution:

Let us take the sides of the plate be . Let #(X, ) satisfies

- aZu aZu B A
the Laplace’s equation y"‘ g—o > D] u@xn= 1@

The boundary conditions are 0
0%c 0°c
i u(0,)=0,0<x<
(i) u(/,y)=0,0<x</

0
(i) u(x,0)=0,0< x</ 0%

(iv)u(x,l) = f(x), 0<x <!
The correct solution should be
u(x,y)=(Acos px + Bsin px)(Ce” + De ") — (2)
Applying (i) in (2), we get
u(0,y)=A(Ce”™ + De ™) =0
= A=0
Applying (i1) in (2), we get
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u(x,y)=Bsin px(Ce”y + De"’y) —(2)

Apply (ii)in (2) we get,

u(l,y) = Bsinpl(Cepy +De_py>

0=Bsin pl(Ce”y +De‘py), Here (Ce”y —I—De_”y) #0,B#0

= sin p/ =0

sin pl =sinnrx

pl=nr
_nr
=

nTx -y

MJ
.'.u(x,y)zBsinTLCel +De ! j—>(3)

Apply (i11) in (3) we get
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u(x,0)= BsmnTﬂx(C D)

O=Bsin?(C+D)
C+D=0. sincesinnlﬂio,BiO
=D=-C

mry _ nmy
(3)=u(x,y)= BsmTC( —e ’j

nty _nmy
u(x,y)= ZBCsm? é[e’ —e ’)

nry

nzy - _nay
Consider B, = 2BC, and%[e I—e ! }— sinh n7lzy

=u(x,y)=B, sm%smh ey

Most general solutionis
ZB sin@smh n7lry — (4)
Aplly(zv)m(4) we get

o0

. . NTX

xl :ZB smhmr.smT
n=l1

n

f(x)= ibﬂ sinnlﬂ — (5) where b, = B, sinhnx
n=1

(5) represents Half range Fourier Sine series
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/
b = % [ £ (oysin 2
0

l
B, sinhnz = %J'f(x) sin ?dx

J. f(x) sin 24

n

lsmh ni

Substituting this value of B, in (4), we get the required temperature
distribution.

. A square plate is bounded by the lines X = 0,y=0 ,

x=20& y=20 Its faces are insulated. The temperature along
the upper horizontal edge is given by u(x,20)=x(20—x) when

0 < x < 20 while the other three edges are kept at 0° C. Find the
steady state temperature in the plate.

Solution:
Let us take the sides of the plate be /=20 Let u(x,y)
0’u 82

satisfies the Laplace’s equation 5 2 ox 7t e _‘? —> (1),
The boundary conditions are u(x,20) = x (20— x)

(i) u(0,y)=0,0<x<

(ii) u(/,y)=0,0<x</ 0°c 0%

(iii) u(x,0)=0,0< x< [

(iv)u(x,l)=x(/-x),0<x< 0% >

The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce” + De™ ") — (2)

86



Applying (i) in (2), we get
u(0, y)=A(Ce"™ + De ") =0

= A=0
Applying (i1) in (2), we get
u(x,y)=Bsin px(Cepy +De‘py) —(2)
Apply (ii)in (2) we get,
u (Z,y) = Bsin pl(Cepy +De‘py)
0 = Bsin pl(Cepy +De_py), Here (Cepy + De ” ) #0,B#0
= sin pl/ =0

sin p/ =sinnrx

pl=nr
_nr
=

nry _nzry

.'.u(x,y):Bsin?[Cel +De ! j—>(3)

Apply (i11) in (3) we get
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u(x,O) = Bsin?(C#D)
0= BsinnTﬂx(C+D)

C+D=0. sincesin’”‘lﬂqto,mo

=D=-C

n/ry _nmy
(3):>u(x,y) BsmTC( —e ’}

1(
u(x,y)= 2BCs1n? 5[81 —e ’)

nry

nry - nmy
Consider B, =2BC, and E(e —e ! j: sinh n7lzy

= u(x,y)=B,sin n;lzx sinh 222

Most general solution is

- iBn sin ’””Z”‘ sinh "’l’y —(4)

Aplly (iv) in (4) we get

o0

: . NTX

(x,0)= Z B sinhnr.sin R
n=1

= an sinnlﬂ — (5) where b, = B, sinhnz

n=1

(5) represents Half range Fourier Sine series

== j f(x)sin —dx
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2 nIx
== | (Ix — x*)sin ——
l'([( ) [

l

2 3
= %{(lx—xZ)L(—cosn—?x]+(l—2x)sinnlﬂ.%—2cos@%

nix n°rw [ nwr |
2 I’ 20 4J? i n is odd
:7{_2(_1)11 NCHC } Twr [1_(_1)’1} S\ .
0, n is even
8 cosechnr :nis odd
— Bn = n37z'3 '
0 ‘niseven
= 8 . NTX . ATy
cu(x,y)= Y. ——cosechnrsin sinh
n=135. 1 7 [ [

3200 & 1 . NTX . . ATy
[=20=u(x,y)= —cosechnr sin sinh
(x.) 2 20 20

3. A square plate is bounded by the lines x=0,y=0 |
x=a& y=a Its faces are insulated. The temperature along the
.4 Tx
upper horizontal edge is given by #(X,a)=4sin (7) when
0 < x < a while the other three edges are kept at 0° C. Find the
steady state temperature in the plate.
Solution:
Let us take the sides of the plate be /=a Let u(x,y) satisfies the
o’u O'u A

Laplace equation ? + y =0 X u(x,a)=4sin’ x

a4

The boundary conditions are 0°c 0%
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i u(0,y)=0,0< y<a
(ii) u(a,y)=0,0<y<a
(iii) #(x,0)=0,0< x< a

. 3 TX
(iv)u(x,a)= 4sin’ = ,0<x< a
a

The correct solution should be

u(x,y)=(Acos px+ Bsin px)(Ce”™ + De™™) — (1)
Applying (i) in (1), we get

u(0,y)=A(Ce”™ + De ") =0

= A=0

Applying (i) in (2), we get

u(x,y) = Bsinpx(Ce”y -I-De_py) —> (2)

Apply (ii) in (2) we get,

u(a,y) = Bsinpl(Cepy +De_py)

0= Bsin pl(Ce”y +De"’y), Here (Cepy +De‘py) #0,B#0

= sin pa =0

sin pa =sinnx

pa=nrx
nr
p=—"
a

nry _nmy
---u<x,y>=ssm%(c€a v D ]é@
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Apply (i11) in (3) we get

u(x,0) = Bsin == (C+D)
a

0= Bsinm(C+D)
a

C+D=0. sincesin@;ﬁO,B;ﬁO
a

=D=-C

nzy _nzmy
(3)=u(x,y)= Bsm—C( —e “j

a

1 nry _ nmy
u(x,y)= ZBCsm? 5(6 “ _g j

1( = _nmy
Consider B, =2BC, and 5(6 “ —e ¢ ]— sinh 22
a

. NTX . . NT
=u (x,y) = B, sin sinh 222
a a

Most general solution is

ZB sin@smh my (4)
a
Aplly(lv)m(4)weget

o0

. NTX
u(x,a)= ZB sinh nz.sin ——
n=1 a
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Apply(iv) in (4) we get

: . nmx : . 2mx : . 3rx
u(x,a) = B sinh 7 sin——+ B, sinh 2z sin=———+ B, sinh 3z sin——+...
a a a

: . : . .2 . .3
4sin* 22 =B, smh7zs1n@+B2 s1nh27zsmﬂ+B3 sinh37sin = +...
a a a a
1\, . nx . 37nx : . N7X . . 27x . . 3mx
4.—| 3sin— —sin—— | = B, sinh 7 sin—— + B, sinh 27 sin—— + B, sinh 37 sin—+...
a a a a a
= B, =3cosechr,B, =0,B, =—cosech3rz,B, =B, =...=0

3y

(4) = u(x,y)=3cosechrsin X sinh 2 cos ech3rsin 37X sinh
a a a a

4. Find the steady state state temperature distribution in a
rectangular plate of sides a and b insulated at the lateral
surface and  satisfying the boundary conditions

u(O,y)=0:u(a,y)foro<y<b,andu(x,b)=O,u(x,0)=x(a—x)f0r0<x<a

Solution:
Let us take the sides of the plate be /=a Let u(x,y)

Ou O

: on = T 0
satisfies the Laplace equation o’ o

The boundary conditions are
i u(0,y)=0,0< y<b
(ii) u(a,y)=0,0< y< b
(iii) u(x,0)=0,0<x< a
(iv)u(x,0)=x(a—x),0<x<a
The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce” + De ") — (1)
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Applying (i) in (1), we get
u(0,y)=A(Ce”™ + De ") =0
= A=0
Applying (i) in (2), we get
u(x,y) = Bsinpx(Cepy +De"’y) — (2)
Apply (i) in(2)we get,
u(a,y) = Bsinpl(Ce"y +De"’y)
0 = Bsin pl(Ce”y +De_”y), Here (Ce”y +De_py) #0,B#0
= sin pa =0

sin pa = sinnx

pa=nx
nrx
pP=—
a
. nax| i
~u(x,y)=Bsin——| Ce « +De * |—(3)
a
Apply (i11) in (3) we get
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nrh nrh
u(x,b)=Bsin@[Ce « +De @ J
a

nxh nzh
O=Bsin@(Ce “ +De j

a
nrh nrh
— - = nIx
Ce* +De “ =0. sincesin——#0,B#0
a
2nrh
=D=-—"Ce ¢

nzy 2nzb _ nmy
(3):>u(x,y) Bsm@LCe —Ce “ e ¢ j
a

b nz(y-b) nz(y-b)
nrx 1 ™= -
u(x,y)=2BCsin——.—e* |e ¢ —e ¢
a 2

nzb na(y=b)  _ nx(yb) _
Consider B, =2BCe * , and %Ee a  _g a j _sinh nz(y—b)
a

=u(x,y)=B,sin M2 sinh nz(y —b)
a

a
Most general solution is

X,y)= 2311 sin nzx sinh nir();—b) — (4)

Apply (iv)in (4) we get
x 0 = Z—B s1n—s1nhn—7zb

n=1 a
f(x)= an sin @, where b, =—B, smh@
n=l1 a

a

nwx

b, _2 [ £(x)sin — —dx
a 0
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=3j(zx—x2)sm@dx
a 0 a

2_2 3.3

)
:g{(ax—xz)i(—cosn—mj+(a 2x)sinnlﬂ a——2c szxa_}

a nr a nr a nrw
8a’
2 a 20 4a’ , nis odd
:;{—2(—1) ——+ n37r3} — [1-C)]=1wr |
0, nis even

5. A rectangular plate is bounded by the lines
x=0,x=a,y=0& y=>b and the edge temperatures are
4 3rx
u(0,»)=0,u(a,y)=0, u(x,b)=0 &u(x,0)= 5sm7+3s1n7.
Find the temperature distribution.
Solution:
W.K. T the Laplace equation satisfies the equation
62 82
o 8y
The boundary conditions are
iy u(0,y)=0,0<y< b
(ii) u(a,y)=0,0<y<b
(iii) u(x,0)=0,0<x< a

O .

(iv)u(x,0)= 53in4ﬂ+3sin37[—x ,0<x<a
a a

The correct solution should be
u(x,y)=(Acos px+ Bsin px)(Ce™ + De ") — (1)
Applying (i) in (1), we get
u(0,y)=A(Ce” + De™ ") =0
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= A=0
Substitute A =0 in eqn(1)
u(x,y) = Bsin px(Ce”y +De‘py) — (2)
Apply (i) in(Z)we get,
u(10,y) = Bsin10p(Ce?” + De )
0=Bsinl0p(Ce™ +De™ ), Here (Ce” +De ™ )#0,B#0

=sinl0p =0
sinlOp =sinnx
10p=nx

_nrx
ST

nry _nmy
.'.u(x,y)—Bsinnaﬂ{Ce “ +De ¢ J—>(3)

Apply (i11) in (3) we get
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nrh nrh
u(x,b):Bsinn—ﬂ-x(Ce @ +De ¢ j
a

nrwh 7n77rb
O:Bsin@[Ce“ + De “J

a
nzb _ nmb NITX
Ces +De ¢ =0. sincesin——=0,B#0
a
2nrh
= D=-Ce ¢

nry 2nzb - _ nry
(3):>u(x,y)=Bsin@[ce “ —Ce e ¢ j
a

b nx(y—b) nr(y-b)
.onrx 12 -
u(x,y)=2BCsin——.—e¢ * |e * —e ¢
a 2

nzb nr(y=b)  _ nz(y=b) _
Consider B, =2BCe “ , and E(e @ —e 4 ) =sinh nr(y=b)
a

= u(x,y)=B,sin P72 sinh n(y —b)
a a

Most general solution is

u(x,y)= Z.OZB” sin "~ sinh nz(y—b) — (4)
n=1

a a
Apply (iv) in (4) we get
u(x,0)= Z—Bn sin 2=~ sinhn—ﬂb: SSin@ +3sin@
n=1 a a a a
—B, sin’~ sinhﬂ—b —-B, sin@ sinhz—ﬂb —B, sin3ﬂc sinh3—”b -B, sin@ sinh@ +....:5sin@ +3sin@
a a a a a a a a a a

Equating the like coefficients
B,=0,B,=0, B, :—?acosech@,B4 :—SCosech@
a a
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& the remaining B, ’s are zero.

u(x,y)z—SCosechﬁsinBﬂ—xsinh?’—ﬂ(y—b)—5cosechﬂsin 4z
a a a a a

. A square plate is bounded by the lines x=0, x=a, y=0 and y=b.
Its faces are insulated and the temperature along y=b is kept at
100°C, while the other three edges are kept at 0° C. Find the
steady state temperature in the plate.

Solution:

~ 0u ou
Let u(x,) satisfies the Laplace’s equation ? +§:0 — (D)

The boundary conditions are

(i) u(0,»)=0°,0<y<b
(i) u(a,y)=0",0<y<b
(iii) u(x,0)=0°, 0<x<a
(iv)u(x,b) = 100°, 0<x<a
The correct solution should be
u(x,y)=(Acos px + Bsin px)(Ce” + De ") — (2)
Applying (i) in (2), we get
u(0,y)=A(Ce”™ + De ") =0
= A=0
Applying (i1) in (2), we get
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u(a,y) = Bsin pa(Cepy + De_py>
O=Bsinpa<Cepy+De_py) Here (Cepy+De_py);t 0, B#0

= sin pa=0
pa=nr
nmw

pP=—

a

nhny _hny
su(x,y)= Bsin®| Ce e +Be « |- (3)
a
Apply (i11) in (3) we get
u(x,0) = Bsin%(C + D)

0=Bsin$(C+D)

C+D=0, since sin%;«to, B#0

=>D=-C
nmy _nmy
B)=u(x,y)= Bsin?® (Cle« —e «
a

nzny

u(x,y)= Bsin % c2sin 2
a a

Consider B, =2BC

= u(x,y)=B, sin 7% sinh 72
a a
The most general solution is

u(x,y) = ZBn sin n;z:x sinh n;zy —(4)

Applying condition (iv) in (4)
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- : : 7b
u(x,b) = ZBn sin n;zx sinh na
n=l

100 = ZBn sin 2" sinh n7b
a a

n=l1

where b =B, sinh@
a

b

=B = n
sinh "
4}

=100= Y5, sinh ™2 5 (5
a

n=1

(5) represents Half range Fourier Sine series

h =2 [ £(x)sin 22 dx
a 0 a

B, sinh@ = zJ‘IOOsin@a’x
a as, a
| na |
200 —C057
B =
4 . nub nmw
asinh
a L a _o
=20 Ly ]
asinhn— nz
a
200 )
B, =—————[- (-1 +1]
nsinh——

a
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When n is odd, B, =0
400

. . nm
nzsinh ——

a

When n is even B, =

Substituting this value of B, in (4), we get the required temperature
distribution.
400 nx

= . . Ny
u(x,y)= sin sinh
nzé;s 7h a a

.. n
“nzsinh ——
a

Type-B Temperature distribution along y-axis or
parallel to y-axis.
o’u 0O'u
1. Solve 5> +t=75=Y which satisfies the conditions
ox~ Oy
u(0,y)=0, u(x,0)=0, u(x,b)=0 and u(a,y)=100°C,
Solution:

Let U(X,Y) be the temperature at any point (x , y) in
the steady state. Then u satisfies the differential equation

Ou Ou_
ox> oy’
The boundary conditions are
(Hu(x,0)=0 Vy
(ii) u(x,0) =0 Vy
Giiy#(0,y) =0
(iv)u(a,y)=100, 0<y<b

The correct solution should be

0 .
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u(x,y) = (Aep" + Be™™ XC cos py + Dsin py) — (1)
Applying (i) in (1), we get
u(x,0) = (Aepx + Be_px)C =0
=C=0
Substitute C =0 in eqn(1)
u(x,y) = (Ae”x + Be_px)Dsin py —(2)
Applying (i1) in (2) , we get

u(x,b) = (Ae”x + Be™™” )D sin bp
0= (Aepx + Be ™™ )D sinl10p Here (Aepx + Be_px);t 0, D=0
= sinbP =0

bp=nr
_nz
P

su(x,y)= (Aeb +Be b JD sin % —(3)
Applying (ii1) in eqn (3)
u(O,y):(A+B)Dsin%:O:> A+B=0

B=-4
(4) reduces to

u(x,y) =B, sinh ”Z" sinh ”Zy n= 123...

Hence the most general form of the solution is

u(x,y) =Y B,sinh ”Zx sin ”Zy ————— (4)
n=l1
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Applying condition (iv) in eqn (4)

100=" B, sinh “~sin 2 __ (6)
n=l1 b b
nma 2} n
. B, sinh = = = [100sinh 22 dy
b by b
b
:@i{—cos’my} _20.0 [1—(—1)n]
b nrx b |, b nrx
= , n is odd
400 :
=——, n is even
nrw
B =0 if n is even
= 400 , nis odd
. . nm
nmsinh —
b
- (5) = u(x,y) =200 D L inh % in 172
T ”:1’3’5---n.sinh@
b
400 & 1 .. 2n-Dmx . 2n-ny
u(x,y)= Z @n—Dm sinh ; sin ;

e (2n—1).sinh
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Type-C Temperature distribution given on x and y aixs

1. A rectangular plate is bounded by the lines x=0, y=0, x=a,y=b.
Its surfaces are insulated and the temperature along two
adjacent edges are kept at 100°C, while the temperature along
other two edges are at 0°C. Find the steady state temperature
at any point in the plate. Also find the steady state temperature
at any point of side ‘a’ if two adjacent edges are kept at 100°C
and the others at 0°C.

Solution:

Let %(X,)) be the temperature at any point (X , y) in
the steady state. Then u satisfies the differential equation
o'u  0Ou 0
P (1)

The boundary conditions are

Hu(0,y)=0 0<y<bh

(i) u(x,0)0=0 0<x<a

(iii)u(a,y) =100 0<y<bh

(iv)u(x,b) =100, 0<x<a
Where u;(x,y) and uz(x,y) are solutions of (1) and further u;(x,y) is
the temperature at P with edge BC kept at 100° C and the other
three sides at 0°C while ux(x,y) is the temperature at P with the

edge AB maintained at 100°C and the other three edges at 0°C.
Boundary conditions for the functions u;(x,y) and ux(x,y) are
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u,(0,y)=0 1, (x,0) =0

w (a,y)=0  (x,0) =0
U, (x,0)=0 u, (0, y) =0
u, (x,h)=100'C ————~- 2 u,(a,y)=100C————- 3

The most general solution for u,(x,y) satisfying the equation (1)
and 1° three boundary conditions in (2) is given by

u(x,y)= > B, sinh ”Zx sin ”Zy ————— (4)

n=l1

Now u(x,y)= ZBn sinh n;zx sin n;zb
n=l

By applying the last boundary condition in (2)
N

100 = ZBn sinh nzb sin
a a

n=1
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- B sinh ™ gj1oosinh MY dx
a a a
_ @{_ COS@} _ 2001 Cyy]
nrw a |, nrw
=0 , n is odd
400 :
=——, n is even
nrw
B =0 if n is even
= 400 , n is odd
. . hma
nmsinh —
b
Gz u =20y ! —sinh "2 sin "
7T n=135.. 5 sinh =22 a a
a
u (x, ) = 400 Z 1 sinh (2n—1)mx <in 2n-Dny
/A . (27’1 - l)ﬁb a a
=1 (2n—1).sinh ———
a
Similarly we get
400 & 1 .. 2n-Dmx . (2n-1
u,(x,y)= Z @n—Tym sinh ( ) sin ( p )

% »=1(2n—1).sinh

su(x,y)=u,(x,y)+u,(x,y)
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