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UNIT-I- MATRICES

PART-A

1. Define eigen values and eigen vectors of a matrix.
Soln:
Let A be a square matrix of order n. Let I be the unit matrix of order n. Let A be any
scalar. If there exist a non- zero column vector X such that 4AX =AX, then A is an eigen
value of A and X is an eigen vector corresponding to A .

2. What is characteristic equation of a matrix?
Soln:
Let A be a square matrix of order n and let I be the unit matrix of order n. Then for any

scalar 4, we can find a matrix (A - A1) of order n. The equation‘A—ﬂJ | =0 is called the

characteristic equation. This is a polynomial equation of degree n. The roots of this equation
are the eigen values of A.

3. Define trace of a square matrix.
Soln: The trace of a square matrix A is defined as the sum of principal diagonal

elements of the matrix A.

4. State any three properties of eigen values.
Sol:
Any three properties of eigen values are as follows
a. The eigen values of A and A" are the same.
b. The sum ofthe eigen values of the matrix A is equal to the trace of the matrix A
c. The product of the eigen values is the determinant value of the matrix.

5. Find the eigen values of 4" if the two eigen values of the matrix

2 21
A=|1 3 1| areequaltoleach
1 2 2
Sol: Sum of the eigen values = Sum of the diagonal elements

=2+3+2=7
Sum of two given eigen values =1+ 1=2
. The third eigen value=7—-2=15
The eigen values of A are 1,1,5

~. The eigen values of 4" are 1,1,%.



6. If the sum of two eigen values and trace of a 3 X 3 matrix A are equal,find |A| .
Soln:

Let the eigen values be 41, 45, 4.

Itis giventhat 4+ 4, = A #4445
So, we have 43=0,
|A| =A,4,A;=0.

7. The product of two eigen values of the matrix

6 -2 2
A=|-2 3 —1]is16. Find the third eigen value.
2 -1 3

Soln: We know that the product of all the eigen values = the value of the determinant of the
given matrix.

6 -2 2
|4=]-2 3 -1 =32
2 -1 3

But it is given that the product of two eigen values = 16.
.. The third eigen value = 32/16 = 2.

8. Find the sum and product of the eigen values of the matrix
2 01
A=10 2 0
1 0 2

Soln:
We know that the sum of the eigen values = the sum of the principal diagonal

elements =2 + 2+ 2 =6.
Also we know that the product of the eigen values = the value of the determinant of the

matrix = 6.
a 4
9. Find the constants a and b such that the matrix 1 b has 3 and -2 as its eigen
values.
a 4
Soln: Let A= 1 Bl

The sum of the eigen values =a+b,



atb=3+(-2)=1........... (1)
The product of eigen values is the determinant of the matrix,
so ab-4 =3(-2) =-6.

ab=-6+4=-2

coab =2 memeemeeee (2)

Now solving the equations (1) and (2), we get the values of a and b
~a=1-b

Substituting this in (2),we get (1 —b)b = -2

=b-b*=-2.

=(b+1)(b-2)=0.

S~b=-land b=2.

Now substitutingb=2 in (1), we geta+b=1. Thatisa+2 =1
=a=1-2=-1.

sa=-landb=2.

10. If 2 and 3 are the eigen values of the matrix

310 5
A=|-2 -3 —4
305 7

find the eigen values of 4" and A3,

Soln:

Let A1, A, and 43 be the eigen values of A. Then 4 1+ 4,4+ 43=7.
‘ Ai=2and 4,=3=>43=7-5=2
SoAy=2,

. The eigen values of 4™ are 1/2, 1/2 and 1/3 and the eigen values of A3 are 23, 23 and
33,

11. If two of the eigen values of a 3*3 matrix, whose determinant equals 4 are -1 and 2,
find the third eigen value.
Soln:
Let A1 A, and 43be the eigen values . Then 4,4, 4;=4
That is,-1X2% 43 =4.

.'. 13 = -2_
-1 0 O
12. If the matrix Ais | 2 -3 0/, find the eigen values of A2
1 4 2
Soln:

Since the given matrix is a triangular matrix its diagonal elements are its eigen values,
Hence the eigen values of A are -1,-3 and 2.
the eigen values of A% are 12, (-3)%, 2°.
That is, 1, 4, 9.



13. Find the eigen values of 3A° + 5A2 _ 6A + 2I if the matrix

1 2 -3
A=[0 3 2
0 0 2

Soln:
Since the given matrix is a triangular matrix its diagonal elements are its eigen values,
the eigen values of A are 1,3,-2.
So the eigen values of A® are 1,27,-8.
Eigen values of A% are 1,9,4.
Eigen values of A are 1,3,-2.
Eigen values of I are 1,1,1
.. The eigen values of 3A% + 5A2 — 6A + 21
First eigen value = 3(1)* + 5(1)> — 6(1) + 2(1) = 4.
Second eigen value = 3(27) + 5(9) — 6(3) + 2(1) = 110.
Third eigen value = 3(-8) + 5(4) — 6(-2) + 2(1) = 10.
-"- The required eigen values are 4, 110, 10.

4 6 6
14. If two eigen values of A=| 1 3 2 | are equal and they are double the third,
1 -5 2

then find the eigen values of A% and 2A".

Soln:

By the given condition, the eigen values of A can be taken as 24,24,4
We know that the sum of the eigen values = the sum of the principal diagonal
S 244244+ 4=4+43-2
-
The required eigen values are 2,2,1.
-~ The eigen values of A% are 4,4,1 and the eigen values of 2A™! are 2(1/2) ,2(1/2) and
2(1/1).
ie, 1, 1,2.

15. State Cayley — Hamilton theorem.
Soln:

Every square matrix satisfies its own characteristic equation.

16. State any two uses of Cayley-Hamilton theorem.
Sol:
Cayley-Hamilton theorem can be used to find
(1). the inverse of the given matrix and
(i1). the higher powers of the given matrix.

17. If A is an orthogonal matrix, then show that A is also orthogonal.
Sol:

For an orthogonal matrix, transpose will be the inverse.
SOAT = AT (1)



Let AT =A1 =B cooeeeee 2)

Then BT = (A)1= (AT =B using (2)
. BT — B-l

= The matrix B is orthogonal.

i.e., Al is also orthogonal.

cos@ sind

—sind  cos 9} is orthogonal.

18. Show that A = (

Sol:
cos@ sind

. AT cos —sind
Given A = —sinf@ cos@ and - ~{sin@ cos®

. cos@ sinf)(cosd —sind 1 0
Now AA™={ _ sin@ cos@)\sin@ cos® ) \0 1) I
Since AAT=1, A is orthogonal.

19. If A is an orthogonal matrix ,then prove that |A| =*1.
Sol:
We know that , for an orthogonal matrix A, AAT =1

w4 =
A=,
oA =

20. Define quadratic form.
Sol:
A homogeneous polynomial of second degree in any number of variables is called a
quadratic form.

Example:-
x12 + 5x1x2 + 2x2? is a quadratic form in two variables x; and xo.

21. Write the matrix of the quadratic form 2x;2 - 2x,? + 4x3? + 2x1X2 - 6X1X3 + 6X2 X3,

coef (xlz) %coef (x.x,) %coef (x,x3)

1 1
Sol: Matrix of QF is A= Ecoef(xle) coef(xf) Ecoef(x2x3)

1 1
Ecoef (x3x,) Ecoef (x3x,)  coef (x§ )
2 1 -3

Hence the matrix of the quadratic form is I =23
-3 3 4



N BN
W O W

1
22. Write the quadratic form corresponding to the given matrix 2
5

Sol:
The quadratic form to the matrix is xi% + 4x> + 3x3% +
4x1 x2 +10 x1x3 +12x2 X3.

23. Determine the nature of the quadratic form x* + 2y* + 3z” + 2xy -2xz + 2yz.

Sol:
1 1 -1
The matrix of the quadratic formis | | 2
-1 1 3
11
D= [|=1; D2= LTt
1 1 -1
Ds= 1 2 1|=-2, DiandD2 are positive. But D3 is negative.
-1 1 3

-+ The quadratic form is indefinite.

24. A is a singular matrix of order 3. Two of its eigen values are 2 and 3. Find the third
eigen value.

Sol:
Since A is singular, Al =0, - product of the eigen values = 0. Let A be the third

eigen value. Then (2)(3)( 1) =0.
ie, 64 =0. = .. 1=0.

25. If the matrix of the quadratic form 3X° +3y’+2axy has eigen values 2 and 4, find the
value of a.

Sol:

3
The matrix of the quadratic formis A = ( ;lj
a

The product of the eigen values = |4

2)4) =9 -2

ie,a’=1 ..g=11.
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UNIT-I-MATRICES

2 1 -1
1. Find all the eigen values and eigen vectors of the matrix A= | 1 I -2
-1 -2 1
2 1 -1
Solution : Given A=| 1 1 -2
-1 -2 1

The characteristic equation of the matrix is
A —(Sum of principal diagonal elements of A)/l2

+(sum of minors of principal diagonal elements)l—|A| =0

A = NH2+1+1) + M-3+141) [2(-3)-1(-1)-1(-1)] =0
A3-4 A2- \+4 = 0, which is the characteristic equation.

1 1 A
0 1 3 4
1 3 4 0

A =11s aroot.
The other roots are  A2-3 A, -4=0
= (A-4)(A+1)=0
=>A=4,-1
Hence h=1,4, 4.
The eigen vectors of the matrix A is given by (A- A)X =0
2-42 1 -1 X,
ie. 1 1-4 -2 ||x,|=0
-1 -2 1-1) \x
2-M) x1 +x2-x3=
x1+(1-V)x—-2x3=0L ... (D)
-X1-2x2 + (1-M)x3=0

When A =1, equation (1) becomes
X1+x2-x3 =0

x1+0x2-2x3=0

-X1-2x2+0x3 =0

Take first and second equation,
X1+x2-x3 =0

x1+0x2-2x3=0

When A = -1, equation (1) becomes
3x1tx2-x3 =0
X11t2x2-2x3 =0

X1 — X, X3
-2+2 -6+1 6-1
X _ Xy _ X3



When A =4, equation (1) becomes
-2x1+tx2-x3 =0

X1-3x2-2x3 =0
X, =X, X5
—2-3 4+1 6-1
R TN
-1 -1 1
-1
x3= | —1
1
-2 0 -1
Hence the required Eigen vectorsare xi=| 1 [,xx=|1|&x3=| -1
-1 1 1
2 21
2. Find all the eigen values and eigen vectorsof |1 3 1
1 2 2
2 21
Solution : GivenA=|1 3 1
1 2 2

The characteristic equation of the matrix is
AP = A2(2+3+42) + M4+3+4)2(4)-2(1)+1(-1)] =0
A*-7 A*+11 A-5 =0, which is the characteristic equation.

1 1 -7 11 -5
0 1 -6 5
1 -6 5 0

A =11is aroot.
The other roots are A?-6A+5=0
= (A-1)(1-5)=0
=>A=1.,5
HenceA=1,1,5.
The eigen vectors of the matrix A is given by (A- A)X =0
2-4 2 1 X,
Le. I 3-4 1 x, | =0
1 2 2-4)\x

(2-M)x1 £2x2+x3 =0
xi+3-Mxex3=0 Sl (1)
X1+2x+(2- M)x3=0

When A =1, equation (1) becomes
X1t2 x0+x3=0

x1H2x2+x3=0

X1 H2x0t+x3 =10

Here all the equations are same.
Putx3=0,wegetxi+2x2=0

X1 =-2x2

Now Put x2 =1

Then we have x; =-2



-2

X = 1
0
ForA=1, put x=0 ,we get
xi1+x3 =0
X1= -X3

Now Put x3 =1
Then we have x1 = -1

-1

When L =5, equation(1) becomes
3x1+2 x2+x3 =0
x1-2x2+x3 = 0 (taking first and second equation)

X _ T X
242 -3-1 6-2
1
4 4 4
1
-2
Hence the required Eigen vectors are xi=| 1 |, xa=
0
1 1 -2

3 .Find the eigen values and eigen vectors of | —1 2 1

0 1 -1
Solution : The characteristic equation of matrix A is
A =2A+2-1D)+A(-3-1+3)-[1(-3)-1(1)-2(-=1)] =0
A =22 -2+2=0

2 1 -2 -1 2
2 -2
1 0 -1 0

AL =21is aroot.
The other roots are

2 -1=0
A=-1)(A+1)=0
A=1-1

Hence A=2,1,-1
The eigen vectors of matrix A is given by
(A-AHX =0

A-A)x +x,-2x,=0
- +2-A)x,+x; =0
0x, +x,+(-1-4)x; =0
When A = 1 ,Equation (1) becomes
Ox, +x,—-2x,=0

—x, +x,+x,=0

N B M S o T S
1+2 0-2 0+1 3 2 1




3
S X, =|2
1

When A = -1 ,Equation (1) becomes
x2=0
2x1-2x3=0

X1 =X3
1
X, =0
1

When A =2,

Equation (1) becomes

-X1+x2-2x3=0

-x1+0x>+x3=0(taking first and second equation)
X X XN

= = =
1-0 -1-2 0-1

RO
1
~X, =3
1
210
4.. Find all the eigen values and eigen vectors of | 0 2 1
0 0 2
2 1 0
Solution : Given A=|0 2 1
0 0 2

Since the given matrix is a triangular matrix its diagonal elements are its eigen values,

A=2,2,2.
To find the eigen vectors :
The eigen vectors of the matrix A is given by (A- A)X =0

Le.
(2- M)x1 +x2+0x3 =0
Oxi+(2-Mx+x3=0 S . (1)

0 x1+0x2+(2- M)x3=0
When A =2, (1) becomes
0x; +x2+0x3 =0
0x1+0x2+x3 =0

0 x1+0x2+0x3=10

Taking the second and third equations and applying cross rule method ,

The second and the third eigen vectors are also the same as x;.
These three eigen vectors are linearly dependent.



5. Find the eigen values of A and hence find A" (n is a positive integer)

. 1 2
given that A =
4 3

1 2
Solution : Given A =
4 3
The characteristic equation of the matrix is

A2=M143) +(3-8)=0

=M -41-5=0
= h=5A+1)=0
=Ar=-1,5

Which are the eigen values of A.
When A" is divided by A? -4 A -5 , let the Quotient be Q(A) and the remainder be (a A +b).

Then by division algorithm A" = (A2-4 A-5)QA) + (@ h+b)...cooeiiiiininn.... (D)
PutA=-1in(1),weget—atb=(-1)".........ccceivrin.n. (2)
PutA=5in(1),wegetSa+b=5" .........coiiiiiini.n. 3)
3)-2) = 6a=5"-(-1)"
6
(2) x5+(3) = 6b=5(-1)"+5"
_5(=D"+5"
6
Replacing A by the matrix A in (1) , we have
A= (A%-4A -51) Q (A) + (aA +bl)
= 0 Q(A) + aA +bl (using Cayley Hamilton theorem )
=aA+bl

(i.0). A= 5"—(=D" (1 2} (5:=D"+5" (1 0O
o 6 4 3 6 0 1

7.If -1, 1, 4 are the eigen values of a matrix A of order 3 and (0,1,1)*, (2,-1,1)T, (1,1,-1)T are the
corresponding eigen vectors , determine the matrix A.

= a

b

0 2 1
Solution: Modal matrix=|1 -1 1
1 1 -1

Here the Eigen vectors Xi, X» , X3 are pair wise orthogonal.

Normalized modal matrix P =

vsl-sl- e
N B B
SIL &5

By orthogonal transformation , P

Hence A =PD PT

o 2 L o L) (o 2 L)y ot
B Bl-ioo) 20 6 Bl R h
T I | U 0 W I S A
N RN 6 V6 V5| |2 6 ||Ve V6 Ve
SR B 1 0 H s O A U T B B B B
N RN NSNS B W RN N | W SN S
2 1 -1
A=|1 1 =2
-1 -2 1




2
8. Verify that the matrix A = | —1
1

-1
2
-1

2

—1| satisfies its own

2

A
Solution :The characteristic equation of matrix A is
AP —2W(24242) + M3+2+3)-[2(3)+1(-)+2(-1)] =0
A*-6)7+8 A-3 = 0, which is the characteristic equation.

By Cayley — Hamilton theorem , we have to prove
A*-6A*+8 A-3=0

characteristic equation and hence find

2 -1 2 2 -1 2 7 -6 9
A= AxA=|-1 2 -1||-1 2 —-1|=[-5 6 -6
1 -1 2 1 -1 2 5 =5 7
7 -6 9 2 -1 2 29 -28 38
A=A’xA=|-5 6 -6||-1 2 -1|=|-22 23 -28
5 =5 7 1 -1 2 22 =22 29
29 -28 38 7 -6 9
A-6A+8 A-31= |-22 23 -28|-6/-5 6 -6
22 =22 29 5 =5 7
2 -1 2 1 00
+8-1 2 —-1|-3/0 1 0
1 -1 2 0 0 1
0 0 0
=0 0 O =0
0 0 0
Hence Cayley — Hamilton theorem is verified.
To find A*
We have A*-6A%+8 A-31=0
A’=6A%-8 A+3 1
A*=6A3-8 A>+3 A
29 -28 38 7 -6 9 2 -1 2
=6|-22 23 -28|-8-5 6 -—-6|+3-1 2 -1
22 =22 29 5 -5 7 1 -1 2
124 —-123 162
A* =|-95 96 123
95 -95 124
1 2 3
9. Verify Cayley — Hamilton theorem for the matrix |2 4 5| and hence find the inverse of A.
3 56
Solution : The characteristic equation of matrix A is
AP = A2(1+4+6) + M(-1-3+0)-1(-1)-2(-3)+3(-2)] =0
A*-11A2-4 A+1 = 0, which is the characteristic equation.
By Cayley — Hamilton theorem , we have to prove
A-11A24 A+1=0
I 2 3)(1 3 14 25 31
A’=AxA=[2 4 5||2 51 =125 45 56
3 5 6)1(3 6 31 56 70
14 25 31)(1 2 3 157 283 353
AP=A?xA=1]25 45 56|[2 4 5|=|283 510 636
31 56 70)\3 5 6 353 636 793




10.If A=

157 283 353 14 25 31 1
A’-11A%-4 A+1=|283 510 636|-11]25 45 56| -4|2
353 636 793 31 56 70 3

0 00
=10 0 O
0 00

Hence the theorem is verified.
To find A™!
We have A3-11A%-4 A+1=0
[=-A+11A%+4 A
Al=-A%11A+41
14 25 31 1 23 1 00
=-|25 45 56|-11|12 4 5(+4|0 1 0
31 56 70 3 56 0 0 1
1 -3 2
Al =[-3 3 -1
2 -1 0
1 00
1 0 1| then show that A" = A"? + A? — I for n>3 using
010

Cayley — Hamilton theorem .

11.

Solution : The characteristic equation of matrix A is
22— W3 (140+0) + A(-1+0+0)—[1(-1)-0+0] = 0

MBAE- A+ =0

By Cayley — Hamilton theorem , we have
A-AZ-AHL =0

A3-A’= A-l

Pre multiplying both sides successively by A , we get
A3-A%= Al

A*-A3= AZA

AS-A%= A3-IA?

AS-AS= A*AS

A;lil._.Ar.l—.Z.;. A;li 3._.&.1:4 ..............

Al An—1: An—2_ An—3

Adding all these equations , we get

AMA%= A2 ]

AM=AZ+A"] | n>3

Using Cayley- Hamilton theorem , evaluate the matrix

2 1
A8 — 5 A7 +745-34°+A*-543-84*+24 -1 if A= |0 1
11
Solution : The characteristic equation of matrix A is
AP = A2(2+142) + M2+3+2)2(2)-1(0)+1(-1)] =0
2250247 0-3=0
we have to prove
A3-5A+7 A-31=0
21 1)/(2 11 5 4 4
A= AxA=[0 1 0[|0 1 0| =[O0 1 0
1 1 2){1 1 2 4 4 5
54 4)(2 11 14 13 13
AP=A>x A=|0 1 01 0(={0 1 O
4 4 5)(1 1 2 13 13 14

2
4
5

N O

AN L W

[

S = O

- O O



13 13 14

14 13 13 5
A3-5A24T A3L = 0-5/0
4

0

0

0 0
= 0 0

0 0 O
Hence the theorem is verified.
A =5 A7 +7AS-3A+AY-5A3-8AT2A -1

= AS(A3-5A2+7 A-31) +A(A3-5A%7 A-31)-15A>5A-
AS(0)+A(0)-15A2+5A -1

= -15A%+5A -1
5 4 4 21 1)y(1 0 O
=-15]{0 1 O|+5({0 1 O}-[0O 1 O
4 4 5 1 12){0 0 1
-66 —-55 =55
= 0 -11 O
-55 =55 -66
6 -2 2
12. Diagonalise the matrix A=| -2 3 —1| by means of an orthogonal transformation.
2 -1 3

Solution : The characteristic equation of matrix A is
A= 2W2(6+3+3) + M(8+14+14) — [6(8)+2(-4)+2(-4)] =0
AP 1203436 A-32=0

2 1 -12 36 -32
0 2 =20 32
1 -10 16 0

2=2 is a root
the other roots are A>-10 A+16 =0

(A-2)(A-8)=0

=>Ar=2,8

Hence A =2,2,8

The eigen vectors of matrix A is given by
(A-MDX =0

6-4 -2 2 Y\ x
-2 3-42 -1 |x,|=0
2 -1 3-2)\x;
(6-A)x, —2x, +2x;, =0
—2x,+(3-A)x, —x; =0
2x1—x2+(3—ﬂ)x3=0

(ie.)

When A = 8 ,equation(1) becomes
=2x,=2x,+2x, =0
—2x, =5x,—x;, =0
X, —X, X, X,

:> _ =
2+10 2+4 10-4 12 6 6




N_XH N

2 -1 1

When A = 2, equation (1) becomes
4x, —2x, +2x;, =0
—2x,+x,-x,=0

2x,—x, +x;, =0

Here all the equations are same.
Put x3=0, we get
2x,-x, =0

2x, = x,

Let X3 =| b | be third eigen vector.

X'X,=0=2a-b+c=0
X, X, =0=a+2b+0c=0
Then = ¢ :_b: ¢
0-2 0-1 4+1
a _b_c
1 5
-2

Hence

2 1 =2
Hence the modal matrixis=| -1 2 1

1 0 5
Here X" X0 =Xo"X;=X3"X; =0

So X1, X5, X3 are pairwise orthogonal.
The Normalised modal matrix is

2 1 -2

v G
gl-8l-3

NG

0

6
D=P'AP=
2

gl Sle &L
gle = &l-

-2

-2 2

-1
3

Sl- &L &l

o &l -
gl &l- 8y




2 -l LYle 2 4
% Jo || B 0| g0
1 2 -8 4 2
=l = = 0 ||= = —=1=[0 2 0
NN NN i
2 1 s s 10
& o s S W

13. Reduce the Quadratic form 3x ? 4 2x22 + 3x32 —2x,x, —2x,x; to the canonical form through

orthogonal transformation and find its nature.

Solution : Quadratic form is XTAX
3 -1 0
The matrix A of QF. isA=|-1 2 -1
0 -1 3
The characteristic equation of matrix A is
A =2B+2+3)+AU5+9+5)—[3(5)+1(=3)+0]=0
A -8 +194-12=0

1 1 -8 19 -12
1 -7 12
1 -7 12 0
A=1isaroot.
A =TA+12=0
The other roots are (1 —-3)(A1—-4)=0
A=34

Hence A=1,3 4
The eigen vectors of matrix A is given by
(A-ADHX =0

3-4 -1 0 )\ x
-1 2-2 -1 |x,|=0
0 -1 3-A)\x;
B-AD)x;—x,+0x; =0 ) (1)
-x+2-A)x,—x; =0
0x, —x, +(3-A)x; =0
When A =1 ,Equation (1) becomes
2x,—x, +0x; =0

X, +x,—x;=0

When A = 3 ,Equation (1) becomes
0x, —x,+0x;=0

=X, =X, —x; =0

N T S, - S B Q.
1-0 0-0 0-1 1 0 -1




When A = 4 , Equation (1) becomes
—x,—x, +0x; =0

—X,—2x,—x;,=0

S . W .. W Y ) L X =] -1
1-0 1-0 2-1 1 -1 1 )
1 1 1
Hence the modal matrixis={2 0 -1
1 -1 1

Here X]TX2 = X2TX3 = X3TX1 = 0 .
So X1, X2, X3 are pairwise orthogonal.
The normalized modal matrix is

1 1 1
NN

2 -1
P=l— 0 —=

J6 NG

) S O

S 2

12 1 L N
PlaP=|— 0 —||-1 2 -1||= 0 —|=l0 3 0

V2 */50—13‘/g */3004

B I ) S O

BBB Jo 2B

Consider the orthogonal transformation X = PY
Substitute (2) in (1) we get
(PY)" A (PY)=Y'PT APY

1 0 0)y

v ». »]o 3 ofy,
0 0 4)y,

= J/12 + 3y22 + 4y32
Which is the canonical form
Rank = No. of terms in the canonical form =3
Index = No. of positive square terms in the canonical form = 3
Signature = (No. of positive square terms) — (No. of negative square terms) = 3
Nature = positive definite.

14. Reduce the Quadratic form x’+y*+7°+4xy+4yz+4zx into sum of squares form by an orthogonal
transformation hence find the rank , index , signature and nature of Q. F.

Solution : Quadratic form is XTAX
1 2 2

The matrix Aof Q.F.isA=|2 1 2
2 2 1
The characteristic equation of matrix A is
A =2A+1+D)+ A(3-3-3)-[1(-3)-2(-2)+2(2)] =0
A =327 -91-5=0

-1 1 -3 -9 -5
0 -1 4 5
1 -4 -5 0

A=-11saroot.



A —421-5=0
The other roots are (1 +1)(1-5)=0

A=-15
Hence A=5,-1,-1
The eigen vectors of matrix A is given by
(A-ADHX =0

2-42 2 2\ x
2 1-4 2 |x,|=0

2 2 1-A)\x

1-2)x, +2x, +2x, =0

2x, +(1=A)x, +2x;, =0

2x, +2x, +(1-A)x; =0

When A =5 ,Equation (1) becomes
—4x, +2x, +2x, =0

2x, —4x, +2x, =0

N T S S,
4+8 -8-4 16-4
I T 3

| 1 |

1
L X =|1
1

When A = -1,Equation (1) becomes
2x, +2x, +2x, =0

2x, +2x, +2x, =0

2x,+2x, +2x, =0
Hencealltheequationsaresame
Putx; =0

2x, +2x, =0= 2x, =-2x,
LI T

-2 2 -1 1

Let X3=| b | be third eigen vector.

C
XX, =0=a+b+c=0
X, X, =0=-a+b+0c=0

Then = = b S
0-1 O0+1 1+1
a b c
-1 -1 2
-1
Xy =] -1
2
1 -1 -1
Hence the modal matrixis=|1 1 -1
1 0 2

Here X]TX2 = XzTX3 = X3TX1 =0.
So X1, X2, X3 are pairwise orthogonal.



The normalized modal matrix is

1 -1 -1
V3 2 e
p| L L -1
B2 Ve
1, 2
V3 J6
111 e B §
V3B B o2 2B V2 Ve
11 11 -1
PTAP=|"2 —— o021 2|— — ==
J2 2 B2 e
Ve v 2 2 1
-1 -1 2 1o, 2z
Jo Jo o J6 J6
5.0 0
o -1 o
0 0 -1

Consider the orthogonal transformation X = PY
Substitute (2) in (1) we get
(PY)" A (PY)=Y'PT APY

5 0 0)y
_ b/l Y, ¥3]0 =1 0 )y,
0 0 -1)y,

2 2 2

=50 =), — s

Which is the canonical form
Rank = No. of terms in the canonical form = 3
Index = No. of positive square terms in the canonical form = 1
Signature = (No. of positive square terms) — (No. of negative square terms) = 1-2= -1
Nature = indefinite.

15 .Reduce the Quadratic form 2xl2 + 6x22 + 2x32 +8x,x, to the canonical form through orthogonal

transformation .
Solution : Quadratic form is XTAX
2 0 4
The matrix Aof Q.F.isA=|{0 6 0
4 0 2

The characteristic equation of matrix A is
A =2Q+6+2)+1(12-12+12)-[2(12) -0+ 4(—24)] =0
A =102 +124+72=0

-2 1 -10 12 72
0 -2 24 =72
1 -12 36 0
A =-21s aroot.
A —122+36=0
The other roots are (1 —-6)(1—-6)=0
A=6,6

Hence A=-2,6,6
The eigen vectors of matrix A is given by
(A-ADHX =0

2-A)x,+0x,+4x,=0

0x, +(6—A)x, +0x, =0 ..o (1)
4x, +0x, +(2-2)x, =0

When A = -2,Equation (1) becomes



4x, +0x, +4x, =0
Ox, +8x, +0x; =0

N T ST S T R~
0-32 0-0 32-0 =32 0 32

When A = 6,Equation (1) becomes
4x, +0x, +4x, =0

Ox, +0x, +0x; =0

4x, +0x, —4x, =0
Hencealltheequationsaresame
Putx, =0

—4x, +0x, =0= 4x, =0x,

N X N %

0 4 0 1
0

0

1
a
Let X3 =| b | be third eigen vector.
c

X, X,=0=—-a+0b+c=0
X, X, =0=0a+b+0c=0

a —-b c
Then = 01~ 0-0 —1-0
a b ¢
-1 0 -1
1
X, =0
1
0 1 -1
Hence the modal matrixis=|1 0 0
0 1 1

Here X1™X>=X2"X3=X3"X;=0.
So X1, Xz, X3 are pairwise orthogonal.
The normalized modal matrix is

-1

0 L
V22
P=|1 0 O
o L L
2 2
01
0O 1 0 1|2 0 4 I~
parel L o Lo s ol 2
V2 J54 1
i | 0 20 —
Lo L V2
J2 2
-2 0 0
=0 6 0
0O 0 6

1=l



Consider the orthogonal transformation X = PY
Substitute (2) in (1) we get
(PY)T A (PY) = Y'PT APY

-2 0 0) ¥
_ LV1 Y, »31 0 6 0|y,
0 0 6)y,

= _2y12 + 6y22 + 6y32
Which is the canonical form

16. Reduce the Quadratic form 10x, +2x,” +5x,” +6x,x, —10x,X, — 4x,x, to the canonical form

through orthogonal transformation . Find a set of values of x1,x2, x3 which will make the form
vanish.
Solution : Quadratic form is XTAX

10 -2 -5
The matrix AofQ.F.isA=|-2 2 3
-5 3 5

The characteristic equation of matrix A is

A =210+2+5)+ A(1+25+16)—[10(1) +2(5) = 5(4)] = 0
X =1T7 +4824=0= LA -174+42)=0

A=00r2 =174 +42=0

A =00r(A-3)(1-14)=0

A=314

Hence 2.=0,3,14.

The eigen vectors of matrix A is given by
(A-ADHX =0

10-4 -2 =5 1}\x

-2 2-4 3 |x,|=0

-5 3 5-A)\x

10=A)x, =2x, =5x; ¥0 L (D
-2x,+(2-A)x, +3x,»>=0

=5x, +3x, +(5-A)x;|=0

When A = 0 ,Equation (1) becomes

10x, —2x, =5x, =0

—2x, +2x, +3x, =0

Nt SN, -
-6+10 30-10 20-4

H_oXH N

1 -5 4
1
X, =|-5
4

When A = 3 ,Equation (1) becomes
7x, —=2x, =5x;, =0
—-2x, —x,+3x; =0
N TR~ ST, ©
-6-5 21-10 -7-4
% X
11 -11 =11

1
X, =1
1

When A = 14, Equation (1) becomes



—4x, —2x,-5x,=0
—2x,—12x, +5x, =0

-3

I N S T W N S

—-6-60 —-12-10 48-4 —-66 22 44 5
1 1 -3
Hence the modal matrixis=|-5 1 1
4 1 2

Here XlTX2 = XzTX3 = X3TX1 = 0 .
So X1, X2, X3 are pairwise orthogonal.
The normalized modal matrix is

1 1 =3
NN T
po| == L 1
NZZRN N
4 12
2 B s
=54 13
V2 B |, o, o v B a
; 1 11 -5 1 1
S NN N Il NPV T
-3 1 2 4 1 2
iz i s & G i
0 0 O
=0 3 O
0 0 14

Consider the orthogonal transformation X = PY
Substitute (2) in (1) we get
(PY)" A (PY)=Y'PT APY

0 0 0y

b1y2y3030y2
0 0 14) y,

=0y,” +3y,” +14y,’
Which is the canonical form
To find the set of non zero values of x7,x2, X3 which makes the QF zero

From the orthogonal transformation X = PY we have
W Y 3
X, = +=+
NN N 7
=SV Y s
X, = + =+ = (*)
T EH
v Y 2y
Xy = e A =
N oY R v
Clearly canonical form reduces to zero when y, =y, =0, using this in (*) we have
o= Ny =_5y1 ¥ =4y1
1 \/E’ 2 \/E >3 \/E
let y, = J42 then required non zero values of x7,x2, x3 which makes the QF zero is

x=Lx,=-5,x;,=4




17. Reduce the Quadratic form x*+3y’+3z2-2yz to the canonical form through orthogonal
transformation and. hence find the nature of Q. F.

Solution : Quadratic form is XTAX

1 0 O
The matrix Aof QF.isA={0 3 -1
0 -1 3

2= RG+3+)+AB+3+3)~[1(8)—0+0]=0

The characteristic equation of matrix A is
=12 +142-8=0

1| 1 -7 14 -8
0 1 -6 8
1 -6 8 0
A=1isaroot.
A —61+8=0
The other roots are (1 —4)(1—-2)=0
A=24

Hence A=1,2,4
The eigen vectors of matrix A is given by
(A-AHX =0

-2 0 0 Y\ x
0 3-4 -1 |x,|=0
0 -1 3-2)x
I=A)x;, +0x, +0x; =0) o (1)
0x, +3-A)x,—x; =0
0x, —x, +3-A)x; =0
When A =1 ,Equation (1) becomes
Ox, +2x,—x;,=0
Ox, —x, +2x;, =0
X -X X
=41 0-0 0-0

N %N
10 0
1
~ X, =0

0

When A\ =2 ,Equation (1) becomes

-x1+0x2+0x3=0

0x1+x2-x3=0(taking first and second equation)
X X X

- = =
0-0 1-0 -1-0

~geet
0

X, =1
1

When A = 4,Equation (1) becomes
-3x110x2+0x3=0
0x1-x2-x3=0(taking first and second equation)
X —X X X —X, X
1 2 3 1_ "t _ A3 sX =| -1

= = = =
0-0 3-0 3-0 0o -3 3




1 0 O
Hence the modal matrixis=|{0 1 -1
01 1

Here XlTX2 = XzTX3 = X3TX1 = 0 .
So Xi, Xz, X3 are pairwise orthogonal.
The normalized modal matrix is

1 0 0
11
P=l0 —— —
V22
o L 1
22
1(1)(1)1001(1) 01 1 0 0
PlAP=10 —= —||0 1 -1|0 —= —|=|0 2 0
222 22 2
_11011 Do 0 0 4
0 = — 0 —— —
22 22

Consider the orthogonal transformation X = PY
Substitute (2) in (1) we get
(PY)" A (PY)=Y'PT APY

1 0 0)y
oy owloo2 o)y,
00 4y

2

2 2
=y +2y, +4y,
Which is the canonical form
Since all the eigen values are positive , the nature of Q.F. is positive definite.
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MSAJCE
FUNCTIONS OF SEVERAL VARIABLES

UNIT-II

Homogeneous Function
A function f(x,y)is said to be a homogeneous function of degree n if

floxty)=1"f(x,y).

Example:

x6+y6

f(x,y)=x4 T

flx,0y)=1"f(x,y)
Euler’s Theorem

If f be a homogeneous function of degree nin x and y, then xgi+ ygi =nf
X y
and xai+ ya—f+zai =nf
ox ~dy 0oz
DI 1 =>+2 +Z then show that x 2%+ ya—”+ 2
y z X ox dy 0z
Solution:
Given u(x, y,z) =£+l+£ .
y z X
unty. )=+ 2 L2l 4 2 Dy 2 oy )
vy tz tx t'y z X
= u is a homogenous function of degree n = 0
Hence by Euler’s theorem, we have xa—u + ya—u + za—u =nu=0xu=0
ox ~dy oz
Hence proved.
2)If u= X prove that xa—u+ ya—u+ =0
y ox dy
Solution:
Given u(x,y) = ﬁ.
y
I t x
u(tx,ty) =—=~(=) =t"u(x, y)
ty ty
= u is a homogenous function of degree n = 0
Hence by Euler’s theorem, we have xa—u + yg—u =nu=0xu=0
X y

Hence proved.

3) Verify Euler’s theorem for the function u = x* + y* +2xy

Solution
Given u = x”+ y>+2xy. This is a homogenous function of degree 2.
Ju
—=2x+2
ox Y
ou 5
x—=2x"+2xy — (1)
ox
du
—=2y+2x
dy Y



Adding equation (1) and (2), we get
xa—u+ ya—u =2[x* +y* +2xy]
ox dy
=2u
Hence Euler’s theorem is verified

4) Using Euler’s theorem given u(x,y) is a homogenous function of degree n prove that
x’u, + 2xyu,, + yzuyy =nn-1u

Solution

Since u(x,y) is homogenous function of degree n ,by Euler’s theorem we have

xa—u+ ya—u= nu — (1)
ox ~ dy
Diff (1) p.w.r.to x,
x&+a—u+ y o'u = na—u - (2)
ox> ox =~ 0xdy ox
Diff (1) p.w.r.to y,

&+a—u+x o’u =na—u—>(3)
y8y2 dy  0Oxdy dy

2)x+@3)y :[{ x* _82u +x_8u + xy 9u }={ nx—au }+{ ny—au
ox* ox dxdy ox dy
%u Ju 0%u
2_ —
+{ v % Y 5 1

= x’u, + yzuyy +2xyu,, +nu = n’u

= x’u, + y2uyy +2xyu,, =nu(n—1)

Total Derivative

If u=f(x,y) where x=¢(t),y =¥(t) then ﬂ = a_uﬂ_i_a_uﬂ is called the total
dt oxdt Odydt

differential of u w.r.to t
In general

du:a—udx+a—udy
ox dy
Note:
. du OJudx OJudy Jdudz
1. u= f(x,y,z) where x,y,z are functions of t then —=——+——"F-"—-++——
fx.3.2) Y.z are fi f dr oxdr dy di oz di

2. If z= f(x,y) where x= f(u,v), y=g(u,v) then
G _dzax edy
ou Oxdu dydu
B _dear
ov odxdv dyadv
du _du  dudy

3.If u= f(x,y) and y=@(x) then E:$+ay e

DIf u= e"yz2 find du
Solution:

We know that du = a—”dx +a—udy +a—”dz =e'yz’dx+e 7 dy +2ze" ydz
ox dy 0z



2)Ifu=f(x—y,y—z,z—x)showthata—”+a—”+a—u=0
ox dy 0z
Solution:
X—y=x
Put y—Z=1x, %(A)
I—X=Xx,

Now from (A), we get

su=fx=y,y—-2z,2—x)
= f(x, %5, X3)
Ou _ Ou 0%, Ou du Ou 0%

$_axl ox Ox, Ox Ox; Ox

o 0% 0%,

ox ox  ox
LOu_ou_ )
ox dx, ox,

du_oOu Ox  Ou Ox, Ou Ox

dy Ox, dy Ox, dy Ox, dy
a_u=a_u'%+8u.ax2+au'8x3
dy dx, dy Ox, dy Ox, Oy
ou ou ou
=2+ 2+
axl( )+8x2()+8x3( )

Similarly

a_u:a_u_%+au_8x2+au_ax3
dz dx, dz O9x, dz Ox, Oz
ou ou ou

= 0+ 2+
axl()+ax2( )+ax3()

S

Adding (1), (2), and (3), we get B_u +8_u+8_u =0
ox dy 0z

3) Find f;—uif u=x"y>+x>y’where x = at’ & y = 2at using partial derivative
t
Solution:

We know that
du _dudx  oudy
dt oxdt dy dt
=(Bx%y? +2xy°)x 2at + 2yx® +3x*y*)x 2a
=8a’t°(3t+4)+8a’t°(t+3)
=8a’t°(4t+7)

4) Find du/dtif u=x" y*where x =t’andy =t*
Solution:
We know that
du_dudr dudy
dt ox dt dy dt

=3x*y* - 3t2 +4x’y’ -2t

= 3t%%3t% +4¢°1% 2t



= 9r'0 4+ 8¢'°

=17t'°

5) Using the definition of total derivative find the value of i’—u given
t

u= y2 —4ax,x = atz,y =2at
Solution:

du_duds  dudy
dt oxdtr Odydt
=—4ax2at+2yx2a
=-8a’t+8a’t
=0
. 0z 1 1
6) If sin zy = cos zx compute —when z =7, x=—& y=—
ox 3 6
Solution:

Given sin zy =cos zx
Diff p.w.r to x on both sides,we get

( azj . ( 9z j
coszyX| y— |=—sinzxX| x—+z
ox ox

1 1
when Z:”’XZE&yZE we get

7[(1 azJ ) 7[(1 0z J
COS—| =X—|==sin=| = X—+7
6\6 ox 33 ox

az[f f] 73

ox 6 2

0z T XA3%12

= 2Rt o
ox 2x~/3%3

DIf z be a function of x and y and u and v are other two variables, such that

9%z 9% ) 9%z 9z
=Ilx+my, v=Ily—mx showthat —+—=\["+m —+—
Y Y ox* oy’ ( ou’> o’

Solution:

z is a function of u and v
u and v are functions of x and y
=lx+my, v=Ily—-mx

du _, vy __
ox ox
8_u=m dv =1
dy By

BZ az ou 0z dv
+

ox  Ou ox Bv ox
dz 0z

e &%
ox ou 8\/( ™)
0 0 0
g2 .2
ox du ov

IS
x> oxlox ou ov )\ du v

02 z_p 0’ z_,. 2’z i 2’z o 2’z
ox? ou’* ouodv ouodv ov?
9%z 2%z 0%z 9%z

=1"—-2I +m’— —————— 1
ox* ou’ mauav " o’ M



Similarly

2 2 2 2
af=m2af+21maz+12‘9§ ——————— 2)
dy du Judy v

0+(2) =
2%z 9%z (2 ,{ 0’z 9%z
a0y’ = Pent) S5

2 2 2 2
) If u=x>—y> v=2xy, f(x,y)=0u,v) show that af+af=4(x2+y {8(0 09 ]

ox> oy’ ou® o’
Solution:
u=x"-y* v=2xy
a_u =2x i =2y
ox ox
a_u =-2y a_v =2x
dy dy

¥ _dpdu dpav
ox Ouodx Ov Bx

o _dg
2x 2

» au( )+ ( y)
EINEI 1
ox ou dv
2
T
ox ox \ dx Ju v Ju v
’f  ,9% d’p dp  ,0%

=4x? =L +4xy 4 +4
o’ Vo o Y o
9’ f ,0%Q 9’p ,0°Q

= 4x +8 +4y2 T 1
o’ Vo T G M
Similarly
’f _ ,0%p dp  ,0'p

=4y? T T 4 8xy——+4x* =L 2
dy* Y au2+ xyauav-'- * o’ 2)
H+2)=

f IF _ (o 29 V¢

=4
ox’ | dy’ e+ {au P

Differentiation of implicit functions
If f(x,y)=c be an implicit relation between x and y which defines as a

differentiable function of x, then d_u = a_u+a_u@ becomes 0= ﬁ Bi ai@
dx Ox Jdydx dx Ox ay dx
of
dy _ /ox

This gives the important formula —

1) Ife’ —e* + xy =0find @
dx

Solution:
d S
We know that o _/ox

dx ay
dy
Let f(x,y)=e’ —¢" +xy,af——e’”+y andai=ey+x
ox dy

dy __(ze'+y) _e -y

dx (e”+x) e’ +x




2) Find Z—y when f(x,y)=1log(x*+y*)+tan™ 2z
X X
Solution:
d ) d 2 0 2
Weknowthat—y—— ax,i_ al Y 'i— Y + i

dx a% ’Bx_x2+y2_x2+y2’8y_x2+y2 x2+y?

y
2x—y

d_y__)cz+y2 _y—2x

dx 2y+x  2y+x
x4y’

3) Find d—yif x*+ 7y’ =3ax’y
dx

Solution:
Let f(x,y)= X+ y3 —3ax’y ;ai =3x> —6axy ; ai =3y? —3ax?
ox dy
)
dy fax _ 3()62 —Zaxy) _ x> —2axy

dx a%y - 3(y2—ax2) y? —ax’

4) Find ﬂ,if x’ +y’ =3axy
dx

Solution:

Given f(x,y)=x"+y’ —3axy. Then

—=3x"-3
ox “
ai=3y2 —3ax
dy

of
ﬂ__i__(?wcz —3ay) _ay—)c2

dx ai - (3y? —3ax) - y? —ax
dy

Taylor’s series expansion of a function of two variables

1
Flxy) = f(a,b)+F[(x—a)fx(a,b)+(y—b)fy(a,b)]+

1 2 2
5[<x—a> Fulab)+2x—a)y—b)f, (ab)+(y—b) f, (a,b)|+

1 3
§[(x—ay fm(a,b)+3(x—a)2(y—b)fm(a,b)+3(x—a)(y—b)2fxyy(a,b)+(y—b)3fyyy(a,b)]+...

This is called the Taylor’s series of f(x,y) at the point (a, b)

1) Find the Taylor’s series expansion of ¢ sin y near the point ( — 1,% ) up to the first

degree terms.
Solution:

By Taylor’s theorem, we have
T 7 7 7. (x+1)>
Fen = FE D+ £ D+ o= Tp 1D+ S50

2

(y=Zy

T“fyy(—l,%w... - ()

2=

fxy (_LZ) +

2

fxx (_1’ %) +



Fx,y)=e"siny; f(-1, %) - Nla

f—esmyf(lz ﬁ
f—ecosyf(lz- ﬁ

Using these values in (1) we get

f(x,y)=e siny = L(H {(x+1) +(y +%)}J+

eV2
2) Find the Taylor’s series expansion of ¢" sin y in powers of x & y as far as terms of the
third degree.
Solution:

By Taylor’s theorem, we have

J(x.y)=f(0,0)+x£.(0,0)+ yf,(0,0) +%[x2f” (0.0)+2xyf,, (0.0)+ y* f,, 0.0+

S 004365, 0043971, 00+, 00} .. 5 1)
Given

f(x,y)=e"siny; £(0,0)=0

fo=e"siny; £.(0,0)=0

f, = e cosy; f,00,0)=1

fo=esiny; f, (0,0)=0

f, =€ cosy; [, (0,0)=1

fo.=e€"siny; f.(0,0)=0

Sy = =e" cos y; fm (0,0)=1

fo, =—€"siny; f, (0,0)=0

fyyy—_e cos y; f,,,(0,0) =~

Using these values in (1) we get
2

F(x,y)=e"siny=0+xx0+ y><1+%><0+xy><1+%[x3(0)+3x2y(1)+3xy2(0)+ V(=D
3

1, Yy
=y+ay+—x"y——+...
yrXxy > y 6

3) Expand e" cos y in powers of x and y as far as terms of the first degree.
Solution:

Given f(x,y)=e"cosy then

f(x,y)=e"cosy, f(0,0)=1

f.(x,y)=e"cosy, f.(0,0)=1
fy(x,y)=—€"siny, f (0,0)=0
fu(x,y)=e"cosy, f,.(0,0)=1

fy(x,y)=—e"siny, f (0,0)=0

By Taylor’s theorem, we have
2

F(x.y)= £0.0)+f,0.0)+ yf, (0.0)+ fu(00)+ f (00)+—f (0.0)+...

=1+ (xXI+yx0)+....=1+x+...

4) Find Taylor’s series expansion of x’ near the point (1,1) upto the first degree terms.
Solution:

Taylor’s series of f(x,y)near the point (1,1) is



(y-D*

Fy)=FfAD+x-Df AL,D+(y-Df D+ fy@D+..—(1)

S LD+

2
(x _21) £+

2(x=D(y—-1
2
Sy =x" fAh=1
foxy)=y fLh) =1
fuxy)=y(y-Dx"2, f (L) =0

Let f(x,y)=x"
Taking log on both sides, we get

log f(x,y)=ylogx
Diff p.w.r.to y, we get

1
ny =logx

fy = flogx=xy IOgX,f}(l,l) =O

Using all these values in (1), we get
f,y)=x"=1+(x-D+...

5) Expand e log(1+ y) in powers of x and y upto third degree.

Solution:
Given

f(x,y)=e"log(1+y); f(0,0)=0
[ =e"log(l+y); f,(0,0)=0

1
=e"x——: f.(0,0)=1
f,=e T f,(0,0)
fo=e"log+y); f,.(0,0)=0

o1
fty =e Xl_;-fx}' (0,0) = 1

Jy= f”(OO) 1

o =€ 10g(1+y) [ (0,0)=0

1
f”) 1 ’ fxxy (O’O) = 1

fxyy 2 ’f ‘(})( O)

(1+ y)

1
3 ;fyyy 0,0)=2

=2 —
T 220055

By Taylor’s theorem, we have

f(x, )= £0.0)+f,(0.0)+ f, (0.0) +%[x2f” (0.0)+2xf, (00)+ >, 0.0)]+

%[x3fx.x,x (O’O) + 3X2 yfxxy (O’O) + 3xy2fxyy (090) + y3fyyy (090)]+ = (1)

2 y-n?) ¥
2 2 3

=y+xy— +...

6) Expand xy +2x—3y+2 in powers of x—1 and y + 2 using Taylor’s theorem upto first

degree.
Solution:

Let f(x,y)=xy+2x—-3y+2



fi=y+2f (1,-2)=-2+2=0
fy=x=-3f1-2)=1-3=-2
By Taylor’s theorem, we have

FOuy) = FA=2)+(x =D f (1L=2)+(y+2)f,1,-2) + (x _21) £+ 222 DO+ £ (0-2)
2
e +22) £, =2+

=8+((x=DX0+(y+2)x=2)+......
=8—2y—4+...

Jacobian in two dimension (or) functional determinant in two
dimension

If u,v are functions of two independent variables x and y then the determinant

Ju Ju
o dy
dv v
a dy
is called the Jacobian or functional determinant of u,v with respect to x and y and is written as

o(u,v) (u,v)
orJ
a(x,y) X,y

Ju OJu Odu

x dy oz
d(u,v,w) |dv dv v

d(x,y,2) lox dy E)_z

w ow ow
ox dy oz
Properties of Jacobians
Loap g =20 g 200V e pe g
(x,y) d(u,v)

2. If u and v are functions of r,s and r,s are functions of x,y then
du,v) d(u,v) y a(r,s)
d(x,y) d(r,s) d(x,y)

3. If u,v,ware functionaly dependent functions of three independent variables x, y,z then

o(u,v,w) _
a(x,y,2)
1) If x = u(1 +v) and y = v(1 + ) find 25
d(u,v)
Solution:
ox ox
oY) lou ovl _1+v u
VI = =(1+v)A+u)—uv=1+u+
vy |9y Iy v 14w I+v)(d+u)—uv u+v
u ov
2) Find the Jacobian of _a(r,e) if x=rcos@,y=rsin@
a(x,y)
Solution:
& —rsinf
Lets= 25X |5 o) o T r(cos? @ +sin?@) = r and =29
o(r,0) |y, Yy, |[sin@ rcosé A(x, y)

But JJ':1:>J':l
r



2 2
3)If u=2—,v =" then find o, )
x

y d(u,v)
Solution:
—y? 2_y
2
Lets= 20V [ x|y 4 3y g2 200
dx,y) |2x = a(x, y)
y2
But JJ':1:>J':l:L
J =3
4) If u = xy,v = x” evaluate ou,v)
a(x,y)
Solution:
u
ow,v) |ox dy| |¥ XA _ 22
= = =-2x
a(x,y) a_V i 2x 0
ox dy
) or ox
5)If x=rcos@,y=rsin@, prove that —=—
ox Or
Solution:
We know that,
x> +y>=r’,6=tan”’ Y
X
Diff above equation p.w.r. to x , we get
2 0 T X osa )
X ox r

X = rCOS@,g:cose —(2)
or

=2
Hence proved.
6)If“:x_ya":y—z&w=z—xfind a(uaV,W)
a(x,y,2)
Solution:
P) w, u, ul |1 -10
XY, 2 wo o woow| -1 0 1

7)If x=rcosé@,y=rsind,z = z then find the Jacobian of x,y,z interms of 7,6,z

Solution:
x, u, x| |cos@ —rsinfd O
a(x,y,2) R ~ _ . _( i . )_
A(r 6’_z) =y, Yo Y. |=|sin@ rcos@ O=rcos@cos@+rsinfsind=rlcos” @+sin"8)=r
o Z, Z¢ Z. 0 0 1

+
8)If u= lx Y v =tan x+tan” y then prove that u and v are functionally related
Xy

Solution:



Ju  du | 1+ y? 1+x° |
ow,v) _|ox 9yl _|(I-xy)* (-xy)?|__ 1 1
Ax,y) [9v v | 1 | a-m) (-x)
ox dy| | 1+x° 1+y°

Hence u & v are functionally related.

9) Find 20“Y) if 1, = 2xy,v=x%—y%,x = rcosf.y = rsiné.
a(r,0)
Solution
o(u,v) _ o(u,v) o a(x,y) N
a(r,0) d(x,y) d(r.0) V. V| |y, Y
_ 2y  2x Xcosﬁ —rsin@
2x —2y| [sin@ rcosf
= (—4y*> —4x*)(rcos’ @+ rsin” 6)
=—4(x*+y*)-r
=—4r°

10)If u = x+ y, y = uv find the Jacobian of ( x,y) w.r.to (u,v)

Solution:

Given u=x+y,y=uv=>u=x+uv=>Xx=u—uv

ox ox
0y _ [ 3] 1
du,v) |9y 9 v
ou ov

1DIf x=rcos@ , y=rsin@,prove that the Jacobian J = (3

Solution:
x=rcost
%:cosﬁ and s—;:—rsine
o o
]—ar 00| _ |cos@ —rsiné
_B_y a_y ~ sin@  rcos@
Jr 080

To find J’

=(1-viu+uv=u

1+u

y=rsiné
a—y:siné’ and @Y _ rcosé
or 00

‘ = rlcos’ @+sin> @)= r

=0




x=rcosf@ , y=rsind,
2 +y>=r(cos?@ +sin6)

:>X2+y2:}’2

and 2 = rsinf =tané :H:tan_l(l)
x rcosé X
sri=x"+yland 9:tan_l(l)
X
piff. 2 =2y X
ox ox r
o o y
Similarly — ==
dy r
0 _ 1 (—y]__ y _—rsin@ —siné
x? X+ y? r? r

a 2
* 1+(y)
X
1

X 4y r r

ﬁ ﬁ x  sinf
J,_B(r,e)_ax ad | _|r r |_xcos@ ysin@
d(x,y) |08 96 y  cosé r’ r’
ox dy r r
2 <2
:rcoi 0+r51112 0=l(COSZH+SiIl29):l
r r r r
Hence J J =1
2)If u=2,v=", w=22 find the Jacobian ofu,v,w wrt x,y,z.
x y 4
Solution:
o o
ox dy 0oz
o(u,v,w) _ a_v a_v @
o(x,y,z) |0x dy 0z
dw ow ow
ox dy 0z
-y oz Y
x’ x x
|:ozz oz =_y_§(£_£}_£(_1_1}+1(1+%
y y y X" \yz W X 7 z x\y vy
y X
z z z?
=2+2=4

13) Prove u=x+y+z, v=xy+yz+zx, w=x"+y>+z* are functionally dependent. Find

the relationship between them.
Solution:

o
ox dy oz
du,v,w) |dv dv v

Ax,y,2) |ox dy oz
ow ow ow

§ay¥




1 1 1
=ly+z z+x x+Yy
2x 2y 27
=122(z+2) = 2y(x+ »)]-122(y +2) = 2x(x+ y)]
+ 1[2y(y +7)—2x(z+ x)]
=277 +2xz7-2xy -2y —2yz—27" +2x> +2xy
+2y% +2yz—2x7-2x"
=0
~.u,v and w are functionally dependent. The relation between them is given by the
Formula
()c+y+z)2 =x>4+y2+22 4+ 2(xy + yz+ zx)

w> = w+2v

Maxima and Minima for functions of Two variables
Working rule to find the maximum or minimum values of f(x,y)

Let f(x,y)be the given function

* fuo.f, S-S, & [, shouldexist.

® Substitute f, =0& f, =0. Solving these equation will give the points at which maxima
& minima exists. Let the points be (a,b).

o Let r=f,.s=ft=f, &A=rt—s".

e [fA>0&r(ort) <0 for the solution (a,b) then f{x,y) has a maximum value at (a,b).

e [fA>0&r(ort)>0 for the solution (a,b) then f(x,y) has a minimum value at (a,b).

e [fA <0 for the solution (a,b) then f{(x,y) has neither a maximum nor minimum value at
(a,b). In this case the point (a,b) is called a saddle point of the function f{x,y)

e If A=0or r=0then further investigations is needed.

1) Define saddle point
Solution:
2 2 2
Let r=9f 290 0
ox 0xdy dy

If rt — s <0 for certain point (x,y) then the function is neither maximum nor minimum at that
point. This point is known as saddle point

2) Find the maximum and minimum values of x> —xy+ y> —2x+y
Solution:
fOuy)=x"—xy+y* =2x+y
p=f =2x—-y-2
g=f,=—x+2y+1

r=f.=2
s=f,=-1
t= f),), =2

At maximum and minimum point: p = g =0, (1,0) may be a maximum point or
minimum point .

— 2: —1=
Aty TS Al 3’}>0

r=2

= (1,0) is the minimum point
Therefore the minimum value is 1

3) Find the maximum and minimum value of x* + y> —xy —2x+y
Solution:



fy)=x"—xy+y* —2x+y
fi=2x-y-2
fy=—x+2y+1
f,=0=2x-y-2=0-(1)
f,=0=-x+2y+1=0—(2)

Solving (1) & (2) we getx=1andy=0

The stationary point is (1,0).
At (1,0)
rt—s’=4-1=3>0
r=2>0
.. (0,1) is a minimum point.
-.minimum value = f(1,0) =—1

4) Find the stationary point of f(x,y)=x"+y’ —12xy
Solution:

fly)=x"+y" —12xy

f.=3x"-12y
f,=3y"-12x
f.=0=3x>-12y=0—-(1)
f,=0=3y"-12x=0-(2)

Solving (1) & (2) we get

Sub in (2) we get x=0,x =4. The Stationary points are (0,0) and (4,4)
5) Find the extreme values of the function f(x,y) =x3+ y3 —12x-3y+20

Solution:
=33 10—
flx,y)=x"+y° =12x=3y+20
p=f.=3x"-12; g=f,=3y"-3; r=f, =6x
S=fxy=0 ; t=fyy =6y
To find stationary points:

p=0=q
3x2-12=0,3y?-3=0

x2=4 y2=1
x=12 y=x*1

- (2,1),(2,-1),(=2,1),(~2,~1) are stationary points.

2,1) 2,1 -2,1) (2-1)
r 12 12 12 12
s 0 0 0 0
t 6 -6 6 -6
2 72 72 72 72




| | Extreme point | Saddle point | Saddle point | Extreme point |

At (2,1) r=12>0, minimum point
At (-2,-1) r =-12 < 0 maximum point
Minimum value = f(2,1)
=23 +13—12(2)-3(1)+20 =2
Maximum value = f(-2,—1)
= (=2)3 +(=1)> =12(=2)=3(=1)+20 = 38

. . . T
6) Find the maximum and minimum of f (x, y) =sinx+sin y+sin(x+y) ,0<x,y< E

Solution:
P = cos X cos (x+Y) g =cos y cos (x+y)
r = -sinx —sin(x+y) s = —sin(x+y) t = = -sinx —sin(x+y)

To find stationary points:

p=0=q
cos x cos (x+y) =0 , cos ycos (x+y) =0
:>2cos(2x+y)cos(lJ=O 2cos(x+2y)cos(£)=0
2 2 2
2xty X and x+2y X ifl=£then y =rliesoutside the range similarly for x
2 2 2 2 2
2x+y=7x andx+2y=1x
N SN
37 3
. (z f) is a stationary point
1373 P
7.2 =3 1 A3+l
r=—-sin——-sin—=————=—
3 3 2 2 2
. 2T 1
§=—sin—=——
3 2
. .2 A3+l
t=—sin———sin— = —
3 3 2
2
rt—s’ = M—l >0 .. extreme point
4 4
+1
andr =— ﬁz <0 maximum point
f(z,zJ =sin£+sin£+sin2—ﬂ- = ﬁ.,.l is max imum value
3 3 3 3 2

7)Find the maximum and minimum of f(x,y)=x*+x*y+ y’
Solution:
p=4x3+2xy q=x2+2y r=12x2+2y s=2x t=2

To find stationary points:

p=0=q



4x3+2xy=0 and x2+2y=0
2x(2x2+y)=0 x2+2y=0

:2x2+y=0 x2+2y=0

= 2x? =-y x2 =2y

= 2(2y)=-y

=>4y=-y > -4y+y=0=>-3y=0=y=0

~x=0
~.(0,0) 1s a stationary point.

r=0,s=0 ,t=2

" rt- s2=0
further investigation is necessary.

8) Examine the function f(x,y)=x"y*(12—x— y) for extreme values.
Solution:
fOny)=12xy? —xy? —x'y’
fi= 36x%y* —4x’y* =3x%y’
f,= 24x°y —2x*y—=3x’y?
fo =T2xy% —12x%y* —6xy°
foy= 72x°y —8x>y—9x”y>
f,, =24x° —2x* —6x°
The stationary points are given by

fi=0:f,=0

x’y*(36-4x-3y)=0 = ———————— 1)
Xy(24-2x-3y)=0 = ——————— )
()= 4x+3y=36 @ @——————— (3)
(2)=2x+3y=24 = ——————= (4)

Solve (3) and (4), the stationary points are (0,0),(0,8),(0,12),(12,0),(9,0) and (6,4).

For the first five points, rt — s2=0
Further investigation is required
At (6,4)
r=-2304, s=-1728, t=-2592

crt—s2>0 and r>0
. f has a maximum at (6,4)
Maximum value of f(x,y)=6912.

Lagrange’s Method of undetermined multipliers
Suppose we require to find the maximum and minimum values f(x,y, z) where x,y,z

Are subject to a constraint equation ¢(x,y,z)=0.

We define a function L= f + A¢ where A is called Lagrange multipliers which is
independent of x,y,z.

The stationary points of L are givenby L, =0,L, =0,L.=0,L, =0

1)Find the minimum value of  x° +y> +z° ,subject to ax+by+cz=p
Solution:
L(x,y,z)=x* +y* + 2> + llax+by+cz—p)
Differentiate w.r.t.x,y,z& A partially

(1) b-(2) a = 2bx+ Aby —2ay— Aab =0



X a
>bx=ay=>—=—
y b

(2)c-(3)b = 2cyx+ Abc —2bz — Abc =0
y b

=>cy=bz=>—=—
Z c

b
x =a(assume),y =—x=—«a
a a

z—ﬁy—ﬁéa:z—ﬁa
b ba a

substitute in (4)
2 2

b c
ad+—oa+—oa—p=0
a a

(a2+b2+c2)a—ap:()
ap
a=———
a’+b*>+c’
ap y b ap bp
a’ +b’+¢? a a’+b*+c’ a’+b’+¢°

and minimum value f(x, v, Z) =x>+ y2 +7°

_ a2p2 2+ b2p2 2+ c2p2 - p2
(a2+b2+cz) (a2+b2+cz) (a2+b2+cz) (a2+b2+cz)

2)The temperature at any point (x,y,z)in space is given by T = kxyz*, where k is a
constant . Find the highest temperature on the surface of the sphere x* + y* + 7> = a’

Solution:

T = kxyz’ G:x*+y +7—a’ =0
L(x,y,z) = kxyz* + ﬂ,(x2 +y>+7° —az)
Differentiate w.rt.x,y,z & A partially

L =kyz? +A2x=0 ——————————— (1)
L =kxz’ +A2y=0 ——————————— (2)
L =k2xyz+A2z=0 ——————————— (3)
L,=x"+y’+7z"-a’=0 ——————————— (4)
My-Q2)x= kzz(y2 —x2)20:> y?—x>=0

= y==Ix

1)z-B)x= kyz (zz—2x2)=02z2—2x2 =0
= z=+2x

Assume x=« , y=ta z=i\/§a
a’+a’+2a’ =a’

Substitute in (4), 40> =a’* > a = i%
a

SX=—
> y

_N2a_
2

2.
2

Sl

j is the point

aa a
2°2°\2



4

- Max temp = kxyz®> =

3)Show that of all rectangular parallelepiped with given surface area ,cube has the

greatest volume.
Solution:

Assume surface area =S = 2(xy+yz+zx)
Max V = xyz subject to 2(xy+yz+zx) =S

L(X, y,z) =Xyz +/1(2xy +2yz+2zx — S)

L =yz+A2y+27)=0————— (1)
L, =xz+A2x+27)=0-———— (2)
L, :xy+/7,(2x+2y)=0 ————— (3)
L, =2xy+2xz+2yz7-S=0————— (4)

(Dx-Q)y = A2z(x—y)=0=> x=y
similarly (1)z-2) x = x=z
= x=y=27z is a cube

4) Find the volume of the largest rectangular parallelepiped that can be inscribed in the

Ellipsoid.
Solution:
The given ellipsoid is
xZ yZ ZZ
xXy,2)=—+—>5+—-1
Py, ) =3+ 7+
The volume of the parallelepiped is f(x,y,z) =8xyz
X2 y2 Z2
Lix,y,2)=8xyz+ A —+—5+—5-1
(x, y,2) =8xyz (QQ Tt
2x
L =8yz+4 _2)20 ————— (1)
a
2y
L, =8xz+ 4| =5 [=0-———= (2)
2z
L =8xy+A = |=0-————- (3)
c
xZ y2 ZZ
Lﬂ:?-i-b_z—i_c_z_lzo ————— (4)
Solve the equations
Dx+2)y+B)z=
X2 y2 Z2
24xyz+24 —+—~5+-—5|=0
Y (az b c’
A=—12xyz

put in (1)= 8yz —12xyz(2—)2€} =0
a

2
8yz(1—3in=o
a

a’ V3
similarly y _b Z __c
B _ﬁ’ _ﬁ
8abc

- Max Volume=
33
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MOHAMED SATHAK A.J. COLLEGE OF ENGINEERING
UNIT -V MULTIPLE INTEGRALS

NOTES

Double Integral
It is denoted by J‘J- f(x,y) dxdy where R is the region of integration corresponding to
R

interval of integration.

Note:
Y2 f2(y) Xy fr(x)

1) The order of integration is denoted by _[ _[ J(x,y) dxdy (o) _[ _[ J(x,y) dydx
n hHly) X filx)

2) Area of the region = I dxdy

3) For constant limits it does not matter whether we first integrate w.r.t. x and then
Ww.I.{. y Or vice versa.

Problems

—

Lt 52
=— = d
26"x(x x") dx
11

5 7
=— — d
26[(x x') dx
2 2
216 8],
11 1
=—|[|=—=|-(0-0
|(5-5)-0-0)
_1(4-3
2\ 24
1



3 2
2. Evaluate I IX)’(X"‘Y)dde

2
Sol. Let I = Ixy+xy2)dydx
1

Oc___.w S e w

2 3

4x* 8x XX x
+—|=|—+= || dx
2 3 2 3

2
3X LT3
2 3

320 Tx? ’
- +_
| 6 6 0

(2—7 ﬂj = 0)} _8 o
2 2 2

) 372
xu&} ix

1 Oc___.w o(_'w

1
/x
3. Evaluate I e’ dydx
0

Sol. Ler 1

J
0
]‘)]ey/xdydx
00

le
),
—jx(e —¢e") dx

0

1 2
=(e—1)jxdx —(e—1) [x—}
0 2 0

1
—(e—l)(E—Oj

_e—1

2

1



(=]
(=]

| =1 VI+x
1 -1 y
tan dx
5..{ 1+ x* (\/1+x210

1 _ :
- I ! tan ~' (1) — tan "' (0) | dx

0 1+X2

1 _
=I ! E—O} dx

0 1+X2 4

— 1l

g N S AL

4 0 1+X2 4 i 1 0

:% log(1++2 ) ~log(©+1)]
%10g(1+\/—) (since logl=0)

' dxdy
5. Evaluate _[ ,[ \/ > 2
0

a’ —x —y2
o oy
Sol. Le”—J Oj\/(az_x) )

I sin ! (# dx
0 a2 —X2 0

sin ' (1) — sin ' (0)] dx

OQ_.Q OL_'Q




7 dxdy
6. Evaluate j
>0 Y

3 2d d 3' d
Sol. | [ =[llogx]} =
Xy y

2 1 2

3, d
= [10g2—10g1]—y
y

2

3
= [10g2—0]ﬂ
2 y
3 dy
=log2 |—
15
=log?2 [logy];
=log?2 (log3—log?2)

3
=log?2 log| —
: g(z)

7. Evaluate C]‘ a r dx dy
0 0
NP

—
(e}
+
| Q
3]
“.
=
|
—
=
—
[
i,
(e}
+
(e}
——
|||




Some Rough diagrams for standard equation

Circle
T 24 y2 = a2
Centre = (0,0), Radius = a
v
h
(0.2)

‘C£+}':=E_:

':—LU}!/(E_U} Bk

K4y =a’, y>0

- Y
Y
A A
l:'::l:il} l.ﬁ:il} .‘C: + .3.: - E_"_-

| \z B
@0 ° 0 Jkﬂﬁ'}

0
(0. -a) (0.-a)
First quadrant of the circle X+ y2 = a’ (x— 2)2 + yz =4
" Centre = (2,0), Radius = 2
4 Y
(0.2) 2+ y2=g? 4
\ /'_\ ; X
4 M 0 w
(x-3)+(y-2)7=4 Pay-DP=1
Centre = (3,2), Radius = 2 Centre = (0,1), Radius = 1
52 ¥
A

a4

$(0.1)




Parabola

y2 =4ax X’ =4a
Y
A A
aot
27 ,
~ &,
¢ Q}"
»
N
0 » X 3
0 P
Straight Lines
x=0 y=0
x =0 is the equation of y-axis. y = 0 1s the equation of x-axis.
Y Y
A A
=
!I
0 "X of y=0 %
y=c¢ xX=c
y = c is the straight line parallel to x-axis. x = c is the straight line parallel to y-axis.
Y
H s
y=c
xX=c
» > X
0 = 0




Straight lines passing through the origin

y=ox
Y Y Y
A & . A A
% N\
4 2,
y=x
> X > >
0 X X
I +8v=16 x+y=2 2x —4y=12
£+X =1 £+ Y =1 . R =
4 2 2 2 1 -1/2
Y x
4 v A
&
(0.2) _aE
L s
(0.2) 4x +8y=16 xdy=1 - ’/:;f
(0.1)1 '\C'.-m’///f-l_.ﬁj
- 0, -1/3)
(0.0) 4.0 - 0ol w0 ey = '
2 2
. x°y
Ellipse pes + el 1
2
Y
X2 ya g
(0.b) =i
- 3
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Unknown curve: y=4x— X
If we do not know how to draw the curve for the given equation, plot the points for the given
equation and draw the curve.

Y v=dx—x
”’ G
y=4x—x2 1 ,:]___3] (3.-3]
x=0 = y=0
x=1 = y=3 \
x=2 = y=4
x=3 = y=3
x=4 = y=0
(0.0) @
y2=4—x
Plot the points for the given equation and draw the curve.
v
y'=4-x N
Whenx=0,y=%2 1_T
Whenle,yzx/gzilﬂ 14 s s

Whenx=2,y=\/§ =+14
When x =3,y = #1
Whenx=4,y=0




8. Evaluate Ijxy dxdy taken over the positive quadrant of the circle x* + y* = a’.

”xy dxdy = [] xydy dx Y

RN (0,2) x*+y*=a
X [y_} dx
0

Il
o._'a

x[(a® —x*)-0] dx 00| vy

NI»—

N | =
(\9)
N

1
2 L
1 2a* —a* a_4
2 4

Aliter (Another method )

”xy dxdy = C] J_‘y xy dxdy ¥
y=0  x=0

[ O
; 2

0

I}
[ ]

yl(a® —y*)—0] dx (0.0) (.0)

NI»—*

(a’y—y’) dx

NI»—*

5!
3l

N | —
)
N

NS
I



9. Evaluate [[(x"+y?) dx

Sol. ”(ny —x)dxdy

dy over the region for which x, y are each >0 and x +y < 1.

(1 E’}\

v=0

o _x <1—x>“}

'3 4 -12 ],
1 1 0]-fo-0-L
3 4 12
1 1 2. 1

— 4 — e

12 12 12 6

I (2xy —x)dy dx

y=0




11. Evaluate _[ _[ y dxdy over the region formed by the lines y = x and y = 4x — x°.

— X

3 4x—x*
x=0 y=x 'y
3 - 2 4)’—)(2
= | y?} dx (3.3)
oL x
1% e
= [(4x—x*)* —x*] dx |
0
1%
=— | (x* =8x +15x%] dx
26 y =4x —x*

- s 4 3 3 x=0 = y=0
1 x__8i+15x} x=1 = y=3
- x=2 = y=4

215 4 3 1, 123 — y=3

- x=4 = y=0

(% -2@81)+ 5(27)) —(0-0+ O)}

7)< 10834
5 10 5

12. Evaluate _[ _[xy dxdy taken over the area of the circle x* +y* = a’.

2.2
a - —x

Sol. ”xy dxdy = ‘]. I xydy dx

— 9 B
X==ad y=—Ja"—x

= L].x[y?z} € dx

kﬁ':a}__ﬁ& Mgt

la 2 2 2 2
=§:L[x[(a —x")—(a"—x")] dx

C]‘ x(0) dx

O N

(0.-a)

p = L
k—&ﬁ}! / (2.0)
I



13. Evaluate He
Yy = 0. ’
-y e o -y
',[‘[67 dx dy :x;[) y;[x 67 dy dx

We note that the choice of order of integration is
wrong, as the inner integration cannot be performed.

B
—

-y
7 dxdy given that R is the region between the lines x =0, x =y and

Hence we try to integrate w.r.t. x first. x=0
y -y
_[ ‘ = _[ J- — dxdy
R 20 =0 Y 0.0
= I “[+]} ay

o

—(y-0 dy= [ e?dy

i5

y y=0
-1,
=—(e"=e")=—(0-1D=1
14. Evaluate ”xy dxdy where R is the region bounded by the parabola y* = x and the
R ,
lines y =0 and x + y 2 lying in the first quadrant. z
”xy dxdy = J. J. xydydx + I I xydy dx
x=0 y=0 x=1 y=0 (1.1)
1 2—y :f‘,,'F-
(OR) ”xy dxdy = f f xy dx dy p E=s
R y=0 x=y? ~ - 3
5 (0.0) (1,00 (2.0)
1 27 7Y e
_ X d 7
S .
0 vy A
1 1
== [yI@-y=y"1dy
25 (1,1)
1! 7
=— [y’ —4y+4-y*") dy 2 oY=
2. .
(0.0) (1.0) (.00
y=0




N | —

1
[P =4y +4y-y") dy
0

_1 y_4_4_y3+£_y_6}1
214 3 2 6],
_1 {l_i+2_l}_(0)}
2|14 3 6
1[6-32+48-47] 1(18) 3
_E[ 24 }E(ﬁ)_g

15. Evaluate ”x * dxdy where A is the region in the first quadrant bounded by the
A -

Sol. || dxay
A

4 X 8

64 + 384
= 448

hyperbola xy = 16 and the lines y =x, y =0 and x = 8.

A

16/x

(4.4)
2 H
_[ xdydx cy=16
L
y=0 Ka x=8
(3.2)
H 1 > X
(4.0} (8.0)

y=0

16. Evaluate ”(xz +y*)dxdy where R is the area of the parallelogram whose vertices
R

Sol.

are (1,0), (3,1), (2,2) and (0,1).

”(xz + yz) dx dy

Equation of AB is
Y=V _ X=X
Yi=Yy X 7K
y—-0_ x-1
0-1 1-3
b -l
-1 =
> x-2y=1

1 1+2y

y

2 4-
= I I (x2+y2)dxdy + I (x2+y2)dxdy
y=0 x=1-y y=l x=2y-2
- - NP Y
15 i
=4t 5 sy %
23 #nfy\ -Lx-\.r
= —EE— % > \;\\
D(0.1) B(3.1)
A > 4
Equation of BC is i N o, o
x+y=4 o » X
Equation of CD is 0 A(1.0)
x—=2y=-2
Equation of DA is
x+y=1




17. Find the area between the parabolas y* = 4ax and x° = 4ay.

Sol. Area of the region =

Ha (4a)™"” —%J -0
3 12a
_4Ja 44 aa 16a°
- 3 3
32a> 164’ _16a’
3 3 3

[[dxay

4a 24 ax

j j dy dx

x=0 y=x*/4a

T [y e ax
x=0

x*/4a

4a

J

x=0

2\/5 xs/z x3

2
[2 ax—x—} dx
4a

3/2

4a
12a}
0

2

18. Find the area enclosed by the ellipse 2—2 +

2

(0.0)

RN

b2

Sol. Area of the region = 4[Area enclosed in the first quadrant]

4dedy
4 j dy dx
x=0 y=0
4 T a
x=0
2
4x:j0 {b 1/1—2—2 —0} dx

y? = 4ax

2
(%J =4ax
x* =16a*(4ax)
x*—64a’x=0
x(x*=64a’)=0
x=0or x’ =64a’
x=4da

Whenx=0,y=0
When x =4a,y =4a




2 a
Na? —x* +a—sinl(£j}
2

a1y

B 2
_4b {O+a—sin1(1)}—(0—0)}
a 2

_4b|a’ @
al 22

=Txab

I 1
N | =

19. Find the area of the parallelogram whose vertices are A(1,0), B(3,1), C(2,2) and

D(0,1) by using double integration. T
Sol. Area of the parallelogram = 2(Area of ABD) ! c.)
=2 ”dxdy ,“.ﬁ"ﬁ’ N 37
1 1+j_y 17 4
=2 dxdy 54 B(3.1
, ©.1) ]
y=0 x=I-y k > 4
1 }.(31 -"“-:"\" i
_ 1+2y 2
=2 bel 7y ay 0.0) "aq.0
v=0

=2 [ [a+2y)-(-y)lay

=2 [ 3ydy =6{y7} =3(1-0)=3

y=0 0

20. Find the area enclosed by the curve y* = 4ax and the lines x +y =3a, y = 0.

a 2 3a 3a-x Y
Sol. Area = J J dyds + [ [ dyax I
x=a y=0 st
2a 3a-y (0.32) M’/

(OR) Area = I I dxdy ':a’za]_ &
y=0 x=y>/4a <l
2a 30y (0.0) (a.0) (3a.0)

- .”x V4 D A F:O
y=0
2a 2 N an

— (3a_ y)_y_ dy (0.3a)
20 4a

_.\.+1.‘.-=33

0.0 (@0 (32.0)
v=0



3 2 2
(607 =247 =38 | = 4> 24= _10a
12a 3 3

21. Find the smaller of the area bounded by y =2 — x and x* + y* = 4.
Sol. Area of the region = ”dx dy

4—)62 'y

=

Il
L

=

Il
v

=

Il
L

=[0+2sin "' (1) =4 +2]=(0+0-0+0)

2(%—2:7;—2
2

22. Find the area bounded by the parabolas y* = 4 — x and y* = x by double integration.

Sol. Area of the region = 2 (Upper area) v
=2 dedy *
V2 4ey? >
=2 [ [ axay
y=0 x=y°
\/E 2
=2 | [x]" ay
y=0
V2
=2 [ [@-y)-y]ay -
y=0 When x =0,y =2
V2 Whenx=1,y=+3 =% 1.7
=2 | (4-2y*) dy Whenx=2,y=+2 =214
y=0 When x =3,y =#1
Whenx=4,y=0




:2{4y_2_y3r =2{{4J—_2(23J§)}_0}:2[12ﬁ —4&}

3, 3
(82| _16v2
3 3

Home Work
1. Evaluate the following:

a b wl2 xl2 2 x
h [ [y dxdy 5y [ [ sin+2y)dydr g [ [ o dxdy

0 0 0 0 1 1

1 2-y b a

2 dxdy

vy | [Fdxdy oy [

0y A

2. Find the limits in _U f(x,y) dxdy where R is the region in the 1* quadrant bounded by
R

X = 1,y=0,y2=4x.
3. Evaluate _[ _[ dxdy over the region bounded by x=0,x=2,y=0and y = 2.

2 2

X
Evaluate _[xy dxdy taken over the positive quadrant of the ellipse 3 + PEi 1.

Evaluate _[ _[(x —y) dxdy over the region between the line x = y and the parabola y = x”.

Evaluate _[ j(x2 +y?) dxdy over the positive quadrant of the circle x* + y* = a”.

N R

Find the area in the 1 quadrant included between the parabola x* = 16y, the Y axis
and the line y = 2.
8. Evaluate _[ _[(1 + xy) dxdy in the region bounded by the line y = x — 1 and the parabola

y> = 2x + 6.

2 2

9. Evaluate _[ _[(x +y) dxdy over the positive quadrant of the ellipse 2—2 + z—z =1.
10. Find the area of the triangle formed by the lines x =0, y =0, 2x + 3y = 6.

11. Evaluate ”xz dxdy where R is the region bounded by the hyperbola xy =4, y =0,
R

x=1and x=2.

Answers

D O %bmuw) (i) 1 (i) ‘3‘—(7) (iv)% (v) loga.logh
! 2\/; 21.2 4

o [ | randvax 34 4 @B 5L gzl 5y 162 gy gy
x=0 y=0 8 60 8 3

9) “Tbmb) 1003 11) 6



Transformation from Cartesian co-ordinates to Polar co-ordinates

In certain cases the evaluation of a double integral which is in terms of x and y is

made simpler by changing the co-ordinates into Polar co-ordinates.

In two dimension, the Polar co-ordinates are r, 0.

The relation between x,y and r,0 are
x=rcos@, y=rsind

d(x,y)
a(r,0)

=rdrd@
where 0<r<o, 0<0<27

drd@

dxdy =

Note:
1) 0 depending upon the given region.
Example:

0<6<2m 0<6<m

< <£
0<06< 7

0<6<

R

2) The equation of circle in Polar co-ordinates is r = 2acosf whose centre is (a, 0)

\/ri%cose

and radius is ‘a’.

r = 2acosb

Here — 7 <6<

NN
NN

Also the equation r = acosO represents the circle whose centre is (

a

isz.

0

<

(a.0)

0

<

NN

a
’O) and radius

r = a is the equation of the circle whose centre is (0,0) and radius is ‘a’.



3) The equation r = 2asin0 also represents the circle whose centre is (0, a) and
radius is ‘a’.

r = 2asin0

4) (1) The equation r = a(l + cosO) represents the cardioid.

A
I 9

0 >

r = a(1+cos0)

0<0<2n 0<6=m

(i1) The equation r =a(l —cos0) also represents the cardioid.

r= a(l_cy

0<06<2n




Problems

sin @

1. Evaluate 7] Irdrd&
0o 0

7 sin@ sin &
. [ [rdrae= j{ } dé
0 0
%Z[sm 9-0]do
1 /2
=—x2 |sin’6 do
2 0
_[Ez}_z
2 2] 4
wl2 2cosé
2. Evaluate I Irzdrdﬁ
—r/2 0
7/2 2cos@ zl2 }"3 2cosé
Sol. [ [rrarag= j[—} a6
-z/2 0 —-xl2 3 0
i2
== ”8003 9-0]de
3—7:/2

zl2

=l><2 JSCOSS 0 doé
3

_16[3-1]_32
3 2 9

o]

Z(P+y?)
3. Evaluate _”e "dxdy Hence evaluate '[e

00 0
Sol. Givenx=0tox=o
andy=0toy=o

J‘JI (e )dxdy—”]‘2 o]e rdrdf
00 r=0
/2 o
Put I’ =t I J. _t_de
2rdr = dt 6=0 =0

_ 2
* dx.

B
L 4

I:CI.-CI:] '}' = O




__1 j[e'“’—eo] do
249=O
17[/2

——— [[0-1146
249=O

|

- Lol

_1(1_())

2\ 2

_7

4

Now, we have ,” _(xzﬂz)dXd)’:

C] e dxdy =
0

'—:
||

I
LG

sy RIS Ma RN

1
S T—
Q
8 |
RN
ISH
=
1
[\ e}
[l

B
—
[l
N‘§‘ NE



rY : : .
4. Evaluate JL; .[ m dx dy by transforming to Polar co-ordinates where D is

the region enclosed by the circles X+ y2 =a’and x* + y2 = 4a” in the first quadrant.

T

2 2a .
dx dy = _[ j rcos@.rsin @ drde

0=0 r=a r

I

c__,Nlél

Jsmé’cosé’ r-drd@

6=0 r=a

T

5 2a
'[ {r_} sin 26 10 .
3 X +y =a
=0 (or)r=a
1 % X+ y2 =4a
= j —d*) sin26d6 (onr=2a
6,2
_ Ta’ {_ cos 20} i
6 2 |,
Ta’ Ta’
s ——[-1%l] & —=
T [—1=1]
5. Evaluate by changing to Polar co-ordinates the integral
a a 2
b
(i) ————dx dy (i1) dx dy
6[ ;[ /xz 4 yz ,[ j 3/2
Sol. Given x=ytox=a
andy—0t0y=a y=a |/
/4 asecd 7"2 COS 9 4
(i) H —dxdy= | [ ———rdrde A pp
=0 r=0 J ’ (or) r = asecH
z (0.0)
4  asecl
= I J‘ cos’ @ r’drdé
6=0 r=0 X=a
T (or) rcosb = a
n r = asecO



1
sec’ @

3
J(a sec’ 8 —0) de

6=

_1
3

3

sec@ d@

Il nno
o'—“

a
30

4

=— [log(sec 6+ tan 0) ]
- % llog(v2 + 1)~ log(1 + 0)]

=%1og(ﬁ +1) (. logl=0)

a a /4 asecl 1”2 C082 9
(i1) _[_[ ) dx dy = I I ———5 rdrdd
0y ( =0 r=0 (r )

asec@

I cos® @ drd@

r=0

S

[l
I IR
ILe—y \

[r]9°° cos* 046

a

[l
— N

N
I}
(=)

(asecd—-0)

gt—,k\ﬁ
U
QL
s

N



6. Evaluate _[ _[ rya®—r® drd@ over the upper half of the circle r = acos6.

”r\/a —r’ drd6?=

7. Find the area of a circle of radius ‘a’ in Polar co-ordinates.
Sol. The equation of the circle of radius ‘a’ is r = 2acos6.

acosé

j ra® —r? drdf

r=0

'._,N\ﬁ

T

72 asiné
j j t(—tdt)do
0=0 t=a

T

> asin@
j [ } dé
=0

z
2

Iasmﬁ a’)deé

N

4

3
a

3

0
z z
2

j 1n36’d6’+%3 zj dé

0

a’l3-1 a’ 72
- —.1+—|@
B

Area of a circle =2 (Upper Area)
=2 I I rdrd@

nl2 2acos@

:2[

0:

j rdrd

0 r=0

212 [ 5] 2acosd
j {%} 46

He

—2rdr=2tdt

rdr=—tdt

Na®—r* =t
Whenr=0,t=a
When r = acos6,

t=+a*—a’cos’ O
t=a+l—cos* 8

t = asin®

r = 2acos0

-




= ”f [4a? cos? 0-0] a0

=0

N

l2
=4a’ [ cos’0 do
=0
— 44> E.Zj
2 2
=ra’
2a \/Zax—xz
2 2
8. Evaluate _[ _[ (x"+y7)dxdy by changing into polar coordinates.
0 0
Sol. Given y=0 to y=+2ax—x’ P+y’—2ax=0
o+ y2 =2ax
y2 =2ax — x> r* = 2arcosf
r = 2acosb

x> =2ax+y> =0

N2 2 _ 2 v
(x=a)y +y " =a "
and x=0tox=2a
T

2a VZ‘”‘XZ 2 2acos@ (x—a}F +vi=a"
(o =2acosh

I I(xz +y)dxdy = I I r*rdrdf Aoy r+ b
0 0 6=0 r=0 ; LR

4 2acosé
[”—} do
6=0 4 0

— 44’ _;l.ﬂ_f}
| 4 422
—44* é,lﬁ}
47272
_3za’




9. Find the area of the region outside the inner circle r = 2cos0 and inside the outer
circle r = 4cos6.

Sol. Area of the region =2 (Upper area)

=2 ”rdrd@
zl2  4cosf

=2 [ [ rdrde
=0 r=2cos@ »
zI2 [ o] 4cost

=2 [|&]| a6
6=0 L 2 | 2cos0

= ”]2 [160052 6—4cos’ 0] dé

g=0

/2
12 I cos’ @ do
=0

10. Evaluate ” r*drd , A 1s the area between the circle r = acos0 and r = 2acos0.
A

(2=l

(SRR

=3r

/2 2a cos 6

so. [[rarao = [ [ v arao
A O=—r/2 r=acosf
2 r3 2acos@
= [ |+ do
O=—17/2 a cosd mE
1 72
=— I [8a3cos36’—a3cos36?]d6’
30=—7r/2
=7—a3 ”]‘2 cos’ @ do
O=—rx/2
/2

3
_ e 2 I cos’ @ dé
3 6=0

_14a3(3—1 1)
303

284°
9




11. Find the area of the cardioid r = 4(1+cos0).
Sol. Area of the cardioid = 2 (Upper area)

=2

[[rarae

7 4 (l+cos@)

r=4(1+cosfB)

=2 I rdrd@
0=0  r=0
P 7] 4 (I+cos @)
,
=2 — de
e;[o |: 2 do

T

6

1

=16 6’+2sin9+5

0
6 j (1+2cos¢9+
=0

[16(1+cos8)? —0] do

=0

16 I (14+2cos@+cos’ ) db
9=

1+ cos26

1(9+sm29

=16 {75+0+%(7£+0)}—{0}}

—16 3_”)

2

=24

o/

do

12. Find the area lying inside the circle r = asinf and outside the cardioid

r = a(1- cosH).

/2 asin@

Sol. Area of the region = J-
=0 r=a(l-cosbh)

6

rdrd@

zl2

_1 I [a® sin® @ —a®(1—cos 6)*]
21‘)=O

r2 asin @
= | |= dé
15

a(l-cos @)
/2

e
-




2 7:/2
=2 [sin20—1+20036’—c0s2¢9]d¢9
6=0
az 7:/2
== [20030—1—(c0s20—sin20)1d0
2,5
az 7:/2
=" | [2cos6—1—cos268]d6
2,5
o1 . /2
=4 ZSinH—H—Slnze}
2| 2 1,
_a_z_ T o —{0}
2|17 2
=a’ 1—%)
@ Vet dx dy
13. Transform _[ _[

0

ax—x2

Sol. Given y:m to y:m

\/ > > > 1nto Polar co-ordinates.
a” —x: =

2 2
X +y —ax=0
yzzax—x2 to yz=az—x2 £ +yt=ax
2
r° = arcosf
xz_ax+y2=0 fo X2+y2=(12 r = acosf
a ? a ? 2, . 2_ 2
(x——) +)’2=(—) to x’+y’=a’ x;g};a:za
2 2 :
andx=0tox=a
vir
Ja?-x? /2 A ro
‘] _[ dx dy _”j ']‘ rdrd6 = %2
> 2 2 2 2 -
0 Jax—x? \/Cl —X =y 0=0 r=acos§ VA —T ? } e
r=acosd Y
> X




Changing the order of integration

On changing the order of integration the limits of integration change. To find the
new limits, we draw the rough sketch of the region of integration. From the sketch,
the limits of x and y should determined as usual.

Note: For constant limits the order of integration is immaterial.
Problems

11
1. Change the order of integration in _[ Jf (x, y)dxdy
0y

Sol. Givenx=ytox=1 iy
andy=0toy=1 ' 71.1)
11 1 x x=y/ .5
[ [reewdedy=| [fxy)dydx A0
y=0 x=y x=0 y=0 (0.0} ] 1;' = [} ] (1.0} R

2. Evaluate by changing the order of integration in _[ I(xz +y*) dxdy
0 x

Sol. Giveny=xtoy=a v
andx=0tox=a T sz
T T 2 Tt 2 T (aa)
_[ j(x +y )dxdy = j J(x + y ) dxdy e
x=0 y=x y=0 x=0 x=10 :'._-: X=Yy X=a
‘ x3 g i 5
= I —+xy*| dy (0,0) (a.0)
»y=0 3 0
a 3
= j{y—ﬂﬁ}—m}} dy
HLL3
y
a 3
= | 4
y=0 3
_EH”
3141,
4
=l(a4_o)=_



2 Jax

3. Evaluate by changing the order of integration in j sz dxdy
0 0

Sol. Giveny=0toy= 2yax

y2=4ax
andx=0tox=a
a 2\/a_x 2a a
_[ xzdxdy=_“ Ixzdxdy
x=0 y=0 y=0 _y_2
4a

4. Evaluate by changing the order of integration in _[ _[
0 x

Sol. Giveny=xtoy=o0
andx=0tox=o0

L ees L L5 e
- [

>

a T
' [(a.2a)
=1 '
x=a
00N v=0 [@o)
[ Y
-y
e
— dxdy
y
Y v=um
A v gy
T LS
Tm=n = L ”
-I-. :.!'ul.]"'
x=1) "‘.-. ': ‘f..;';ﬂ' X=m
3

(0,0)




=—(e"—e)==(0-D =1

oy ~ yz
5. Change the order of integration _[ _[ ye % dxdy and hence evaluate it.
0

0
Sol. Givenx=0tox=y

v
andy=0toy=o T e
© y 2 oo o 2 L o
_y _y o g :
I J-ye /i dxdy = I Iye % dy dx S
y=0 x=0 x=0 y=x "; *
[o] [o] Y’=|:I “+ _
_. X g _: . X=7
: = [ [e'=adrax
Put y_:t x=0 t=.x 2
X
2ydy = xdr 1 s 1 (0.0) v=0
PR =— I xdx
= —dt _
yay ) 2 A 1 )
When y=x=>t=x 1=
y:ooj[:oo —_— [O_e—X] xdx
2 =0

| e’ e ” -
S
= L0y -(0-1]

N | = N



4 4 X
6. Evaluate by changing the order of integration in _[ _[ FEN dxdy
0y
I ] 70 !
Sol. dxdy =
y=0 x=y b y2 x=0 y=0 X’

y

11
= J[—tan1 —} xdx

SoLX

| 00| y=0 0)
= jtan (1) — tan ' (0) |dx
N
= j {——O}dx
T 4
:Z[X]O
T
L4-0) =1
4( )
7. By changing the order of integration, evaluate I .[ Xy dy dx

)C
a

Sol. Giveny = x*/a to y=2a—x
(i.e.) ay =x" to x+ y =2a

and x=0tox=a

a 2a—x 2a 2a-—y
J- Ixy dydx = xydy dx
x=0 y:)i y=a x=0

1 0.9
=2 [yl@a-y’-01dy

y=a

1 2a
=3 [ —4ay> +4a’y) dy

y=a

Type your text




™ |

__ 4
R TR _a 3-112]_5a
2| 3 2 12 24
a \/E a X2 \/Ty
j xydydx = J‘y[—} dy
y=0 x=0 y=0 2 0
1 y3 a a4
— ay—0]dy =—| — —(a”-0)=—
2y:joy[y ] dy 2[3}0 (a'=0)=—
a 2a-x 4
_[ jxydydx—5L+a—
2o e 24 6
)
_5a4+4a4_9a4_3a4
24 24 8
4-y

3
8. Evaluate by changing the order of integration in J
0

Sol. Givenx=0tox=44-y

J' (x+y)dxdy
0

[\S}

y=4-x
Wh =0, y=4
x’=4—y (or) y=4—-x° en§=1’§=3
andy=0toy=3 x=2,y=0
34—y 1 kg x=-1,y=3
[ [ Genddy= [ [ (x+y)dydx r=2y=0
y=0 x=0 x=0 y=0
4=’ y=3
_[ J' (x+ y)dydx
x=1 y=0
! y=4-—x?
_[ _[(x+y)dxd = I[xy+ } dx
x=0 y=0 x=0 2
1 - > X
. j[{3x+2}—0} dx 0 0
x=0 2 =0
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+
NSNS}
N——
[
(e}

[l
[
IS
Il
(o)

4—x*
} dx
0

—_—
J'D'—-ox

—_
=

+
<

N
&
&

[l
Le—"
=
<
+

) |‘<N

4

I
e

Il
Le—w
~ 1
-
I
-
W
[E—
(@)
[
(09]
=
+
=
S |
&

=

Il
1
‘-';
N | =
)

4 5\ 72
N+ 1 16x—8i+x—
4 2 3.5,
= 8—4+1 32—ﬁ ) _ 2—l+l 16—§+l
2 3 °5 4 2 3 5
4

1(480—320+96) | 1(240—40+3)
t3 —2+ AR

15

I 1(256) 1(203
=2¢—+=| — |——| —

4 2(15) 2(15)
19 256_203

T2730 30
_1354512-406 _ 241

60 60

4 2 15

34—y
J‘ J‘ x+y)dxdy=6+241=360+241=601
oY 60 60 60

y=0 x



1
9. Evaluate by changing the order of integration in _[
0

Sol. Giveny=xtoy=+2-x’
y2=2—x2 (or) x2+y2=2

andx=0tox=1

P
*

1\/2—7x2 ¥ 1 y X
dy dx = —
5“ '[ 4y T y=0x;[o\/x2+y2
1y w2
X aedv = idr
yJO x=J;)‘\1x2+y2 s y=0 tzj; 4 g

I
L
"
e
<
5
oY

V2 = ylay

I
L

II !—.'—‘
A~~~
&
;—a
p—
<
S

e
J

dy dx

w/x +y°

Put xz+y2=t2
2x dx =2t dt
xdx=tdt

Peyi=t

When x =0, t2=y2
t=y

When x =y, t* = 2y°

t=y«/§




2x 2dxdy= It_mdy 2, 2_ 2
y=1  x=0 X +)’ \/7y=1 t=y ! Put xzx+djc]==2ttdt
2 =
_ .[t];/zdy xdx=tdt
=l x2+y2=t2
NG Whenx =0, t* = y*
— _ t=y
B .1[\/— y]dy Whenx=42—y> £ =2y’ +y’
y=
B o t=+2
_ ﬁy_y_}
L 2 1
2 1
=22 |-[J2-=
)
1
=1-v2+=
2
3 5 3-242
= —— 2:
2 2
_ ]JT x dydx_«/i—1+3—2«/§
o s sz_'_yz 2 2
_V5—1+3—2J§
2
_2-42
2
2
2

-

1
V2



Triple Integral
It is denoted by ”_[f(& y,z)dxdydz

Note:

1) The order of integration is denoted by
Xy f2(x) Pa(x,y) 25 [2(2) ¢,(y,2)
[ [ [revodda o [ [ [ fayoddyd
xp f1(x) ¢1(x,y) 21 S1(2) 91(y.2)

2) Volume of the region = J'J‘J‘ dxdy dz

Problems
1 1-x (x+y)?
1. Evaluate _[ _[ _[ x dxdydz
0 0 0
1-x (x+y)2
gol. Let I= jxdzdydx
0

x|z ]f)“y)z dy dx

. Ct ™ Ca ™
coe T S,

1—x

.x[(x+ y)? —O] dydx

L _(x+y)3:|1_xdx
3

0 L 0

:x [(x+1—)c)3 —(x+0)3]dx
i.x[l—x3]dx

.(x—x4)dx

0

RIS (1_1)_0 _l(i)_i
3 2 5 0 31\ 2 5 3110 10



2. Evaluate ”_[ xyzdxdy dz taken through the positive octant of the sphere
v

x2+y2+zz=a2.

4

A

0,0, a)

(0,a,0)

Yy +zi=a

(a, 0, 0)

Sol. Ijjxyz dxdydz = j xyzdz dy dx
x=0  y=0 z=0
a m Z2 a’—x*-y?
= I I Xy [—i| dy dx
x=0 y=0 2 0
-1 'xy[(az_xz_yz) —O]dydx
x=0  y=0
1 a az—.x2 X
=7 (a’xy—x'y—xy’)dydx
2.5 3

x =0 is the equation of yoz plane
y =0 is the equation of xoz plane
z =0 is the equation of xoy plane

1 []- azx(az—xz)_f(az—xz)_x(az—xz)2
2 31 2 2 4
a B 3 2.2
A& [ @-x ax _x_x(a-x)|
2 5 2 2 4

A2 3 2 3
2a°x=2x" —a“x+x

dx

1(612 —x*)(a’x—x") dx
=0

(@’ =x7)

a

4 2 2
I(a x—a’x’—a’x’ +x°) dx
=0

I (a*x—2a’x> +x°) dx
=0

_ l a'x’
8 2

2a’x* xé} ‘ 1
— +_
4 0

}_

{O}} dx




3. Evaluate jjj\/l dxdydz , 6,220, X +y*+72<1.

d
J‘J'J' dxdydz _ : Z : : dy dx
Ji—x J(l—x —y)-z
1 A1 z ay
= J‘ Sin_1 > > dydx
x=0 y=0 \/l—x -y
12
= [sin “(1)—sin”" (0)]dy dx
A;O y;O 'y
1 A1=x? po
= {——O} dy dx
x=0 y;o 2 .‘f_': + ':\.-: + Z: =1
1 I=a?
T
) J:) Odydx 0.L0)
x=0 y=
1
_T -3 (1.0,0)
5 _“y ]o dx
x=0 X

NI +lsin"1(£)
2 1

b
212

{0 +—sin " (l)} {0+ 0}}

|

0

| N

s
2

oo|§]N l\-)|§] [\J|z\~1



dz dy dx

4. Evaluate JVH(x+y+z+1)

3 where V is the region bounded by x =0, y =0,

z=0andx+y+z=1. f
e i
(x+y+z+1)° £20 y20 720 x+y+z+D Y
1 l-x l=x=y
(x+y+z+1)
= j j[ Y } dy dx
x=0 y=0 _2 0 O
R | Ixoy (1.0.0) I\f_«\:""’HL
=— dy dx
-2 20 ,% _(x+y+z+1)2} Y <
_ LT 1 - 1 dy dx
-2 5,5 L (x+y+1—x—y+1)2 (x+y+0+1)2 Y
[
=— ——(x+y+1)_2} dy dx
_2x=0 y=0 |4
1 —X
_ L P M} i
-2 214 —1 o
1 [ {1-x 1 1
= -0+ d
—2X=J.0 _{ 4 x+1—x+1} { x+0+1H !
.
=Lj 1—_x+1_L}dx
2314 2 x11
1 [a-x? x 1
= +——log(x+1)
-2] -8 2 o
1

{0+l
i 2

2

1 1
—+——log2
3 g

o (o]
|



5. Find the volume of the tetrahedron bounded by the coordinate planes and

X,y
a b

Z
+2=1.
C

Sol.

Volume of the tetrahedron = _[ J _[ dxdydz

5 (-5}l




6. Evaluate _[” dxdydz \here V is the region of space inside the cylinder
|4

x> +y* = 4, that is bounded by the planesz =0 and z = 3.

2 Aar
”_fdxdydz— _[ _[ Idzdydx 3
v y=—d4-i? 2=
2 ad
= _[ _[ [Z] dy dx
2 4— x> P

=32_7f(2—0)d49

6=0

2z
=6 [do=6[0];"=6027-0)=127.

6=0



7. Find the volume of the region X+ y2 +7° =17 using triple integral.
Sol. Volume of the region = 8 (Volume in the 1% octant)

=8 jjjdxdydz

j dz dy dx

z=0

N
=8 \/(r2 x>)—y* dydx
x=0 y=0
=8 ] l\/(rz—xz)—yz+r2_x2 sm'l[ Y J dx
x=0_2 9 72 _ 2 )
Al rt—x°
=8j 0+ sin'l(l)}—{0+0} dx
x=0[
roo2 2
g [ 2 .1 dx
x=0 2 2
=27 [(r? = x*) dx
x=0
/ i
=2z rzx—x—}
L 3 0
r3
=27 {r3——}—{0—0}
i 3
3
=27 ZLJ
3



2 2 2
y <

8. Find the volume of the ellipsoid = + b + o 1

Sol. Volume of the ellipsoid = 8 (Volume in the 1% octant)
=8 I j J. dx dy dz

_8C ? k2 .-
_7j 0+=-sin (l)}—{0+0}}dx
8¢

b




2berm ¢

2
a

(a> —x%) dx
x=0

a’ 3

[ 3
_ 2b§75 {a3 _a_}_o}
a 3
_2bcrm 24°
a’ 3

ziﬂ'abc.

dber| 5 x3]1
= a x-—

9. Find the volume of the region bounded by the surface y = X &= y2 and the
planes z=0, z = 3.

Sol. Volume of the region = IJ dxdydz A
1 N 0.0.3)

= . Idzdydx —
¥=0 y=x? 220 \\
1 X ~\

= [ | ]} dyax

S 0,0,0

L o ’)\ ey
= (3-0) dydx a9 3

)C;O y=.x2 - \\;.\\

1
=3 “y];/f dx X

xTo

=3 H«/;—xz]dx
x=0

=3'x3/2 _x_3:|1
1 3/2 3 o

SEOREC



